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To our parents. 


Scattering amplitudes have been termed the “most perfect microscopic structures in 
the Universe”.! Scattering amplitudes are elementary building blocks in quantum 
field theory that allow us to predict probabilities for the outcome of particle 
collisions. Therefore, they are a crucial link connecting theory and experiment. 
For example, they allow us to test predictions from the Standard Model of particle 
physics against the collider data being collected at the Large Hadron Collider (LHC) 
at CERN. 

The study of scattering amplitudes in quantum field theory has a long history, 
dating back to the analytic S-matrix program of the 1960s. The modern field can 
trace its origins to the 1980s. At that time, the state of the art of amplitude com- 
putation was five-gluon scattering at tree level, i.e., the lowest order in perturbation 
theory. Parke and Taylor famously managed to simplify what were page-long results 
to a beautiful single-line formula, thus providing the first of many hints for the 
underlying simplicity of scattering amplitudes in gauge theory. To date, the state of 
the art has advanced by several loop orders, i.e., to higher orders in the perturbative 
expansion in the coupling constant. This was made possible by many conceptual 
advances. Modern approaches often use gauge-invariant building blocks, as opposed 
to the traditional Feynman diagrams, to organise calculations. Perturbative unitarity 
made it possible to write down relations that recycle these gauge-invariant building 
blocks, effectively leading to a recursion, both in the number of particles and in the 
loop order. This is closely related to a deeper understanding of the analytic structure 
of scattering amplitudes at loop level. 

Our lecture notes provide an introduction for anyone wishing to learn more about 
this fascinating subject. They are suitable for students at M.Sc. or Ph.D. levels. 
We have made a specific selection of topics, so that they can be used for a one- 
semester university lecture series. This is based on our teaching experience, both at 
M.Sc. level at the universities of Berlin and Turin as well as at Ph.D.-level summer 
schools worldwide. Additionally, they may be a useful primer for graduate students 
wishing to do research in this area. The chapters of the book cover necessary 
quantum field theory background, on-shell techniques for tree-level and one-loop 


'L. J. Dixon, “Scattering amplitudes: the most perfect microscopic structures in the universe,” J. 
Phys. A 44 (2011), 454001. 
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scattering amplitudes, as well as dedicated techniques for evaluating Feynman loop 
integrals. Many exercises complement the text, and we provide fully worked-out 
solutions, as well as examples of how to implement the material using computer 
algebra codes. Supplementary material, MATHEMATICA notebooks, corrections and 
further information are provided and maintained at the following dedicated website: 
https://scattering-amplitudes.mpp.mpg.de/scattering-amplitudes-in-qft/. 

Our aim is to provide a useful starting point to enable readers to access and 
contribute to current research in this thriving field. Indeed, all the advancements 
mentioned above have significantly contributed to the community’s ability to 
make more accurate predictions for particle scattering processes relevant to col- 
lider physics. Beyond that, recent applications use these multi-loop techniques 
in Einstein’s theory of gravity to provide efficient, high-precision predictions for 
the gravitational waveforms emitted in the encounter of black holes and neutron 
stars. Therefore, they provide the basis for data analysis in present and future 
gravitational wave detectors. Furthermore, some of the properties that were revealed 
in the recent studies of scattering amplitudes in quantum field theories, such as 
hidden symmetries, dualities, and conceptually new approaches, have taught us 
entirely novel ways of thinking about quantum field theory. This may ultimately 
lead to a reformulation of the theory, where Feynman diagrams no longer play 
a fundamental role. Since 2009, progress in this fast-growing field of theoretical 
physics is evident via the “Amplitudes” conferences held annually, which bring 
together researchers interested in both formal and phenomenological aspects of 
scattering amplitudes, with a wide range of applications from pure mathematics 
to collider and gravitational wave physics. 

Some elements of modern on-shell methods for scattering amplitudes are also 
discussed in the quantum field theory textbooks of Srednicki (Quantum Field 
Theory), Zee (Quantum Field Theory in a Nutshell) and Schwartz (Quantum Field 
Theory and the Standard Model), as well as in the dedicated reviews by Mangano 
and Parke (Multiparton Amplitudes in Gauge Theories) and by Dixon (Calcu- 
lating Scattering Amplitudes Efficiently). Other recent reviews on topics covered 
in these lecture notes include those by Weinzierl: Tales of 1001 Gluons and 
Feynman Integrals. These offer a comprehensive account which can be especially 
interesting to mathematically inclined readers. For advanced topics in scattering 
amplitudes, focusing in particular on developments in supersymmetric theories, we 
highly recommend the textbook by Elvang and Huang (Scattering Amplitudes in 
Gauge Theory and Gravity) as well as the research monograph by Arkani-Hamed, 
Bourjaily, Cachazo, Goncharov, Postnikov and Trnka (Grassmannian Geometry of 
Scattering Amplitudes). 
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Abstract 


In this introductory chapter we review the foundations of perturbative, relativistic 
quantum field theory. We focus on space-time and internal symmetries that 
are a highly successful guiding principle in the construction and classification 
of relativistic quantum field theories. We begin with the Poincaré group—the 
fundamental space-time symmetry of nature—that achieves the classification 
of elementary particles in terms of their masses and spins. We review scalars, 
fermions, gauge fields and gravity, and expose their perturbative quantisation 
leading to their Feynman rules. Helicity spinors are introduced that capture 
the polarisation and momentum degrees of freedom of the scattered particles. 
The internal non-Abelian gauge symmetry is reviewed and two methods for 
an efficient management of the colour degrees of freedom are discussed. They 
lead to the central concept of colour-ordered amplitudes. In the final section, we 
employ this colour-ordered formalism to evaluate tree-level three- and four-gluon 
amplitudes, and depict general classes of vanishing tree-amplitudes of gluons and 
gravitons. 


1.1 Poincaré Group and Its Representations 


Quantum field theory unifies quantum mechanics and special relativity, and as such 
is a fundamental cornerstone of theoretical physics.! The underlying symmetry 
group of special relativity is the Poincaré group, given as the semi-direct product 
of the Lorentz group and the Abelian group of space-time translations. The 


' See [1-3] for introductory textbooks reviewing in particular symmetry aspects. 
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2 1 Introduction and Foundations 


four dimensional Lorentz group SO(1,3) is a linear homogeneous coordinate 
transformation that leaves the relativistic length x? invariant, 


x” = AM x’, with x? =x = Nav X x”, (1.1) 


where nuy = diag(+, —, —, —) denotes the flat space-time Minkowski metric. The 
Lorentz transformation matrices A“, depend on six parameters: three for spatial 
rotations, and three for Lorentz boosts. This can be seen as follows. Demanding 
invariance of the relativistic length implies the following defining condition 


Nuv AM, Ae Nok - (1.2) 

Infinitesimally, we write A“, = 6”, + œ”, + O(w”) and find from Eq. (1.2) that 

@uv = Nupe’y must be antisymmetric, i.e., @uy = —@py. Hence wy, has six 
degrees of freedom, matching the above counting of rotations and boosts. 

In quantum theory the symmetry generators are represented by unitary operators, 


which we denote by U/(A). These furnish a representation of the Lorentz group and 
hence must obey the composition property 


UAUA) = UA A’). (1.3) 


Infinitesimally close to the identity we have 
i 
Ul +o) = 1+ 5 py M”, (1.4) 


with the Hermitian operators M“” = —M”" acting on the Hilbert space of the 
quantum theory in question. The M#” are known as the generators of the Lorentz 
group. We would now like to derive the Lorentz algebra, i.e. the commutation 
relations of the generators M””. For this, consider 


UATI UCAD UA) = UAT! A A), (1.5) 
in the case of an infinitesimal A’ = 1 + w’. Expanding to linear order in w’ on both 
sides of the equation for arbitrary anti-symmetric Wav yields the transformation 
property of the Lorentz generator: 


UAY! M” UA) = A” p AY M“. (1.6) 


We see that each space-time index of M”” transforms with a A”, matrix. Therefore 
a space-time vector such as P” should transform as 


UAT! PE UCA) = A“, P”, (1.7) 
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which holds in particular for the generator of space-time translations, the momentum 
operator P” considered here. We now take the remaining Lorentz transformation A 
in Eqs. (1.6) and (1.7) to be infinitesimal as well, A = 1 + œ. Stripping off the 
arbitrary anti-symmetric parameter w,, on both sides of the resulting linearised 
equations yields the Poincaré algebra. 


Poincaré Algebra The central space-time symmetry group of nature is the 
Poincaré algebra. From Eqs.(1.6) and (1.7) we deduce the commutation 
relations 


[MY MO] = i (n? MH“ +n MP? — n” MHP — P MK), (1.8) 
PA PnP ie e (1.9) 


where [A, B] = AB — BA is the commutator of A and B. It is of fundamental 
importance for relativistic quantum field theory. 


In quantum field theory the Lorentz generators act not only on the space-time 
coordinates but also on the fields. A general representation of the Lorentz generators 
of Eq. (1.8) then takes the form 


ə , , 
(MPr) jj =i (= Sg” =) Sj + (S"")' h, (1.10) 


axy OXp 


with the x/-independent dr x dr representation matrices (S moyi, obeying the 
commutation relations of Eq. (1.8). 

We now wish to classify the possible representations of the Lorentz group. For 
this we drop for the moment the covariant notation and define the rotation and boost 
generators 


i = 5 eijk Mie, Ki = Moi , (1.11) 


with i, j,k = 1,2,3 running over the spatial indices only. The J; obey the su(2) 
Lie algebra relations known from the angular momentum or spin commutation 
relations in quantum mechanics. Introducing the following complex combinations 
of Hermitian generators, 


Ni = (J; +i Ki), NÌ = }(J; —iK;), (1.12) 


H 


4 1 Introduction and Foundations 


Table 1.1 Lower spin representations of the four-dimensional Lorentz group. For the consider- 


ations in this text only the first four will be of importance. We have a = 1,2, & = 1,2, and 
uw=0,1, 2,3 

Rep. Spin} Field Lorentz transformation property 

(0,0) |0 | Scalar ġ (x) UAD (x) UA) = 6(A7! x) 


(1/2,0) | 1/2 | Left-handed Weyl spinor xq (x) UA!) xa (x) UA) = L(A)? xp (AT!) 
(0, 1/2) | 1/2 | Right-handed Weyl spinor £a (x) | U(A~!) Ey (x) UA) = R(A)aP Eg (A~!x) 
(1/2, 1/2)}1 | Vector Ay (x) UATI) Ay (x) U(A) = Ay” Ay (AT! x) 
(1,0) 1 Self-dual rank 2 tensor Bp (x) 

(0, 1) 1 Anti-self-dual rank 2 tensor Buy (x) 

(1, 1/2) | 3/2 | Graviton wei (x) 

d, 1) 2 Graviton hux (x) 


we see that the so(1,3) algebra of Eq. (1.8) may be mapped to two commuting 
copies of su(2), 


[Ni Njl=icijeNe, [N], NÍ] =iej Ni, [N NĪ]=0. (1.13) 


Based on our knowledge of the representation theory of SU(2) from the study of 
angular momentum in quantum mechanics, we conclude that the representations 
of the SO(1, 3) Lorentz group may be labeled by a doublet of half-integers (m, n) 
related to the eigenvalues m(m + 1) and n(n + 1) of the Casimir operators N; N; and 
N i N 5 respectively. Moreover, since J3 = N3 +N} , we identify m +n as the spin of 
the representation (m, n). We give a classification of the lower spin representations 
of the four-dimensional Lorentz group in Table 1.1. 


1.2 Weyl and Dirac Spinors 

We now wish to construct a Lagrangian for the (1/2, 0) representation: the left- 

handed Weyl spinor of Table 1.1. The relevant 2 x 2 representation matrix SË i 

arising in the corresponding representation of M”” in Eq. (1.10) takes the form 
(SE af = 3 (oh Go Gy, œ, p=1,2, (1.14) 

with (6")@ = (L, —o) and (o”)aġ = Eup Eup (Em ÊP = (1, ø), where ø is the 

list of Pauli matrices, and €gg is the Levi-Civita tensor.” The free Lagrangian for a 


massive Wey] spinor field reads 


Lw = iãa (G")" 3p Xa — 5M xX" Xa — 4 mM” Ka X*, (1.15) 


2 Our conventions are summarised in Appendix A. 
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where we denote (Xa)? = X%q and On = z. It is invariant under Poincaré trans- 


formations. Recall that the half-integer spin fields are anti-commuting (Gramann 
odd) quantities. The equations of motion follow from the action S = f d+x £w by 


variation of the action w.r.t. x and x. We find 


- gy; T TO Bua + m* x4 = 0, (1.16) 
a 
BS acy ok a 
“ge T Jag OnX +m Xa = 0. (1.17) 


Note that the second equation follows from complex conjugation of the first and is 
therefore spurious. In general the mass may be taken to be complex m = |m] e®. 
However, the phase of a complex mass may be absorbed in a redefinition of the 
spinor fields, so that in the end we may set m = m*. These equations of motion may 
be unified into a four-component notation as 


5,8 ~i(o)_ 39 
o=( im Mo" Dag Ou Hae (1.18) 
—1(a)? Oy mô $ xX 
Introducing the 4 x 4 Dirac matrices in the chiral representation? 
0 (ct). 
a= : an 1.19 
Y ( (GHB o ) (1.19) 


which obey the Clifford algebra {y”, y”} = 27", calls for the introduction of a 


four-component spinor field 
vu = (3) l (1.20) 


known as the Majorana field yy (x). Using this, the equation of motion may be cast 
in the form of a Dirac equation: 


(-iy" ðu +m) Ym =0. (1.21) 


Dirac Spinor and Equation Generalising this, we may combine a left- 
handed Weyl spinor xq and an independent right-handed Weyl spinor £“ into 


(continued) 


3 See Exercise 1.2 for an analysis of the chiral and Dirac representations of the Dirac matrices. 
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a four component Dirac spinor, 


Y= () (1.22) 


We can then write down the Dirac equation (—iy“0, + m) y = 0, and the 
associated Lagrangian—in an index free notation—reads 
Lpo=ivy"ap—mypy, with Y :=y'y’. (1.23) 


This is the reducible field theory of the sum of a (1/2, 0) left-handed Weyl and 
a (0, 1/2) right-handed Weyl spinor. 


Exercise 1.1 (Manipulating Spinor Indices) The Levi-Civita symbols are 
used to raise and lower Weyl indices according to & = €4ġ Ef and x” = 
er xp. We have 


én =e =e! =e! = 1, ey =e; =e? =e? = -1. 


The sigma-matrix four-vector is defined by (g")* = (1, —0). Moreover we 
have (o Jag := Eug Eg È (G")FP | Prove the relations 


(1) ©") = (1,0), (2) Cwae = (A, —0) , 
(3) Tr (o#G") = 2n”, (4) (Oa (Fn) pp = 2 Eob Exp - 


For the solution see Chap. 5. 


Exercise 1.2 (Massless Dirac Equation and Weyl Spinors) Consider the 
Dirac representation of the Dirac matrices: 


: O 1 
y=iy*ylyy3 = ( a) ! (1.24) 


(continued) 


1.2 Weyl and Dirac Spinors 
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1.3. Non-Abelian Gauge Theories 


We now discuss the principle of local gauge invariance due to Yang and Mills [4], 
which is central to the theory of the fundamental non-gravitational interactions in 
nature. This will lead us to non-Abelian gauge theories that are constitutional for 
the standard model of elementary particles and beyond. The spin !/2 Lagrangians 
for a Weyl spinor Lw of Eq. (1.15) and a Dirac spinor Lp of Eq. (1.23) are invariant 
under global phase transformations: 


x7 el x, vo ey, (1.30) 


with œ € R, respectively. We now wish to elevate this global symmetry to a local 
symmetry, i.e. to allow for a space-time dependent phase transformation a(x). 
The kinetic terms in the actions Lw and Lp are then no longer invariant, as the 
space-time derivative ð, may hit the a(x). This can be cured by introducing a 
gauge field A,,(x) to cancel the unwanted terms. For this purpose, the local gauge 
transformations of the Dirac field (we specialise to this case from now on) and of 
the novel gauge field A,, (x) are given by 


y — eiea) y, Au > Ay + d,a(x), (1.31) 


where e denotes the coupling constant. Moreover, the derivative ð, in the Dirac 
action of Eq. (1.23) is replaced by the covariant derivative Dy = 0, — ieAy. 


Quantum Electrodynamics Introducing the covariant derivative in the 
Dirac Lagrangian we are led to consider the theory 


Lorp =ivy" Duy -myy — 5 Fu FY, (1.32) 
where we also added the field-strength tensor term {Fy F“” known from 


Maxwell’s theory of electromagnetism. It generates the kinetic term for the 
gauge field A,,. Recall that F,» is defined as 


i 
Jo z Du. IDI] = Gyn = Ghvs\y (1.33) 
This is an Abelian gauge theory invariant under the U(1) transformations (1.31). 


For the case of e and m being the charge and mass of the electron, this is the theory 
of quantum electrodynamics (QED). 
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Let us now formalise this construction slightly by associating to the local Abelian 
gauge transformation of Eq. (1.31) an x-dependent U(1) group element U(x) = 
e20) obeying U(x)’ U(x) = 1. It generates the transformations 


wv > U(x), Dy > U(x) Dy Ul (x), (1.34) 


which leave vy" Duw and wy manifestly invariant, as wv —> wU'i(x). The 
transformation rule for D, = 0, — ieA, above implies the transformation of the 
gauge field 


Au (x) > U(x) Ap (x) UT (x) + : U(x) ðU + (x). (1.35) 


One indeed easily verifies the equivalence to Eq. (1.31). 

We now wish to lift this construction to a non-Abelian gauge symmetry, i.e. we 
want to find matrix-valued generalisations of U (x). To this end, consider a set of Ne 
Dirac spinor fields y; a with spinor index A = (a, &) and an additional index i = 
1,..., Nc. The number of components Ne is referred to as the number of “colours” 
for actually no good reason. The associated Dirac Lagrangian 


Loy =X iyi bi — mW i (1.36) 


IM? 


is again invariant under the global unitary transformation 
Wilx) > Ui! W(x), (1.37) 


with the Ne x Ne matrices U;/ obeying U'U = UU? = 1. These matrices U;/ 
span the Lie group of unitary transformations U(N,). We shall further specialise 
to the case of special unitary transformations SU(N.) by imposing the additional 
condition det(U) = 1. 

We will focus here on gauge theories built from SU(N,), although all other 
compact semi-simple Lie groups SO(N,), Sp(2N-), and the five exceptional G2, 
F4, E6, E7 and Eg may in principle be also considered. 

The global symmetry of Lpy under Eq. (1.37) may now be turned into a local 
non-Abelian symmetry U;/ —> U;/(x) with arbitrary space-time dependence. We 
introduce the covariant, matrix-valued derivative 


(Doit = it Oy — ig (Audit), (1.38) 
with the SU(N,) gauge field (A wit (x). The coupling constant is now denoted by 


g, generalising the electric charge e of the Abelian case. We then generalise the 
Abelian Eq. (1.34) to a covariant non-Abelian transformation 


(Dpi? > Uik (x) (Dye! UT) E) (1.39) 
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that leads to the transformation rule (now in matrix notation) 


Ay (x) > U(x) A (x) UT (x) + - U(x) ðU (x). (1.40) 


SU(N.) Gauge Theory With the help of this construction the “gauged” 
Lagrangian (Here and in the following we omit the sum over colour indices): 


Ly, =iW' Dii yj- m y'i (1.41) 


is invariant under local SU(N) gauge transformations. Next, we need 
to construct the kinetic term for the non-Abelian gauge field (Ap)i?. In 
generalisation of the Abelian construction above, cf. Eq. (1.33), the natural 
quantity to take is (again in matrix notation) 


i : 
limy = z Pr Dy] = ðu Av — dyAy — i g [Ay, Av]. (1.42) 


This is the non-Abelian field strength tensor. Note that it is not invariant under 
gauge transformation, but transforms as 


Fav > U(x) Fu U(x). (1.43) 


One says it transforms covariantly under gauge transformations. The kinetic 
term for the gauge field then is 


Lym = —4 Tr(Fyy F””), (1.44) 


which is both gauge invariant, thanks to the colour trace, and Lorentz 
invariant, as all indices are properly contracted. We note that, as opposed to 
the Abelian U(1) case, the non-Abelian gauge field is self-interacting due to 
the commutator term in Eq. (1.42). The interaction strength is controlled by 
the coupling constant g. The complete Lagrangian of SU(N,) gauge theory 
interacting with a Dirac “matter” field is then given by the sum of Sp, and 
Lym. 


In order to better understand the structure of this gauge theory it is useful to look 
at gauge transformations infinitesimally close to the identity 


Uji (x) = bt —ig %(x) (T%);/, (1.45) 


where we introduced the Lie algebra generators (T%);/ of SU(N,) with a = 
1, wee NZ — l and į, j = 1,..., No. In the above, the 0°(x) serve as the local 
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transformation parameters generalising the phase a(x) of the Abelian case (Ne = 
1). As a consequence of the SU(N) group properties, i.e. UŻU = 1, the (T);/ are 
Hermitian traceless Ne x Nc matrices. They obey the commutation relations 


(TP law. (1.46) 


with the structure constants f°. The factor of s/2 is our normalisation convention. 
We can choose a diagonal basis for the generators T? such that 


Tr(T? T°) = 5%. (1.47) 


Based on this we may write 


| ie e Te( T° [T}, T°]) (1.48) 
=, 


which renders the structure constants totally anti-symmetric in all indices. The 
Jacobi identity for the generators 


rer T°] are ea es T’]] = 0 (1.49) 
then directly translates into the relation 
gorge 4 fE gre ER fe feee =0 , (1.50) 


known as the Jacobi relation for the structure constants. Furthermore we note the 
important SU (Ne) identity 


i i . ; 1 ; . 
(THa ” (T%) i? = ôi? ôi”! = a ôi” ôi” , (1.51) 
c 


which is nothing but a completeness relation for Ne x Ne Hermitian matrices and 
where the last term ensures the tracelessness of the (T“);/. 


Exercise 1.3 (SU(N) identities) 


(a) Prove the Jacobi identity (1.49) for the generators. Hint: expand all 
commutators. 


(continued) 


4 Concrete expressions for the SU(N,) generators may be found in Appendix A. 
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(b) Prove the Jacobi identity (1.50) for the structure constants. Hint: use 
Eq. (1.46) to trade commutators for structure constants in the Jacobi 
identity for the generators. 

(c) Prove the SU(N.) completeness relation given in Eq. (1.51). Hint: con- 
sider an arbitrary Ne x Nc complex matrix, and expand it in the basis 
given by the identity 1y, and the su(Nc) generators T°. 


For the solution see Chap. 5. 


As we took the gauge fields to be traceless Hermitian matrices we can expand 
them in the basis of SU(N.) generators T“, as 


(A,)i7 &) = Al, (x) THI e Al, (x) = Tr (T° Ay()) i (1.52) 
Similarly, the field strength may be decomposed as Fy) (x) = Fiy (Œ) T? and 
FC, = 3p AS — AC + V2 g f” AS AD, (1.53) 


yielding Lym = —4 Ff, F°, 


Quantum Chromodynamics The most important realisation of non-Abelian 
gauge field theory is Quantum Chomodynamics (QCD), the theory of the 
strong interactions, that describes the interactions of quarks and gluons in 
nature. It is built on the gauge group SU(3). The field content consists of 8 
gauge fields known as gluons, A7 (x)(a = 1,..., 8), together with 6 flavours 
of quark fields, Wj; (i = 1,2,3, and J = 1,..., 6), see Table 1.2. 

The QCD Lagrangian reads 


Loco =i) Dil vr j — mi viii — 5 Fo, F, (1.54) 


where the masses my span a range from 2 MeV for the up-quark to 172 GeV 
for the top-quark. 


Given the structure constants f° of a non-Abelian gauge group as in Eq. (1.46), 
one can search for representations of the group in terms of de x dr dimensional 
matrices a with J, J = 1,...,dpr obeying 


(Te, TE] =i 2 f% TE, (1.55) 
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Table 1.2 The fields of QCD. Note the enormous spread in quark masses: m;/my, = 7.9 x 10° 


Quarks: Up Down Charm Strange Top Bottom Gluon 
MS mass: | 2.16MeV | 4.67MeV | 1.27GeV | 93.4MeV | 172.7GeV | 4.18GeV |0 
Symbol: Wi Wr Y3 i Wi Ws i Wei At, 
Spin: 1/2 1/2 1/2 1/2 1/2 1/2 

SU(3) rep: |3 3 3 3 3 3 8 


with dr denoting the dimension of the representation. So far we discussed the 
fundamental or defining representation of SU (Ne) in the form of Ne x Ne Hermitian 
matrices. As Jo is real, we see by complex conjugating Eq. (1.55) that for a 
given representation Tp there always exists a complex conjugate representation 
T := —Tp*. Another important representation is the (N 2 — 1)-dimensional adjoint 


representation induced by the structure constants f’ themselves. Its generators 
(ray are defined as 


(TRY? = —in/2 f, (1.56) 


These indeed furnish a representation of the algebra due to the Jacobi identity for 
the structure constants (1.50). The matrix indices are raised and lowered freely in 
this representation thanks to the diagonal metric in Eq. (1.47). (We also note that 
Ta = Tj as f abc is real.) The infinitesimal transformation of the gauge fields 
following from Eqs. (1.40) and (1.45) reads 


SAS = 3,07 +V2g f” OP AC eR 
= 00% + ig OTP AC. 


Quarks, on the other hand, transform in the N,-dimensional fundamental represen- 
tation 


by = O° (TEN Wy. (aR 


Comparing the two, we see that gauge fields transform in the adjoint representation 
in their homogenous part. As a final comment, representations are often denoted by 
their dimensionality in boldfaced letters, e.g. for QCD the quarks are in the 3, the 
anti-quarks in the 3, whereas the gluons are in the 8 of SU(3). See [5] for further 
reading on group theoretical aspects of gauge theories. 
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Exercise 1.4 (Casimir Operators) A Casimir operator is an element of a 
Lie algebra which commutes with all generators. 


(a) Prove that the quadratic operator T“T“ is a Casimir operator of su(Ne). 
(b) By Schur’s lemma, the Casimir operator of an irreducible representation 
R must be proportional to the identity, 


TETE = Cr lag» (1.59) 


where dr is the dimension of the representation R, and Cpr is called 
(quadratic) Casimir invariant. Prove that the Casimir invariants of the 
fundamental and the adjoint representations are given by 


N-I 


; CAS 2NF 1.60 
Ne A ra ( ) 


CF 


For the solution see Chap. 5. 


1.4 Feynman Rules for Non-Abelian Gauge Theories 


Let us now discuss the Feynman rules for non-Abelian gauge theories. In the pure 
Yang-Mills theory we have the following explicit form of the Lagrangian (1.44): 


Lym = = 59,453" A*” + 33, AG" AM 
(1.61) 
= gf ae H Ab v3 AS = at fore pedea H AP “AG AS. 


In principle, the first line of Eq. (1.61) yields the kinetic terms of the theory. 
However, due to the local gauge symmetry, we need to first fix a gauge in the 
path integral quantisation in order to not “overcount” physically-equivalent field 
configurations. A popular covariant gauge fixing function is G = ð” Aş. In the 
Fadeev-Popov procedure this is implemented by adding a gauge-fixing and a ghost 
term, 


1 1 
= —-— G'G" = —— (a" At)’, 
< - a i (1.62) 
5G" ` 
LGhost = —C* 500 ese (8# Dc) . 


where the anti-commuting field c“(x) is referred to as the ghost and cf (x) as 
the anti-ghost field. The ghost term arises from the gauge transformation of the 
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a oH § Ae 
gauge-fixing function: ôA% = (D,0)* and ae = ore = 630" D,,. Adding the 
gauge-fixing term Lcr to the kinetic terms of Eq. (1.61) yields an invertible kinetic 


operator. The full Langrangian then takes the form 


Langen =iv) Diyir; — mi bir; — 4 (8" Dyc)4 
— 30, AOH At” + (aM Ag? (1.63) 


_ gf Ase Ae “3AE _ L ga fabe pede oe Ab "AS Ad ; 


QCD Feynman Rules In momentum space we therefore find the propagator 
for the gluon field 


+ cab 
H y —16 PuPy 
220000007 =m [Mr t (€-1) : 
Caio ame Oh p? (1.64) 


which simplifies for the convenient choice of the gauge fixing parameter £ = 
1 (Feynman gauge). The i0 factor provides the Feynman prescription for the 
propagator. 

The interaction parts of the Lagrangian give rise to the three-gluon vertex 


1 2 
ae, — K a2 
~ = agp [(p2 = P3) uy Numm + (P1 — P2)m Num 
P3 ap (3 = Pi)mnmm] : 
Den (1.65) 


Here all momenta are taken to be outgoing, as indicated by the arrows. 


For the four-gluon vertex we have 


Hı H2 
ai 2 = — ig? [pe eas (Nyy p3M pops — Nmu) 
= 7 + GO TE a = Tyr po Muses) 
4 3 
H4 H3 + PO FO evita Pered : (1.66) 


(continued) 
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1.5 Scalar QCD 


One may also couple massive scalar fields to gauge theory, a model known as scalar 
QCD. If we take the complex scalar ¢; (x) in the representation R we have the matter 
action 


Loco = [Duo 0] [Dud Oli — m6) 9; , (1.70) 


where [Di O(x)]i = uhi x) — igA (x) (T4):40; (x). The associated Feynman 
rules are for the scalar propagator 


og E 
P p?—m? +i0 (1.71) 


while we have two interaction vertices: a three-point interaction, 
eT ae 
i 3 j =ig(TR)j (P2 = p1)". 

a 


H (1.72) 
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with all momenta outgoing, and a four-point interaction originating from the term 
quartic in the fields in (1.70), 


H y 


a b : 
eh = ig TEE TO ant”. 
a #& 
pe (1.73) 


Note that in the case of an adjoint scalar field (R = A) one replaces (Th )o° = 
—i/2 f^» in the above expressions. 


1.6 Perturbative Quantum Gravity 


The second fundamental theory of nature is Einstein’s theory of gravity. Here we 
want to discuss its perturbative quantisation. It is famously known to be a non- 
renormalisable theory, which excludes it as a fundamental quantum field theory of 
nature in its present form. Yet, the modern viewpoint on the non-renormalisability 
of Einstein’s gravity is to understand it as an effective quantum field theory valid for 
energy scales below the Planck mass, see e.g. [6]. In this setting graviton scattering 
amplitudes can be computed, one needs to include counter terms order by order in 
the loop expansion. Doing so physical quantities may be extracted. In this fashion 
systematic quantum corrections to Newton’s potential, studies in a perturbative 
weak gravity (post-Newtonian or post-Minkowskian) approach to the gravitational 
two body problem for bound and scattering scenarios, or cosmological scenarios 
have been addressed. Moreover, the study of graviton scattering amplitudes has led 
to the discovery of many surprising connections to scattering amplitudes in non- 
Abelian gauge theory, which we will address later in this chapter. 

Let us now discuss the perturbative quantisation of Einstein’s theory. We assume 
the reader to be familiar with classical general relativity. The gravitational field is 
given by the metric g,,,(x). The minimal coupling of gravity to matter emerges by 
replacing the flat-space Minkowski metric n,» by gyy(x) in the Lagrangians. This 
works fine for bosonic fields, while fermions need a special treatment. 


Einstein-Hilbert Lagrangian The dynamics of gravity is dictated by the 
Einstein-Hilbert Lagrangian 


2 
LEH = wv SR, (1.74) 


where g = det(g,,) and R = g™” R is the Ricci scalar built from 
the Ricci tensor R,,, that describes the curvature of space-time. The 
gravitational coupling constant « has inverse mass dimension one in 
four dimensions (in general D we have [k] = (D — 2)/2). It is related 
to Newton’s gravitational constant G via x? = 327G. 
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The Ricci tensor is defined by 


Rav = Bul? py — Ap Fo uy +T’ wal pv — T’ pal ww, EA 
T? uy = 8” (dp 8v + 3v8ue — 3k8guv) » 


with the affine connection T’ „v. In perturbative quantum gravity we assume a weak 
gravitational field: the metric is flat on which small fluctuations propagate. These are 
given by the graviton field h(x). Therefore, we write the metric as 


Suv(X) = Nv +K huw (x). (1.76) 
In the classical theory the graviton field „y represents gravitational waves.” We 
now insert this expression for the metric into the Einstein-Hilbert action, and 
perform a power series expansion in powers of « and the graviton field. This is a 
weak field expansion. Let us gather the various building blocks in this expansion. 
For the inverse metric one has 


g(x) = nh? — r h” + PAM hy” + O(k?) . (1.77) 


From now on we raise and lower indices with the flat Minkowski metric nav. The 
further quantities entering LEY take the following forms up to cubic order in x: 


2 
K K 
Jz= i+ zit a — 2h” hop) + O(k?), 
K K? = 
PP w= z uh? y + dh? p — Ph uv) — al (Quhve + Ovhyo — Iohpv) 
+ O(«?), 
2 aap K? aß p42 aß 
R = K (ð h — 3% 3f hap) — Sf (Ə hag + Iadgh — 23pðah” g) + ðxhðgh 


= (Bah)? + 48y hap 9A — ðuhyp IFR“ + total derivatives | + O(k?), 


(1.78) 
where h := h“«. Inserting these expansions into the Einstein-Hilbert 
Lagrangian (1.74) yields to leading order in « the expression 

Len = ðah dgh” — dyhpy JPA” — $ (ðuh)? + 5 (By hap)” 
(1.79) 


+ total derivatives + Ofk, h? ) ; 


5 In fact the quantum field theory methods to be discussed may also be applied to this case in their 
classical limit. This has proven to be a very efficient approach, see e.g. [7—9]. 
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These quadratic terms in hpv give rise to the kinetic term for the graviton. 
The omitted infinite series of higher powers in x gives rise to the graviton self 
interactions. They take the schematic form 


[0,6] 


Lenin = Je [P], (1.80) 


n=1 


where the term in brackets simply denotes the order in derivatives and fields 
encountered in this expansion. In general one finds all possible tensor structures. 
Hence, the Feynman rules for perturbative quantum gravity have vertices of all 
multiplicities. Yet, in a computation to a given order in « only a finite number of 
vertices enter, as the power of « of a vertex grows with its multiplicity. 

Gravity is invariant under general coordinate transformations, which take the 
infinitesimal form 


xt > x +EH (x) (1.81) 


with an arbitrary space-time dependent vector Æ” (x). Under these coordinate 
transformations the graviton field transforms as° 


2 
ôhyv = Zhe (pd? + E7 Iohyy + F Xuv) - (1.82) 


Just as in Yang-Mills theory, this local invariance necessitates a gauge fixing in 
order not to “overcount” in the path-integral over Apy through the Fadeev-Popov 
procedure. As our transformation freedom lies in an arbitrary space-time vector 
E” (x), we need to gauge fix four components of hpv. A popular and convenient 
choice is the de Donder gauge: 


Gu = huv — 43h = 0, (1.83) 
that we shall also employ. Note that this is the linearised version (in x) of the 
harmonic coordinate choice g” I’ „v = 0, frequently used in general relativity. 


The gauge fixing term to be added to the Lagrangian takes the form’ 


Lor = GG" = Dhuy Ih p + (0h)? — Phyu OY. (1.84) 


6 Recall that we symmetrise with unit weight a“b”) := (a b” + a’ b")/2. 


7 In analogy to the gauge theory discussion around Eq. (1.62), with suitable choice of gauge-fixing 
parameter € = —1/2. 
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Adding this to Lgu then cancels the first two terms in Eq. (1.79) and yields a nice, 
invertible quadratic term: 


Lenln2 + Lor = —thap 3’hag + $hd7h 
= —lhap [nn = gh n?? | 3?hys. (1.85) 


= [«B,y5 


1.7 Feynman Rules for Perturbative Quantum Gravity 


Going to momentum space and inverting the differential operator [%°”°d? of 
Eq. (1.85) leads us to the graviton propagator 


i Pap.yô ` 1 
ab A Y = 7550 with Pap,ys = Na(y16)B~ DZ aplys - (1.86) 
One indeed verifies that 7¢:”é Pys, = i y The graviton self-interaction 


vertices take an involved structure due to a proliferation of indices. For example, 
we exhibit the three-graviton vertex [10] 


ee = ik sym[5P3(k1 + komuynagnpy) 
Poe 5P3(k1 - konwanvpnpy) — 3Po6(kivkignuatpy) 
+ Polk + koquetypnpy) + 2P3(kivkiynpenpp) — P3(kipkopnavnpy) 
+ P3(kipkaynuynap) + Polkipkiynuvnap) + 2P6(kivkayngunap) 
+ 2P3(kivkonppnya) = 2P3(k1- konvanppnpy)] > 
(1.87) 


where “sym” means symmetrisation in the index pairs (ua), (vê) and (py). 
The symbol P,, denotes the symmetrisation in the momentum-index combinations 
(ki ua, kovB, k3py) associated with the three legs and results in n distinct terms. 
For example the first term above evaluates to 
sym 5 P; (kı k2Nuv Nappy) = (ky “k2NwwNBaNpy + ko -k3nvpNy) pla 
+ k3 -KiNp(uNa)y Mvp) - (1.88) 


The higher-point vertices take the schematic structure 


ag oe oe ere eee 
(1.89) 
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and grow considerably in size. E.g. the four-graviton vertex consists of 60 distinct 
terms, see [10] for its explicit form. Through the Fadeev-Popov procedure one also 
picks up a ghost sector. The local symmetry transformations are now the general 
coordinate transformations given in Eq. (1.81). Hence, the gravity ghosts carry a 
vector index: b”(x) and be (x). The ghost contribution to the Lagrangian takes the 
form 


Lon = —b" (5) b”. (1.90) 


From the de Donder gauge-fixing function of Eq. (1.83) one deduces the differential 
operator in the ghost sector 


G 
K sev = Nuvd- + [O° hv Op + OP hyp Ay + 3P (vh up) = pM yp d? _ 59, (d,h)] i 
(1.91) 


where the first term gives rise to the kinetic term of the ghost fields, yielding the 
propagator 


p° +i0- (1.92) 


a “3 Leite B 
Wy (1.93) 


However, ghosts will play no role in the modern approaches to scattering 
amplitudes developed in these lecture notes. Therefore we do not need to spell out 
this involved vertex here. 


1.8  Spinor-Helicity Formalism for Massless Particles 


In this section we will introduce a formalism that efficiently captures the kinematical 
data of the scattering states in the S-matrix: the momenta and polarisations of 
the scattered particles. The spinor-helicity variables allow one to express this data 
(momenta and helicities) for a massless particle in a uniform object thereby guaran- 
teeing the on-shell conditions. In fact, the scattering amplitudes involving massless 
scalars, fermions, gluons, photons and gravitons expressed in these variables take 
very compact forms. 
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The starting point is to rewrite the four-momentum p“ as a bi-spinor p®” that we 
may represent as a 2 x 2 matrix 


a u_ [P+ p -ip ET 
on e a T (1.94) 
p' +ip p? -p 


where gå = (1, +ø), cf. Exercise 1.1. The determinant of this matrix is given by 


det(p*”) = (p°)? -p =p, (1.95) 


where p = (p!, p?, p°) is the spatial momentum vector. If we put the momentum 
p on the mass shell, i.e. p? = m?, we see that the determinant equals m?. Hence, 
there is a distinction between the massive and massless case. In the massive case the 
hermitian 2 x 2 matrix pĉ* has rank 2 and may be decomposed into the sum of two 
outer products of commuting Weyl spinors, 


with complex conjugates 4 = +A* and = +p*. In the massless case—which 
we are mostly interested in—the determinant of p®® vanishes, and hence the matrix 
p** has rank one. 


Helicity Spinors In the massless case we may then write the light-like 
momentum as a direct product of two conjugate spinors: 


De =e (1.97) 


These are the helicity spinors associated to the light-like momentum p”. They 
are commuting (Gra8mann even) Weyl spinors in the (1/2, 0) and (0, 1/2) 
representations, respectively. The reality of p implies the hermiticity of p®”, 
which in turn implies the conjugation property (A%)* = +A®. In fact, the sign 
may be related to the sign of the energy p°. An explicit realisation of the 
helicity spinors associated to the real momentum p” is given by 


eao a na l ae 
/p + p \p' +ip? [0 + p \p' -ip 
(1.98) 
Note that indeed y p? + p? is real (imaginary) for positive (negative) p? as 


claimed above due to the constraint |p| > |p*|, which follows from the on- 
shell condition. 
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The spinor indices are raised and lowered with the antisymmetric Levi-Cevita 
tensors €yg and €, B 


ha = €aph?, hg = egg? . (1.99) 


In a scattering amplitude involving n massless particles we have n momenta p” 
a . oo . a å 

(i = 1,...,n), and hence n pairs of helicity spinors {A;", à% }. Out of these we may 

assemble Lorentz invariant quantities: 


(1.100) 


Note the opposite index contraction convention between the un-dotted (NW-SE) 
and dotted (SW-NE) spinors. The Mandelstam invariants s;; = 2 p; - p; may then 
be written as 
GALI) = DP” Pj as = egpeup ve” Py” = egpeapoe° ah? pt pY =2 pi - pj = sy, 
a 
2nuv 
(1.101) 


where we used that Tr (o“a") = 2 n”” (see Exercise 1.1). 

The representation theory of the Poincaré group teaches us that massless particles 
with spin carry a Lorentz-invariant quantity, the helicity h, which is the projection 
of the particle’s spin onto their direction of motion. It takes values h = +s for a 
particle of spin s. The Dirac equation for positive energy u(p) and negative energy 
v(p) solutions 


(p —m)u(p) = 90, (p+m)v(p), (1.102) 


degenerates in the massless limit to pu(p) = 0 = pv(p), in which u(p) and v(p) 
may be identified. Projecting onto definite helicity states 


us = 3(1 Æ ys)u(p), vz =3(Ltys)v(p), (1.103) 


allows for the identification u+(p) = vz(p). On-shell massless spin-!/2 states may 
then be labeled as |A;, A;, +1/2), reflecting both momentum and helicity. Using the 
helicity spinors and the chiral representation of the Dirac matrices,® the massless 


8 Note that (0) j = Cap Eja (o")*?. 
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Dirac operator in momentum space reads 


0 (o); 0 pj O Aegis 
= u B) = Bb) — B 
praia ee a Pate 0) iene 0 J 


(1.104) 


The helicity spinors may then be identified with the solutions to the massless Dirac 
equation as 


uy(p) = v-(p) = |) = Jà)  u_(p)=r4(p) = (::) =i), 


(1.105) 


which obey pu+(p) = 0 as Mrg =0= Rea The conjugate spinors 7 = uty? 
then take the form 


ii.(p) = 5_(p) = (a 0) a o) = (0 ig) = I, 
(1.106) 


īp) = (p) = 04%") if o) = (a2 0) = (al. 


In the above we introduced a crafty bra-ket notation that we shall use frequently 
from now on. In this way we may rewrite Eq. (1.104) in an index-free notation as 


p = INĀ] + JAMAL, (1.107) 


for an on-shell light-like momentum p“. This makes the relations p|A) = 0 and 
pial = 0 manifest, i.e. the helicity spinors Ay and A” solve the massless Dirac 
equation. 

Were we to consider a massive or off-shell momentum—represented by two 
helicity spinors as done in Eq. (1.96)—we could write 


p = IAAI + IAAL + |e) + Aul. (1.108) 


Notation wise, in the context of scattering amplitudes we often just write the particle 
number label in the brackets and drop the 2’s, e.g. for the ith particle 


|Ai) = li), Ai] = lil, (1.109) 
or use the on-shell momentum itself as the label, e.g. 


p =\p)[pPl+ Iplpl. (1.110) 
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Note that the quantities (i|j] and [i| 7) vanish. We then deduce the relations 


(ply) =O=[ilpl7] but [ilply) = Gpl, (1.111) 


that also hold true for an off-shell p” using Eq. (1.108). Stripping off the p, in the 
second relation allows us to define a four-vector object (i|y"|j] = Lily"|i). Using 
the notation of Eq. (1.110) we have 


(ply"|p] = 2p" = [ply“ |p). (1.112) 


For redirecting momenta we define 


|- p) =ilp), |— p]=ilp], (1.113) 


which is also consistent with Eq. (1.98). 
We note that the four-vector p in Eq. (1.97) does not completely fix the spinor- 
helicity variables à“ and 2%, as the rescaling 


ese, Ae = ee. (1.114) 


leaves p™ = A%X” and therefore also p” invariant. This rescaling freedom is 
known as the little group: a rotation that leaves the momentum invariant. 

There exist a number of important identities for a set of helicity spinors {A;, hi} 
(i = 1,..., n) parametrising an n-point scattering amplitude that we would like to 


collect: 


1. Mandelstam invariants: 
2 pi pj = lit). (1.115) 
2. Schouten identity: 
(AtA2)Az + (A2A3)AT + (A3A1)A5 = 0, (1.116) 


and similarly for the 4;’s. This identity simply reflects the fact that one cannot 
have a completely anti-symmetric three-tensor in two-dimensions. 
3. Total momentum conservation 


n 


X \(ai)[ib] = 0, (1.117) 


i=l 


for any a, b. This holds if the n helicity spinors parameterise the external states 
of a scattering amplitude with total momentum conservation $`;_; p” = 0. Note 
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that in our convention we take the momenta of all legs in a scattering amplitude 
to be outgoing. 
4. Fierz rearrangement: 


lily“ |i) [kiyal] = 2 [ik] (Lj) . (1.118) 
5. Complex conjugation: due to the definition in Eq. (1.100) we have 


(ij)* = [ji], [ij] = (ji). (1.119) 


Exercise 1.5 (Spinor Identities) Prove the following identities: 


(a) [IVli = ADEN A;a (O Uily"li]=2p;, 
(b) (ily”|j] = ASG ag, (e) the Schouten identity (1.116), 
(c) [ily“li) = (ily“|i], (f) the Fierz rearrangement (1.118). 


For the solution see Chap. 5. 


Exercise 1.6 (Lorentz Generators in the Spinor-Helicity Formalism) 


(a) Prove that the Lorentz generators in the scalar representation take the 
following form in momentum space, 


: ə ð 
M*” = i{ p* — p’—]). (1.120) 
OPy Pu 


(b) The Lorentz generators in the helicity-spinor formalism come in two 
pairs of symmetric tensors mag and m,,4 originating from the projections 
mop = (SÉ ap Muv and map = (Sk')ap Muv, where SE” and 
Sk” are the 2 x 2 representation matrices for the (1/2, 0) and (0, 1/2) 
representations, respectively. Si" is given by Eq.(1.14), and SÅ” = 
i(a"o” —oa’o") /4. Show that 

Mop = ha Wisp AG (1.121) 


0 Fs 
aT Àg —— A n —— . 
ane | Paya’ aA Pga 


where pê% = 2%”, 


(continued) 
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(c) The representation of the Lorentz generators on a function of n momenta 
Di (pee = AOR) is obtained by summing over all single-momentum 
generators. Use the appropriate Lorentz generators to show that the 
following quantities are Lorentz invariant: (ij), [ij], sij- 


For the solution see Chap. 5. 


1.9 Polarisations of Massless Particles of Spin sy 1and2 


External states in scattering amplitudes are parameterised by their momenta and 
polarisations. We now analyse the polarisations of massless particles of spin h, 1 
and 2, and how they may be expressed via the helicity spinors. We recall that scalar 
states do not have polarisations. 
Spin 5 The polarisations for massive fermions and anti-fermions are 
captured by the positive u(p) and negative v(p) energy Dirac-spinors, 


which we saw coincide in the massless case. Spin-4 states of definite 
1 
L. pl = 
coincide with |A) and |A] as we saw in Eq. (1.105). In our convention all 
momenta are outgoing, therefore |à} and (à| represent —5 helicity states 


helicities +5 are obtained by the projections u+ of Eq. (1.103), which 


(or outgoing anti-fermions) whereas |A] and [A| represent +4 helicity 
states (or outgoing fermions). This observation allows us to introduce 
the helicity generator: 


1 ð we 
h=- A% — +i — |. 1.122 
sl L dae + i zl ( ) 


i=l 


In fact hav = — Tag and h Ms = 1a, so h measures the helicity. This 
is the reason why we call à and A helicity spinors. They capture both 
the momentum and polarisation of an external scattering state thereby 
guaranteeing the on-shell conditions. 


Spins=1 Gauge fields may have the helicities h = +1. Their 
polarisation vectors are denoted by e} (p) and obey the relations 


et (p)* = «2 (p); p-€4(p) =0, 


(1.123) 
€4(p)-€-(p) =—1, €4(p)” = €_(p)* =0. 
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The polarisation vectors may be expressed as bi-spinors using the 
spinor-helicity variables associated with the momentum p (p®® = 
2% 1%) as 

A Mi 
(Ai Mi) 


Thea 
emt fg iti (1.124) 


ef = ; a = 
i 7 [Ai Hi] 

One directly checks the properties of Eq. (1.124) in this representation. 
We also find h fe = ele, hence the helicity assignments check. 
The spinor pair ui, (4; appearing in the above are arbitrary reference 
spinors needed to define the polarisations. They parameterise a light- 
like reference momentum r; = piñi associated to every leg i = 
1,..., in a scattering amplitude. The only condition on the reference 


spinors is that they are nor parallel to å; an Ài: 


miŻ ci, pee dys (1.125) 


Moreover, we see from Eq. (1.124) that e+ ; - ri = 0. 


Exercise 1.7 (Gluon Polarisations) 


(a) Show that the properties in Eq. (1.123), together with the gauge choice 

€+, i -ri = 0 (with Pr = 0), lead to the representation of Eq. (1.124). Hint: 
expand the polarisation vector in a basis constructed from the spinors 
associated with pa and r;. 

(b) Verify that the representation Eq. (1.124) fulfils the polarisation sum rule 


Hy + pyr: 
hit =n + EE (1.126) 


For the solution see Chap. 5. 


The appearance of the reference spinors u; and ñA; with associated reference 
momentum pe = yw; ae in the polarisation vectors corresponds to the freedom of 
performing local gauge transformations of the gauge field. To see this let us compute 
the infinitesimal change of the polarisation i induced by an infinitesimal shift of 
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the reference spinor y > u + ôn: 


; ASU vy a (ÀS 


(At) (A u)? 


À $ 
= -v2 —— (5 (à u) — uê (Ap) 
= ——- CC 


(Am)? 
=A% (u ôu) 
: S : 
= pw (34 ael) = p“E(p, m, ôn), (1.127) 
(A u) 
where we used Schouten’s identity (1.116) in step two. We see that the induced 
change of the polarisation vector el is a gauge transformation de“ = p”é. By 
transversality of the amplitude this implies the invariance under the shift u —> u + 
ôu. Therefore the amplitude depends only on {A;, A;, hi = +1}, and we may freely 


choose the reference spinors u; and ji; for every leg at our convenience—teflecting 
the local gauge invariance of the theory. 


Spins = 2 The polarisation of a graviton has the helicities h = +2 and 
r r uv 5 
is captured by a symmetric rank-two tensor €}, —_ (p). It is transverse 


Put 4)-—(P) = 0, (1.128) 


and may be chosen to be traceless Nv py J—--( p) = 0. A very conve- 
nient parametrisation is given by doubling the gauge field polarisations: 


eki (p) =e} (p)e} (p), EE (p) = Ëp) (p). (1.129) 


In this way the above properties of transversality and tracelessness are 
consequences of the properties of the vector polarisations €} (p) in 
Eq. (1.123). 

It is then straightforward to translate this into helicity spinor vari- 
ables. We now have the spin-tensors 


apah L cae PÈ, PHP _ 


ePi Sette aà PP, (1.130) 
using the polarisation bi-spinors of the gauge fields Eq. (1.124). 

Again we have reference spinors jz; and A; for each leg. The amplitude does not 

depend on this choice, and one may show that under a shift u —> u + dy the 

graviton polarisation transforms as 


Euv > Eny = Eww + 2P(uEv) » (1.131) 
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by virtue of the same argument as in Eq. (1.127). This change of course leaves the 
amplitude invariant. 


1.10 Colour Decompositions for Gluon Amplitudes 


Let us now focus on non-Abelian gauge field theories and the management of colour. 
The tools to be developed will allow us to disentangle the colour degrees of freedom 
from the kinematic ones. There are two such formalisms for an efficient colour 
management which we shall discuss: the trace based, and the structure constant 
based formalism. Focussing on SU(N.) gauge theories coupled to matter, one 
mostly encounters two representations of the gauge group: 


e Adjoint representation: gluons A‘, carry adjoint indices a — 1,..., N2 =f; 
e Fundamental & anti-fundamental representation: fermions and scalars carry 
fundamental indices i = 1,..., Ne andi = 1,..., Ne. 


As discussed above, the generators of the SU(N.) algebra in the fundamental 
representation are NexNe hermitian, traceless matrices (T“) if . We recall Eq. (1.48) 


pane = n Tr (T“IT?, T99), (1.132) 


or [T%, T? =i 2 fT", with Tr(T¢T’)=s@. Moreover, we have the SU(N-) 
identity of Eq. (1.51), 


. f f ; 1 , : 
(T9) ” (Tp? = ôi? ôi”! — — ô” ôi”? , (1.133) 
2 N. 
which will be important for the trace based decomposition. It can be understood 


as a completeness relation for a basis of Hermitian matrices spanned by {1, T°}. 
Introducing a graphical representation for the structure constants and generators via 


b 
. Ji 
pave = ce Tht = pura 
iy 
a (1.134) 


one may illustrate these two relations as in Fig. 1.1. 
Moreover, we recall the Jacobi identity for the structure constants of Eq. (1.50), 


pave pees ae pepe 4 pepe =0, (1.135) 


which we shall put to use in the structure constant based formalism. 
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b b 
i 
© c= c 
a a 


Ji Èb j —>— i 1 Jl iz 
_ _ Ne | , 
i h i —~4— h i J2 


Fig. 1.1 Graphical representation of Eqs. (1.132) and (1.133) using (1.134) for the generators 


1.10.1 Trace Basis 


A look at the QCD Feynman rules of Sect. 1.4 tells us that the colour dependence 
of a given Feynman graph arises from its vertices. The three-gluon vertex in 
Eq. (1.65) carries one structure constant f“’°, whereas the four-gluon vertex in 
Eq. (1.66) contains two f%°’s. Coupling to matter, the quark-anti-quark-gluon 
vertex Eq. (1.69) comes with a generator (T° );/. In order to work out the colour 
dependence of a given Feynman diagram in the trace basis, we replace all 
structure constants appearing in it by the trace formula (1.132). This transforms the 
expression to products of generators (T“);/ with contracted and open indices. Open 
fundamental indices (i, j) correspond to external quark lines in the diagram, open 
adjoint indices (a) to the external gluon states. Contracted adjoint indices can be 
used to merge traces and products of generators by repeatedly applying the SU (Ne) 
identity (1.133): 


(A T" B); (C T° D)! = (A D);! (C B)’ — a B);/ (C D), (1.136) 


where A, B, C and D are arbitrary Ne x Ne matrices made of products of generators. 
By iterating this procedure we arrive at a final expression of traces and strings of 
generators T®’s with only open adjoint and fundamental indices corresponding to 
the external states. They take the generic form 


Te(T® -e 7%)... TET” -e Tm) (T -e TN (TM TH), I, 
(1.137) 


For pure gluon amplitudes there is a further simplification: in pure Yang-Mills 
theory the interaction vertices of the SU(N) and U(N,) gauge groups are identical, 
as f0¢ —0 due to Eq. (1.132) where T° = 1/,/N- is the U(1) generator. Hence, the 
1/N- part in the relation (1.136), responsible for tearing apart traces, is not active 
here. In conclusion, tree-level gluon amplitudes reduce to a single-trace structure, 
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(a): (pit p2)’ 20, (b) : (pio + pi + p2+ ps)? > 0, 
(c) : (ps + po + p7+ pst po) 30, (d) : (ps + pe + p? 30. 


Fig. 1.2 Some of the possible poles in a colour-ordered Feynman diagram 


and can be brought into the colour-decomposed form 


A (Çai, hi, pi) = ST POAT (01, 02, ..., On). 
o ESn/Zn 
(1.138) 


Here h; denote the helicities and a; the adjoint colour indices of the external 
states, and we use the compact notation o = {po, ho} in the argument of the 
Ate, The latter are called partial or colour-ordered amplitudes and carry all 
kinematic information. Moreover, S;,/Z, is the set of all non-cyclic permutations 
of n elements, which is equivalent to S„—1. Therefore for an n-particle amplitude 
we have (n — 1)! distinct colour-ordered amplitudes in the trace basis. For example 
in the four-point case we find 


AYE = Te(TY eT eT Al 1,2, 3,4) + Hr TO rer) Ar; 3, 4, 2) 
+ Tr(TU TY TT) AL (1, 4, 2, 3) + Tr(T Te TST) AY (1, 2, 4, 3) 


+P TTS Tey AT, 4,3, 2)+ WT Ter eT) Ald, 3,2, 4). 
(1.139) 


This is the promised separation of colour and kinematical degrees of freedom. The 
colour ordered amplitudes A, are simpler than the full amplitudes An, as they are 
individually gauge invariant. This is due to the fact that any shift of a polarisation 
€i — pi in (1.138) will lead to a vanishing left-hand side for An. On the right-hand 
side the colour factors form a linearly independent basis, hence the individual factors 
of A, need to vanish individually. In addition, they exhibit poles only whenever 
cyclically adjacent momenta go on-shell, (p; + pi+1 +--+ + Diss)? —> 0, see 
Fig. 1.2. This property will be exploited in Chap. 2. 
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For tree-level gluon-quark-anti-quark amplitudes with a single quark line one has 


As’ (tai hi, PME" ja? }) = Dy a raa 


OESn-2 


hg h 
x Ale (or, reg On-2lq a,” ) + 
(1.140) 


Increasing the number of quark lines to m > 1 yields a more involved structure, 
as more strings and factors of 1/N, appear. Here the m quark lines will yield m 
products of strings in T-matrices, (T^ T® --- T4);,/», where the adjoint indices 
are either contracted with an outer gluon leg or connect to another quark line. Using 
the SU(N.) identity (1.136) for these internal contractions leads to a final basis 
of m products of open T-matrix strings with only external adjoint indices. The 
general construction of this colour-decomposition is rather involved and we shall 
not discuss it here. We refer to [11—14] for a detailed analysis. In this case, some 
of the colour factors also include explicit factors of 1/N,. stemming from the last 
term in Eq. (1.136). Nevertheless, all of the kinematical dependencies can still be 
constructed from suitable linear combinations of the partial amplitudes for external 
quarks, anti-quarks and external gluons generated by the colour-ordered Feynman 
diagrams. Hence, the partial amplitudes are the atoms of gauge-theory scattering 
amplitudes. 

At loop level, pure gluon amplitudes contain also multi-trace contributions 
arising from the merging performed using Eq. (1.133). For example, at one loop 
one has 


An P (lai, hi, pi!) =Ne YO Te(T% 1%... 74%) AO (04, ..., 0n) 


oESn/Ln 
[n/2]+1 
+ So JO T(r. T) TT T) AUG, On) 
i=2 GES, /Zy 


(1.141) 


where the a i are called the primitive (colour-ordered) amplitudes, and the A) 1 
are the higher primitive amplitudes, [n] is the lower integer part of n. The latter 
can be expressed as linear combinations of the primitive ones [15]. In the large-N, 
limit the single-trace contributions are enhanced: one speaks of the leading-colour 
contributions. In colour-summed cross sections, which are of interest for computing 
collider physics observables, the contribution of the higher primitive amplitudes is 


suppressed by a factor of 1/N a 
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Fig. 1.3 Typical colour tree 
in a structure constant based 
expansion 


1.10.2 Structure Constant Basis 


An alternative basis for the colour decomposition of pure-gluon amplitudes employs 
the structure constants f“ be and is due to Del Duca, Dixon and Maltoni (DDM) [16]. 
To begin with, we consider the colour dependence of an n-gluon tree amplitude. This 
may be represented as a sum over only tri-valent graphs with vertices linear in f°. 
In order to reach this tri-valent representation we artificially “blow” up a four-valent 
gluon vertex to sums of products of tri-valent vertices. This is done by multiplying 
it by 1 = q*/q? where i/q? is the “blown up” propagator. Concretely, if we go back 
to the Feynman rule of Eq. (1.66) for the four-gluon vertex, we rewrite 


whe Sef (Pa F Po)? cdf 


abe pcde _ 
R es: 


: (1.142) 


where pa(p») is the momentum flowing into leg a (b), and analogously for the other 
two ff-terms. The resulting structure will then be a trivalent tree as in Fig. 1.3. 
Now we use the Jacobi identity (1.50) for the structure constants, 


face poce _ pone ace = frre zor? 
a EZ b a b a b 
d c d . d c (1.143) 
in order to successively shrink branched trees to branchless ones, resulting in a final 


“half-ladder” expression. The shrinking of a branched tree is thereby performed via 
the operation 
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ao ao, ao, Gon 
a E a pada a an 
el €2 e3 en-3 


Fig. 1.4 Half-ladder form 


In summary, one may colour-reduce any diagram, e.g. as depicted in Fig. 1.3, to the 
“half-ladder” structure shown in Fig. 1.4. In this way we can completely reduce an 
amplitude to a sum of colour-ordered amplitudes in the half-ladder basis in colour 
space: 


An (Çai, hi, pi} = 


y gen jaa paraa. pe A 09, 6504-157), 
oESn-2 


(1.145) 


where we now sum over the permutations o of the n—2 elements {2, 3,..., n — 1}. 
The half-ladder colour basis fixes two (arbitrary) legs, here 1 and n, see Fig. 1.4. 

In consequence, the DDM basis consists of (n — 2)! independent partial ampli- 
tudes. This is to be contrasted with the (n — 1)! partial amplitudes that we found in 
the trace basis. Hence, there must exist non-trivial identities between colour-ordered 
amplitudes allowing one to reduce the basis accordingly. These are known as Kleiss- 
Kuijf relations [17], and take the form 


AE=®(1, {æ}, n, {B}) = (-1)"* 2 AY" (yarn), (1.146) 


oeallip! 


where ng denotes the number of elements in the set 6, and B' is the set 6 with 
reversed ordering. The shuffle or ordered permutation aug! of the two sets merges 
a and 6! while preserving the individual orderings of œ and 6'. An example 
illustrates this: 


{12}Lu{34}T = {1243} + {1423} + {1432} + {4123} + {4312} + {4132}. 


In fact, one can prove the Kleiss-Kuijf relations (1.146) by rewriting the DDM basis 
in terms of the trace basis discussed above. 

It turns out that there exists a further non-trivial identity between colour-ordered 
amplitudes, allowing one to further reduce the basis of colour-ordered (or partial) 
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amplitudes to (n — 3)! independent elements. This is due to the Bern-Carrasco- 
Johansson relation [18, 19], to be discussed in Chap. 2.7. It takes the schematic form 


ARSO 0n) = RAT, 2, P3,- teers (1.147) 
PESn-3 


with coefficients K a depending on the external momenta. Finally, we note that 
there is also a useful generalisation of the DDM basis to include fundamental matter 
that we will not discuss here, see [20,21]. 


Colour-Ordered Feynman Rules One may write down colour-ordered 
Feynman rules that generate the colour-ordered (partial) amplitudes upon 
stripping off the colour factors from the usual Feynman rules. This is trivial 
for the gluon and quark propagators (working in Feynman gauge): 


i E —»— 4 
e ag k kio 


(1.148) 

To obtain the colour-ordered vertex rules one inserts into the standard 
Feynman rules of Sects. 1.4 and 1.5 the trace expression (1.132) for 72°, and 
together with the identity (1.133) reduces everything to a string of generators. 
Extracting only a single ordering of the T“’s then yields the colour-ordered 
vertices: 


SN gy Hi 
PA si or =o g e e oa = o are aa piden] 
P2| Pi v2 
H2 
H2 
Bt 8 eaa Nuu usu, 7 T en] 
H3 


(1.149) 
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Similarly, in the scalar QCD sector we have the propagator 


---»--- i 
pp? =m? +i0’ (1.150) 
and the vertices 
a g H v P 
=i (p.- pi)", = ign”. 
VAG pı) KAA en 
H `A, (1.151) 


Exercise 1.8 (Colour-Ordered Feynman Rules) Derive the form of the 
colour-ordered four-gluon vertex in Eq. 1.149 from the Feynman rules of 
Eq. (1.66). For the solution see Chap. 5. 


General Properties of Colour-Ordered Amplitudes Due to the 
factorisation of the colour degrees of freedom, the partial or colour- 
ordered amplitudes are individually gauge invariant. Next to the 
Kleiss-Kruif (1.146) and Bern-Carrasco-Johansson (1.147) relations, 
they obey further general properties which reduce considerably the 
number of independent structures. We list them below, denoting by 
A(1,2,...,) the colour-ordered amplitudes, where the argument i 
refers to a colour-ordered gluon, while a quark (anti-quark) leg is 
denoted by ig (ig). 


1. Cyclicity: 


AC, 2,...,n) =A(Q,...,n, 1), (1.152) 
which follows from the cyclicity of the trace and the definition of 
Eq. (1.138). 

2. Parity: 
A(1, 2,...,7) = A(1,2,...,7) . (1.153) 


>il ij]> (ji) 


Here the bar over the particle number denotes the inversion of the 
particle’s helicity. Note the flip in the helicity spinor brackets under 
parity. 

3. Charge conjugation: 


A(1g, 233-30) = —A (lz; 293,025”), (1.154) 
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that is, flipping the helicity of a quark line changes the sign of the 
amplitude. This descends from the colour-ordered gluon-quark-anti- 
quark vertex above. 

4. Reflection: 


AQ, 2,...,) =(-1)"A(n,n—1,..., 1). (1.155) 


This relation follows from the anti-symmetry of the colour-ordered 
gluon vertices under reflection of all legs. It also holds in the presence 
of quark lines but only at tree level. 

5. Photon or U(1) decoupling identity: 


5 Ali, ...,On-1,0)=0, (1.156) 
oEZn1 


where o = {o1,..., On—1} are cyclic permutations of {1, 2, ..., n — 
1}. This powerful identity follows from Eq. (1.138) and the fact that 
a gluon amplitude with a single photon vanishes since f°°=0. Here 
0 is the colour index of the U(1) generator T? = 1/./Ne. 

6. We restate the Kleiss-Kuijf relations [17] of Eq. (1.146), 


AC, {a}, n, {B}) =(-D" XO Aea, on), (1.157) 


ocat 


which may be derived by the transition from the DDM basis to the 
trace basis. 

7. Finally, there is a final set of relations emerging from the double 
copy or Bern-Carrasco-Johansson [18] duality between graviton and 
gluon amplitudes: 


n—1 
XOpi (pot... + pi ARSO, i l,i +1,...,n) = 0. 
i=2 


(1.158) 


This we will discuss in the later Sect. 2.7 but quote already for 
completeness. 


In summary there are (n — 1)! independent colour-ordered gluon 
amplitudes of multiplicity n. 
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Exercise 1.9 (Independent Gluon Partial Amplitudes) Use the above rela- 
tions amongst the colour-ordered amplitudes to determine the independent 
set of colour-ordered amplitudes for four- and five-gluon scattering. For the 
solution see Chap. 5. 


1.11 Colour-Ordered Amplitudes 


Let us now begin with the actual evaluation of the first pure gluon tree-amplitudes 
using the colour-ordered Feynman rules and the spinor-helicity formalism. In fact, 
we will see that large classes of gluon helicity amplitudes vanish! 


1.11.1 Vanishing Tree Amplitudes 


Let us restrict to tree-level amplitudes with multiplicities n > 3 here, as there are 
subtleties for the three-point gluon amplitudes to be discussed later. Our freedom to 
choose an arbitrary light-like reference momentum yea = pe pė in the definition of 
the gluon polarisation vectors €+,; in Eq. (1.124) for every leg may be used to show 
that entire classes of helicity gluon amplitudes vanish. 

Using Eq. (1.124) we find the polarisation vector products of legs i and j to be 


(Mi Mj) [Aj Ài] 
(A ae sus 
(Ai Aj) luj Mil 
[Ai mil [A jhj] 


Pae (Mi AG) [Mj Ài] 
' EO he pes Dg ea 


€i e j= , (1.159) 


with the only restriction on the reference spinors of leg i being distinct to the 
outflowing momentum of that leg, i.e. u; 4 A; and fi # A;. Clearly, if we choose 
the reference spinors of legs i and j to be identical, we have that 


E+,i ° E4, j =0= eé; "€j Viy (1.160) 


due to (uiu j} = 0 = [uin j] for that choice. Let us see how to use this in order to 
identify vanishing trees. 

An n-gluon tree amplitude must depend on the n-polarisation vectors involved, 
which have to be contracted either with themselves (as €; - €j) or with the external 
momenta (as p; - €;). Now, what is the minimal number of polarisation vector 
contractions €; - €j arising in the terms that constitute an n-gluon tree-amplitude? 
To find this number, we need to look at graphs which maximise the number of 
momentum-polarisation contractions, i.e. p; - €j. This implies looking at graphs 
built entirely out of three-point vertices. Pure three-point vertex n-gluon trees are 
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made of (n — 2)-vertices. This follows immediately from the half-ladder form in the 
DDM basis, cf. Fig. 1.4. 

As an n-leg graph contains n distinct polarisation vectors, we conclude that 
any n-gluon amplitude will consist of terms containing at least one polarisation 
contraction €; - €j (as this maximum configuration is attained by purely trivalent 
trees). Armed with this insight, we now prove the vanishing of three classes of tree- 
amplitudes. 


1. Choosing the reference momenta r; of an n-gluon tree-amplitude uniformly as in 
Eq. (1.160) implies that 


AOI 2" cg ) =0, (1.161) 


as at least one €}; - €4,; contraction must arise. 
2. Similarly, the gluon tree-amplitude with one flipped helicity state vanishes: 


AMO 2° 2208) =0. (1.162) 
This follows from the reference momenta choice 
ri =r Æ pi and DSa =a = Pi, (1.163) 
as then all terms containing a €+,; - €4,; = 0 contraction with i, j € {2,...,n} 
vanish, and €, ; - €_,; = 0 due to Eq. (1.159) by the specific choice above. 
3. Finally, the ggg"~* amplitudes vanish if all gluons have identical helicity: 
treeyy— 9+ 3+ Fy 
A, (1.24.3 ...,n')=0. (1.164) 
Due to the presence of a quark line there is at least one contraction of the form 


_ x. [åa _ [A2 Ai] (ui Ar) 
[21g i 11) = Aza ef Aia = —V2 ion (1.165) 


in every term constituting the amplitude. Choosing the gluon-polarisation refer- 
ence momenta uniformly as r; = pi “Wj = A, A, for alli € {3,...,n} yields 
[2|¢4 ; |1) = 0, and hence the vanishing of Eq. (1.164). 


By parity the vanishing of Eqs. (1.161) and (1.162) implies 


Atedt 27,..., n7) =0. (1.166) 


Hence the first non-trivial class of pure gluon tree-amplitudes is the one with 
two flipped helicities, AT°(1~,27,...,@ — 1)+, i7, (€ + It,..., 27), known 
as maximally helicity violating (MHV) amplitudes. 
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NO Ng ay 
aa 


pn P 


Fig. 1.5 The MHV classification of gluon amplitudes: A„ m denotes an n-gluon amplitude with 
m positive helicity states. Parity acts as a mirror across the vertical axis as An,m <> An,n—m. For 
example the NMHV A5,3 amplitude may be obtained from the parity mirror of the MHV As 2 one. 
Hence, the lowest multiplicity non-trivial NMHV amplitude is the A6,3 


To understand this name recall that in our convention all momenta are out-going. 
The MHV amplitudes describes, for example, a process in which all incoming 
gluons have one helicity and all but two outgoing gluons—the maximal allowed 
number—have the opposite helicity: flipping the momentum entails a flip in 
helicities. Hence, helicity is not conserved and this process is maximally helicity 
violating. 

Similarly, we have for the single-quark-line-gluon amplitude that 


Are 2 08 at =O) (1.167) 


by choosing q; = Mi jlj = A Az for alli € {3,...,n}. Alternatively, this may be 
seen by a parity and charge conjugation transformation of Eq. (1.164). 

As a matter of fact, the vanishing of these mostly-plus (or minus) amplitudes 
can be understood from a hidden supersymmetry in tree-level quark-gluon tree- 
amplitudes, see [22,23] for a discussion. 

Amplitudes comprised of 3 positive helicity and (n — 3) negative helicity gluons 
are known as next-to maximally helicity violating (NMHV) amplitudes and so on, 
see Fig. 1.5 


1.11.2 The Three-Gluon Tree-Amplitudes 


We now want to establish the smallest amplitudes in gluon scattering. As a matter 
of fact, three-point amplitudes of massless particles are very special objects. Due to 
kinematics all Mandelstam invariants vanish, p; - p; = O for all i, j. This follows 
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from momentum conservation 
pi + ph + pk =0, (1.168) 
which, with p? = 0 for all i, implies that 
pi pj =9 Vi,j € (1,2, 3}. (1.169) 


Hence for real momenta this implies the vanishing of the spinor brackets (ij) and 
[ij], which are the building blocks of the amplitudes for massless particles. There 
is thus no Lorentz invariant object one could write down, and therefore the three- 
particle amplitude must vanish. The situation is different if one allows for complex 
momenta p; € C*. In this case the helicity spinors A; and 4; are independent, and 
the conditions p; - p; = 0 can be solved either by [ij] = 0 or by (ij) = 0. Hence 
either a% x a x es (collinear right-handed spinors) or Af « AS œ A$ (collinear 
left-handed spinors) solve the constraints p; - p; = 0. The two choices correspond 
to the three-gluon MHV3 amplitude 


AY 2s = gar. [12] = [23] =[31]=0, (1.170) 
Be me Se (23) (31) ° 
and the dual MHV3 amplitude 
AS“ (17, 2+, 3-) = —ig U2) (12) = (23) = (31) =0, (1.171) 
a [23131] ° vs 


respectively. The two are related by a parity transformation, which flips the helicity 
weights and exchanges (ij) <> [ji]. 

As a useful exercise in spinor gymnastics, we will now derive these amplitudes 
from the colour-ordered Feynman rules. Using the three-gluon vertex in Eq. (1.149) 
we find 


a E 
aze 2 3h i P1- e3 ee 


+ (po— p3):€—,1 €=,2°€4,3 + (P3—P1)€-,2 esea], 
(1.172) 


where the polarisation vector contractions are given in Eq. (1.159). Choosing the 
same reference-momentum spinor yı = u2 = u3 = pş for the gluons we have 
e—,1:€—,2 = 0. Then, by using momentum conservation and transversality p; -€i = 
0, we arrive at 


ASAT, 27,3) = igV2| preie rers -prerese 017) 
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From Eq. (1.159) we derive the following expressions, 


ce, MBU ee, = (nu 
eee 23H)’ ee TAH)’ 
(1.174) 
pee = L DBA pea L AA 
CO s2 ual ’ p v2 Ba ’ 
and therefore 
T . Ba] ((2u) | (lu) 
Ate (17,27,3*) = 12 
= sete ag ca t a) 
j (1.175) 
= ig(12) [Bu] (Hl py + plu] =g Ee 
Bu) Halia] [a]l] 
Finally, we use three-point momentum conservation to simplify 
[Ba] _ (23Bu] _ (12) Ba] _ (13)B] _ (12) (1.176) 
[u] (23)M[lu] (23) [2u]  (13)[2u] (31) l 


thus arriving at the result in Eq. (1.170). One could repeat this calculation for the 
scattering of three gravitons, this time using the three-graviton vertex of Eq. (1.87), 
arriving at a result proportional to [aea ae 3h). The involved expression for 
the vertex Eq. (1.87) gives no hints of such a remarkable squaring relation! We shall 
take up this discussion in Chap. 2 again. 


1.11.3 Helicity Weight 


There is an important consistency requirement for scattering amplitudes based 
on checking their correct helicity weights. This is encoded in the following 
relation [24]: 


3> 


1 ð z, ð 
iA ae ie sz) A= ma, (1.177) 
¢ ag ai 


where h; is the helicity of particle i. When combined with Lorentz invariance, this 
relation can be used to determine the functional form of the three-point amplitudes 
of particles of any spin. As we argued, above a massless three-particle amplitude 
in complexified momentum space can either only depend on (i j} with [i j]=0 for 
all particles or vice versa. If we choose the MHV situation [i j]=0 for the helicity 
assignment 175, 275, 3+5, one can immediately see, using (1.177), that the answer 
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Ate (17,27,3*,4*) = + + 
17 4 r 4 r 4t 
(69) (II) (IIL) 


Fig. 1.6 The three colour-ordered graphs contributing to the four-gluon split helicity MHV 
amplitude 


must have the form 
Atl 275,375) ~ [AC, D5 35]? : (1.178) 
In fact, for the gluon-amplitude with s=1, the conditions 
hy ASSAY = —AMV hp ASV = AMV, fay =+ay™ (1.179) 


uniquely fix the amplitude to take the form A(1~, 27, 3+) ~ (12)3/((23)(31)). 
This may be seen as an independent derivation of both the 3-point gluon and 
graviton amplitudes—without referring to any Lagrangian! 


Exercise 1.10 (The MHV;3 Amplitude) Derive the anti-MHV three-gluon 
amplitude (1.171) using the colour-ordered Feynman rules. For the solution 
see Chap. 5. 


Example: A Four-Gluon Tree-Amplitude 


We shall now compute the simplest non-trivial tree-level colour-ordered gluon 
amplitude, namely the four-gluon MHV-amplitude with a split helicity distri- 
bution A{® (17, 27, 3+, 47). Employing the colour-ordered Feynman rules of 
Eq. (1.149) we see that the three diagrams of Fig. 1.6 contribute to the amplitude. 
Its computation is again considerably simplified by a clever choice of the 
reference momenta r; = Hi fi of the gluon polarisations, 


ri =n = p4, r3 = r4 = Ppi, (1.180) 
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where p; denote the physical external momenta. Then one sees, using Eq. (1.159), 
that the polarisation-vector products 


E—,1 ° E—,2 = €4,3 : E€4,4 = €—,1 aa = €—,2' €4,4 = €—,1 '€4,3 =0 (1.181) 


all vanish, and that the only non-vanishing contraction is 


aa (12) [34] 
dep = = . 1.182 
Se TR a lem] (PHA ne 


Of course it is mandatory to use the same choice of reference momenta for 
all graphs. 


Diagram I 


: BY 
1g Shae |e u 
o= (5) Fe [trou ev bel ( 1-€2) | 
V2 oe „2 \P2q 1 Pq 


(1.183) 


with q = —pi — po = p3 + pa, s12 = (pı + p2) = (12)[21] and pij = 
Pi — pj. Due to only €_,2 - €+,3 surviving in the contraction, we have 


o2 


1g 
(I) = IT Ca 83) OU a ar P2) o e Eaa = a = ps) o 4 


Dig? 
T (€_,2 eD - €—,1) (p3 - €4,4) 


_ _ 2ig? Er a) ( 1 (12) a) ( 1 (13) a 
SL (13) [24] 7 \/2 [14] v2 (14) 


a DE 


= 1g e 
[12] (14) [41] 
(1.184) 
where in the second line we used pz - €_.; = a Cea ee a a 


and similarly for p3 - €+,4. The last expression can be rewritten exclusively in 


(continued) 
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1.180 
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In summary, we have established the following compact result for the split- 
helicity MHV four-point amplitude: 


Ateeq—2- 3+, 44) = ig? (12)* . (1.188) 
4 A (12) (23) (34) (41) 


At this point it is also instructive to check the helicity weights of our final result 
for every leg using the helicity generator of Eq. (1.177). To wit 


hy Ag = 4 (—4 + 2) Ag = —44, hy A4 =—A4, h3 A4= +44, 
ĥ4 Ag = +44, (1.189) 


so everything is in order. 

By cyclicity there is only one more independent four-gluon amplitude left 
to compute: the case A$ (17,27, 3-,4*) with an alternating helicity dis- 
tribution. All other possible helicity distributions can be related to this or 
AŢ (17,27, 3+, 4) of Eq. (1.188) by cyclicity. It turns out that we do not need 
to do another Feynman diagrammatic computation, as the missing amplitude 
follows from the U(1) decoupling theorem of Eq. (1.156): 


A Ae AAT HA AT] 


a (31)4 (i) 
1e \ (12) (24) (43) G1) imu onan) 
= ig? (31)" 7 
(12) (23) (34) (41) 


(1.190) 


Comparing this result to Eq. (1.188) we may express all four-gluon MHV 
amplitudes in a single and crafty formula, 

(ij) 
(12) (23) (34) (41) ° 


AP Cit eed Si (1.191) 


where the dots stand for positive-helicity gluon states. 
In fact we shall show in Chap.2 that this formula has a straightforward 
generalisation to the n-gluon MHV case, in which only the denominator is 
modified to 
+ V4 
AME iT.. jT) = ig"? tij) , (1.192) 
(12) (23)... ((n — 1)n) (n1) 
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known as the Parke-Taylor amplitude [25]. It is a remarkably simple and closed 

expression for a tree-level amplitude with an arbitrary number n of gluons. We 

shall derive it in the next chapter. 

By parity this results implies the n-gluon MHV amplitudes 

[ii 

[12] [23]... [n — 1n] [n1] ? 
(1.193) 


ATC. it... jt...) = Elie * 


in agreement with the result of Exercise 1.10 for the n = 3 case. 


Exercise 1.11 (Four-Point Quark-Gluon Scattering) Show, by using the 
colour-ordered Feynman rules and a suitable choice for the gluon-polarisation 
reference vector oe = u5 pe that the first non-trivial gqgg scattering 
amplitude is given by 


(13)? (23) 
(12) (23) (34) (41) ` 


tree = OFF A= JAS) — S62 
Aaa a? 24>? 14 J= 1g 


(1.194) 
Also convince yourself that the result for this amplitude has the correct 
helicity assignments, as we did in Eq. (1.189) for the pure-gluon case. For 
the solution see Chap. 5. 


1.11.4 Vanishing Graviton Tree-Amplitudes 


The observation of Sect. 1.11.1 that the mostly-plus gluon amplitudes vanish, 
An,(t,...,n7) = 0 = A, (17,2*,..., n), carries over to the graviton case as 
well: 


VEO SS MA ae): (1.195) 


The proof is completely analogous. Recall the representation of the graviton 
polarisation tensor as a product of two spin-! polarisations in Eq. (1.129): 


bS Nyce (1.196) 
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Again suitable choices for the reference momenta r; allow us to set to zero all 
possible ej, uv contractions for the two mostly-plus helicity configurations of 
Eq. (1.195). 


1. M,(1**,...,n**): Here we choose all reference momenta uniformly r; = rVi 
with r Æ p;Vi € {1,..., n}. This implies that all contractions 
ere alert sexy 0 (1.197) 


vanish by virtue of (1.124). 

2. M,(1—~, 2+, ...,n**): Here we choose rı Æ pı arbitrarily, and the remaining 
rj = pı uniformly Vi € {2,...,n}. This entails eet = (as well as e ey = 0, 
and the analogue for the graviton polarisation contractions, 


a ve)" =O=e"" ett =0, Vi, j € {2,..., n}. (1.198) 
In order to show the vanishing of these amplitudes we need to ensure that in every 
term comprising a mostly-plus graviton tree-level amplitude there is at least one 
polarisation-tensor contraction é "e j,nv- This is easy to show: as we saw in the 
discussion of Sect. 1.7, all multi-graviton vertices scale homogeneously quadrati- 
cally in the momenta due to yg R ~ >-, 47h". Therefore, the maximum number 
of momenta in the numerator of an n-graviton tree-level scattering amplitude arises 
from pure three-graviton vertex graphs. These graphs contain n — 2 three-vertices, 
hence the counting for these yields a total of 2(n — 1) momenta and n graviton 
polarisation tensors, each one splitting up into a product of two polarisation vectors. 
Looking at the possible contractions of this set of 2(7 — 1) momentum vectors and 
2n polarisation vectors we see that at least one contraction of the type €; - €j must 
happen. As these may be set to zero through a suitable choice of reference momenta, 
this proves the vanishing graviton trees of Eq. (1.195). 
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Abstract 


In this chapter we focus on the pole structure of tree-level amplitudes. We argue 

that amplitudes factorise on these poles into lower-point amplitudes. Moreover, 
universal factorisation structures emerge when two momenta become collinear 
as well as in the limit of low energy of a single particle—the soft limit. These 
factorisation properties are the basis of an efficient technique for computing tree- 
level scattering amplitudes in gauge theories and gravity recursively—without 
ever referring to Feynman rules or even a Lagrangian. These recursion relations 
use as input lower-point amplitudes, so that the gauge redundancy, which is partly 
responsible for the complexity of conventional Feynman graph calculations, is 
absent in this entirely on-shell based formalism. We then show the invariance 
of scattering amplitudes under Poincaré transformations, and introduce the 
conformal symmetry of gauge-theory tree-level amplitudes. Finally, we highlight 
a surprising double-copy relation between gluon and graviton amplitudes. 


2.1 Factorisation Properties of Tree-Level Amplitudes 


Important insights and constraints on tree-level scattering amplitudes may be gained 
by thinking about them as analytic functions of the external momenta. In this section 
we will restrict ourselves to the case of massless particles. As we already argued 
in Chap. 1 with Fig. 1.2, tree-level amplitudes have simple poles in multi-particle 
channels. This can be seen from the Feynman diagrammatic expansion. Take all 
diagrams which have a propagator ~ 1/ PZ, where Pij = pi +...+ pj isa 
sum of external momenta (which will be adjacent for colour-ordered amplitudes, 
or an arbitrary subset in gravity). We call Pj; the region momentum, as it is the 
total momentum associated to the region of momenta {p;,..., pj}. As Pij goes 


on shell, P? — 0, these singular diagrams will collect into a product of two 
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Fig. 2.1 The factorisation of Pj Pj+l 
a colour-ordered amplitude 
on the multi-particle pole 
Pij = pit pig t+... + pj 
when p- — 0. Here h 
denotes the helicity of the 
particles crossing the pole 


Pj+2 


Pi+l 


on-shell amplitudes, to the left and right hand sides of the divergent propagator, 
in a mechanism known as factorisation. This process is illustrated in Fig. 2.1. We 
can understand the details of the procedure by studying the Feynman rules for the 
propagator that goes on-shell directly, each of which has the generic form 


WAD. (2.1) 


where the numerator N(P;;) depends on the type of particle. For example, for the 
specific case of gluons in the axial gauge (nA, = 0) we would have N(P) > 
Ne rs n) = =n” + (P¥n” + P’n")/(P -n). In the limit P? — 0 the numerator 
N can be rewritten in terms of the spin sum over external polarisation vectors or 
wave-functions. Again for the case of gluons, following the results of Exercise 1.7, 
we have that 


2_, 
NEY (P, n) °S Y (Peg? (P) = Yo (Pet, OP). (2.2) 


h=+ het 


The polarisation vectors combine with the Feynman diagram components on either 
side of the divergent propagator to form on-shell amplitudes. A schematic form for 
a general particle type can be written as 


P2.-30 
A@(1,...,0) —> Do AR (i+, jP pe AR (PR, j+1,...,i—1), 


SESp ij 


(2.3) 


where P indicates the particle type of the propagator with momentum P;;, sp are 
its possible spin states and np is a particle-dependent constant. As we see from the 
discussion above, for gluons Sgluon = + are the two helicities and gluon = 1, for 
spin-5 fermions one can show that Sfermion = +!/2 and “fermion = 1, while spin 0 
has Sscalar = 0 and scalar = 1. Other particle types are simple to determine following 
the same menman, Factorisation will also occur in the case of massive propagators 
where P? > mọ; ; where mj; is the mass of propagating particle. 
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2.1.1 Collinear Limits 


A special case of factorisation is the two-particle pole also known as collinear 
singularity. Without loss of generality we take the two collinear particles to be 1 
and 2. We then have (pı + p2)? = 0, which implies pı - p2 = 0 or collinearity 
pı || p2. We again concentrate on the massless case. In fact, since the factorisation 
now involves a three-particle amplitude, such a pole can only occur for collinear 
external momenta. We already know from the discussion in the previous chapter 
that three-point amplitudes are subtle. In the strict collinear limit pı || p2 we may 
parametrise the collinear momenta pı and p2 as 


pi =x P", py =(1—x) P", (2.4) 


with the total collinear momentum P = pı + p2, and x parametrising the amount 
of P distribution over pı and p2. Tree-level amplitudes have a universal (singular) 
behaviour in the collinear limit governed by the splitting functions, 


aee(y, 22...) SS spiittee(x, 1,24) ates a (2.5) 


h=+ 


as a special case of Eq. (2.3). In fact, the splitting functions are related to the three- 
particle amplitudes as 


i i 
Spy (x, 1,2”) = lim AP (Io. —P*) —. 2.6 
put, (x ) P20 3 ( ) P2 (2.6) 
The splitting functions depend on the helicities of the collinear gluons but are 
independent of the helicities of the other legs {3,...,n} not participating in the 
collinear limit. This is known as the universality of the splitting functions. 


Gluon Splitting Functions 
For collinear gluons the splitting functions are given by 


Split-@, Go) =0 

g 
Salita ai iy ee 
PE arene 

ee (l—x)?¢ (2.7) 
S Jitte : : b eg eI 
EPIC) 

x” g 


Split®*(x, at, b7) = — 


vx = x)lab] ` 


(continued) 
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The remaining splitting functions may be obtained by parity 


Splitt (x, a~**, b7) = Split" (x, a”, b*?) (2.8) 


ab) <[ba] ` 


We shall now derive these expressions from our knowledge of the three-point 
MHV amplitude (1.170 and (1.171). As the collinear kinematics is subtle, it is 
advantageous to systematically approach the collinear configuration as 


|1) =cos@|P) —z sing|r), |1] =cos¢@|P]—z sing |r], 
(2.9) 
|2) = sino |P) +z cosġ |r), |2] = sing |P] + z cos¢ |r] 


in the limit z > 0. Here P” = PL + ps +0O(z’) is the limiting collinear momentum 
vector, and r“ is a null reference momentum not parallel to P“. Moreover, the 
collinear parameter above is x = cos? $. This parametrises the four-momenta of the 
collinear particles as 


pi = cos? ġ P —z cos ¢ sin ¢ (| P)[r| + Ir)[ P|) +22 sin? pr , 


(2.10) 
p = sin? ġ P +z cosg sing (|P)Ir| + Ir)[P|) + 2° cos’ gr, 
implying that pı + p2 = P + z?r, as claimed. One then has 
(12) =z(Pr), (1P) = zsing (Pr), (2P) = —zcos@ (Pr), 
[12] =z[Pr], [1P] =zsing[Pr], [2P] = —z cos ¢ġ [Pr], 
(2.11) 


(pi + p2) =z" (Pr)[r P]. 


The splitting functions (2.7) follow immediately from Eq. (2.6) and the two MHV 
three-point amplitudes (1.170) and (1.171) upon using the above identities. The 
vanishing of Split? (x, 1", 2+) follows from the vanishing all-plus amplitude. 
Using the MHV3 amplitude of Eq. (1.170)! we find 


—ig(2(—P))° i cos $°g 


ritttee 1t 2) = = 
Spm = Gy EP) (rt pa? zsinglPr] 


(2.12) 


! Recall our convention (1.113) that | — P) = i| P} and | — P] =i|P]. 
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as well as using the MHV3 amplitude of Eq. (1.171), 


Split" (x, 1+, ar) = ig[12] 1 = E , 
[1(—P)][(—P)2] (pı + p2)?  zcosġsing(Pr) 
ighl(—P)P is sin dg 


Splitte , 17,27) = = , 
plit @ )= T2112 Py] Git pa? zcoso(Pr) 


which prove the relations (2.7). 


Example: Collinear Limits of the Five-Point MHV Amplitude 


Let us use this result to test our conjectured five-point MHV amplitude (1.192) 
from Chap. | for consistency under collinear limits. We set g = 1 for conve- 
nience. We have 


4 
iA 2 43" 4" 5") = a 
(12) (23) (34) (45) (51) 
415 1 (12)4 


Ved —2)(45) © (12)(23)(3P)(P1) 
= Splitt" (x, 4+, 5+) x iA¥® (17,27,37, Pt), 
(2.13) 


where we parametrised the collinear limit by |4) = /x|P) and |5) = 
1 —x|P). Indeed we find agreement with the second function in Eq. (2.7). 
Next, we take the collinear limit in a (—+) channel. We have 
2113 x? 1 (1P)* 
> 
Jx(1 — x) (23) (1P)(P4) (45) (51) 


= Split? a") eA OP aS 


T io" E 


(2.14) 
from which we deduce 
Split! (x, a7, bt) = A (2.15) 
«/x(1 — x) (ab) 


in agreement with the third expression in Eq. (2.7) whilst swapping a and b (and 
x — 1-— x). In order to check the fourth function we consider the collinear limit 
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in a (+—)-channel, 


su - x) 
JxC — x) (51) 
— ee 


Split Ga.s1-) 


AS23455") ADR 2 


(2.16) 


yielding the desired result via parity (2.8). In order to check the vanishing of 
the uniform helicity splitting function in Eq. (2.7) we have study the collinear 
factorisation of the 6-point MHV amplitude with the helicity distributions 
Agee(1~, 27, 37, 4*, 5+, 6+) along the legs 5 and 6. 


Exercise 2.1 (The Vanishing Splitting Function Split{**(x, at, b*)) Show 
that Split{**(x,at,b*) = 0 by studying the factorisation properties 
of the six-gluon MHV tree amplitude Af**(1~, 27, 3+, 4+, 5+, 6+) from 
Eq. (1.192) in the collinear limit 5 || 6. For the solution see Chap. 5. 


Absence of Multi-Particle Poles in MHV Amplitudes 

General n-gluon scattering amplitudes have multi-particle poles when region 
momenta go on-shell. However, MHV tree-amplitudes are special, and in 
fact only have two-particle poles or collinear singularities. The reason is the 
following. Consider the general factorisation formula (2.3). In a factorisation 
of an MHV amplitude there are only three negative-helicity legs (correspond- 
ing to the two external negative helicities, and one for the internal on-shell 
propagator) that are distributed over two partial amplitudes. However, we saw 
in the previous chapter that A, (1+, 2+,...,n+) = 0 (for n > 3). Therefore, 
either A; or Ap in Eq. (2.3) is always zero unless one partial amplitude is a 
three-particle amplitude. The latter case corresponds to a two-particle pole or 
collinear singularity, as discussed above. 


2.1.2 Soft Theorems 


We continue our quest in the factorisations of scattering amplitudes with a kine- 
matical limit subject to just a single leg: the soft limit. Here one particle involved 
in the scattering process has a very low energy—it is soft. Specifically, it refers to 
the limit where the four-momentum of the particle goes to zero. Again the tree- 
amplitude displays a universal factorisation property for photon, gluon and graviton 
amplitudes into a lower-point amplitude and a soft function. In order to take the 
limit, we parametrise the soft momentum of leg s as p} = ôq” and take ê — 0 (do 
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Pn-1 Pn Pn-1 Pn 


x S[ ôq, {pi}] 


p2 
Pı Pı 


Fig. 2.2 The soft factorisation of a generic (n + 1)-particle amplitude. The soft function 
S[6q, {pi}] only depends on the momenta (not the polarisations) of the hard legs 


not confuse ôq” with a variation). The soft theorems state that 


AN! (5¢,1,...,n) —> Siq, {Pis -os Pn} AMC, n,n), (2.17) 


which is illustrated in Fig.2.2. The factorised soft function S[é q, {p1,..., Pn} 
depends on the momentum 6 g and helicity of the soft particle, as well as the 
momenta of the remaining hard legs {pa}. It is however independent of the helicities 
and even particle types of the remaining hard legs, which may be massless or 
massive. The soft function diverges as 1/5 at leading order, and also contains 
universal sub-leading pieces: 


Sta oa Sg) + Sq) + 8 Sq) +.0(62). (2.18) 


It takes a universal form for photons [1], gluons and gravity [2], remarkably not only 
to leading order, but also to sub-leading order Sq) for gauge theories, and even 
to sub-sub-leading order sil (q) for gravity [3]. 


Leading Soft Theorems 
The leading soft divergences take the universal form 


pene €- 
= Sel = — Da Pa R photon, 


1 1 Qo] g (e-m €a 
Mea l =, = — , colour-ordered gluon, 
5 ae a aon ee 


1 0 a* yo ePi Pa 
g g Pa 


a= 


; graviton. 
(2.19) 


(continued) 
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Here e denotes the polarisation vector (tensor) of the soft particle, e, denotes 
the U(1) (electromagnetic) charge of the hard particle a. 


These results can be made plausible through the following argument based on 
Feynman diagrams. For a tree-level amplitude the soft leg ôq is attached either 
via a three-point coupling to an outgoing hard leg a, or to the “bulk” of the 
remaining amplitude: 


a 
ñ .* E a 
tree p z * 
AN (64,{pa}) = 2, : - +i 
' Sa ôq 
\ 1 1 


cae 
(Pa +6q)? - m3 26 Pa’ (2.20) 


We see that the divergence of the leading order soft function solely arises from the 
three-point coupling of the gauge or graviton field to the hard leg a. In the case of 
an amplitude with n-scalars and a soft photon or graviton these couplings take the 
form 


a 
ea €: Pa, photon, 


K €uy Ph p4, graviton, 


ôq (2.21) 


which fixes the soft functions in Eq. (2.19) up to an overall factor. In the case of a 
colour-ordered pure gluon amplitude with one soft gluon leg, A®®(1,..., n, ôq), 
the soft leg can couple either to the hard gluon leg 1 or n due to colour ordering. 
A detailed look at the Feynman rules (1.149) then reveals the coupling +g pa - € 
with a = 1, n at leading order in ô with a relative sign factor reproducing the form 
of Eq. (2.19). 

It is instructive to study the gauge invariance of the leading soft functions (2.19). 
Gauge invariance requires the full amplitude An+i1(6q¢, p1,..., Pn) to vanish under 
the transformation €” — q“ (in the graviton case we again take €,) = €,€)). 
Hence, by consistency, the soft functions in Eq. (2.19) need to vanish: 
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n 


X ea =0, photon, 
a=1 
g 
[ls | —} ~d-1=0, gluon, 2.22 
S (8q) Pa J2 (2.22) 


n 
K qu >» př =0, graviton. 
a=1 


They indeed vanish due to total charge conservation in the electromagnetic or 
total momentum conservation in the gravitational case (provided the gravitational 
coupling is universal to all matter). Hence these soft theorems are intimately 
connected to fundamental symmetries of space-time-matter. 


2.1.3 Spinor-Helicity Formulation of Soft Theorems 


It is instructive to translate the leading soft theorems to spinor-helicity language for 
the colour-ordered gluon and graviton cases. The leading order soft factorisation 
states that 


A®( a, 8q*,b,...) => S!(a, qF, b) A™,(...,4,b,...). (2.23) 


The factorised soft function depends on the momenta and helicities of the soft gluon 
and the momenta of the colour-ordered neighbours a and b. It is independent, 
however, of the helicities and particle types of the neighbouring legs. From 
considering the soft limit of an MHV amplitude one easily establishes that 


b) 
SO. gt py (2.24) 
M (aq) (qb) 
Via parity, in analogy to Eq. (2.8), we find 
a [ab] 
S! (a, q7, b) = -g ————. (2.25) 
yma ë Taqllqb] 


Both results directly follow from Eq. (2.19) as well. In the graviton case we deduce 


[0] +4 m “\ (xa) (ya)[ga] 
Sarla esata DD oad oe) 


where x and y are arbitrary reference spinors associated to the polarisation vectors 
of the soft leg. 


62 2 On-Shell Techniques for Tree-Level Amplitudes 


Exercise 2.2 (Soft Functions in the Spinor-Helicity Formalism) Starting 
from Eq. (2.19), derive the leading soft functions for a colour-ordered gluon 
and a graviton in the spinor-helicity formalism. For the solution see Chap. 5. 


2.1.4 Subleading Soft Theorems 


Remarkably, the universal soft factorisation survives to subleading order (0(8°)) in 
the gauge theory, and even sub-sub-leading order (O(8)) in the gravitational case, 
cf. Eq. (2.18). Here we just state the results. They may again be derived from a 
careful study of gauge invariance and consistency arguments [4,5]. The novelty is 
that the sub-leading soft functions are (necessarily) no longer true functions but 
rather differential operators in the external kinematical data. These then act on the 
factorised hard scattering-amplitude. Explicitly, one has the following sub-leading 
soft operator for a soft photon q” with polarisation é”, 


n € q JE 
SM) = Dea (2.27) 
7 


a=1 


with the local angular momentum operator 


a ð 
J” =2 F +2el” 5 (2.28) 
Pa, v] Ea, v] 


In the above [uv] denotes anti-symmetrisation with unit weight, see Appendix A. 
Similarly, for a colour-ordered soft gluon we have 


uv uv 

. 8E Enugu Ji Endy Jn 

sli, q, 1) =i , (2.29) 
XM J2\ Pq Pn- 4 


while for a soft gravitons we have a sub-leading and sub-sub-leading soft operators 
of the forms 


n 


n uv uvy2 
1 . € + Pa €ud J 2 K (€n4v Ja 
SER) = -ik Y sut 4, SBa) = ; > a ) 


a=1 a=1 


(2.30) 


Again, one may show that these sub-leading soft operators are consistent with gauge 
invariance. While this is trivial for the gauge-theory operators by virtue of the anti- 
symmetry of J””, the gauge invariance of the gravitational sul (q) leads us to total 
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angular momentum conservation, 


n 
(1 as ie. 
Sora) eog TE Ente y IP =0, (2.31) 


a=1 


nicely teaming up with the total momentum conservation in the leading case. Hence, 
the gravitational soft theorems are directly connected to the Poincaré invariance of 
scattering amplitudes. 

Expressed in spinor-helicity variables the sub-leading soft operators take the 
form 


(qn) (q1) 


SUL (n, qt, b= g (2 un) 


(2.32) 


Ul, + _«K [aq] / (ax) | (ay) 
Sag aitia 2 2 o Ñ c) l 


a=1 
where as before x and y are arbitrary reference spinors. The sub-sub-leading gravity 
operator of Eq. (2.30) in spinor-helicity variables simply reads 


SER* 1.2) = 5 laa, (2.33) 
a=1 


and was found in [3]. 

An important subtlety for the sub-leading soft theorems lies in balancing the 
total momentum conservation of the (n + 1)-leg amplitude with the soft leg and 
the factorised n-point hard amplitude. The soft factorisation (2.17) is really a 
distributional identity involving delta-functions: 


0) 
5) (8g + P) ANS, (q, {Pa}) —> 
(2.34) 


SIS q, {pa}]8 (P) ASSA, ...,n) + O(8/),, 


with P = pı +... + pn and j = 1 or 2 for gauge theory or gravity, respectively. 
This in fact implies that 


SIS q, {pa}]6 (P) = 6 (8 q + P) SIS q, {pa}, (2.35) 


from which one may strongly constrain the ô expansion of the soft function 
S[ô q, {Pa}] using Eq. (2.18). It necessitates the sub-leading terms to be differential 
operators, and even the functional forms of Eq. (2.32) are fixed by the knowledge of 
the leading soft functions [4]. 
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Exercise 2.3 (A gqgggg Amplitude from Collinear and Soft Limits) In 
Chap. | we established the following colour-ordered gqgg amplitudes involv- 
ing a massless quark and anti-quark using colour-ordered Feynman rules: 


tree t = 

Aggee 1g» 24.3 ,47)=0, (2.36) 
r a W 

Aae : 27 ,3 ,4°) = —ig (2.37) 


(12) (23) (34) (41) ` 


Use these and the discussed splitting and soft factorisation 
properties for gluonic legs to make a guess for the five-point 
single quark-line tree amplitude Azog : gz 27 B= Ai Sa). 
Check your guess against all known factorisation properties. Can 
you generalise your guess to the n-particle partial amplitudes 
Avge..g6lg>2q>3'>--- mt) and AT Og 27,3 ,4t,...,n*)? For the 
solution see Chap. 5. 


2.2 BCFW Recursion for Gluon Amplitudes 


The Britto-Cachazo-Feng-Witten (BCFW) recursion relation [6,7] is an efficient 
way to compute higher-point tree-level amplitudes from lower-point ones. It does 
not make use of Feynman rules but builds upon unitarity by artfully exploiting 
the factorisation property of scattering amplitudes (2.3) when region momenta go 
on-shell. As we will see, our knowledge of the gluon (and graviton) three-point 
amplitudes of Eqs. (1.170) and (1.171) allows for the construction of all higher-point 
tree-level amplitudes in a recursive fashion. To begin with, let us concentrate on the 
colour-ordered case and leave the discussion of gravitons for later. The central idea 
of the recursion is to consider a deformation in a single complex variable z of two 
adjacent momenta in a colour-ordered amplitude that maps the singularities of the 
amplitude into poles in z € C. For the tree-level n-gluon amplitude A,,(p1,.-. Pn) 
we introduce the following complex shift of the helicity spinors of two arbitrary 
adjacent particles, taken to be 1 and without loss of generality: 


At > ÂI (z) =A — Zan, ii > Ad, 
a (2.38) 
An > Àn, An > An(Z) = Àn + zài. 
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We denote the shifted, z-dependent quantities by a hat. This shift is often termed an 
[n 1) shift. It results in a deformation of the momenta, 


pP > PIX) =A Ar An, pi > PH) = An + A) A 
(2.39) 


Importantly, the shift preserves both overall momentum conservation and the on- 
shell conditions: 


Pi) + Pn) = pi + pan, Bi@=0, P@w=0. (2.40) 


The [n 1) shift generates a one-parameter family of amplitudes, 


An (z) ‘= An (ĝi (z), P2, -< -, Pn, Ên (2)) . (2.41) 


Note that p; and p, in Eq. (2.39) are now complex, as the underlying helicity 
spinors à1,n and Mx are no-longer complex conjugates of each other. This makes 
the three-point amplitudes involving these states of Eqs. (1.170) and (1.171) non- 
vanishing. They will become the seeds of the recursion relation. What are the 
analytic properties of the deformed amplitude A, (z)? Factorisation implies that the 
deformed amplitude A,,(z) has precisely n—3 simple poles in z. Using the region 
momenta P; = pas pj, these n—3 poles take the form 


i i 1 i 
= = = ; 2.42 
BRO P2—zinlPill] MPZ zr Han 


t 


where Ê; (z) = pi(z) + p2 +--+ pi-1, and 


zp = —i_, Vi € (3,...,— 1}. (2.43) 
Pe (nl Pill] 


Note that any region momentum containing both pı (z) and p,(z) is independent of 
z by virtue of Eq. (2.40), and hence cannot contribute to a z-pole. This is why we 
find n—3 poles. It follows that, as z —> zp,, the amplitude A, (z) factorises as 


2 Zp, 


An(z) —>" 


X` Ax[1ze,),2,...,8- 1, -P7 (zp) JAr[P" Cr), i,....n-1, AGP), 


i 
B2 
PER) 


(2.44) 
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Fig. 2.3 Factorisation of the z-deformed amplitude Ap (z) 


as depicted in Fig.2.3. The sum on h runs over all possible helicity states h 
propagating between Az and Ap, and depends on the field content of the theory 
considered. For gluons it is a sum over h = {+1, —1}. 

In the end we are only interested in the undeformed amplitude, i.e. A,(z=0), 
and we can use complex analysis to construct it from the knowledge of the residues 
of An (z): 


1 dz 
ss Ọ ~An) 
271 JCo Z 


An(z=0) 


(2.45) 


n—1 
pee A Gr) 5 Ak (Zp,) + Res(z = 00). 


1 
i=2 h=+ P, 


Here Co is a small circle around z=0 that only contains the pole around the origin. 
To obtain Eq. (2.45) we have deformed this into a large circle at infinity, now 
encircling all the poles zp, in the complex plane but with an opposite orientation. 
See Fig. 2.4. If An (z) —> 0 as z > œœ we can drop the boundary term Res(z = oo). 
As we shall argue in a moment, this is the case for gauge theories under certain 
conditions. 


BCFW Recursion Relation for Gluon Amplitudes 
With this assumption, we arrive at the BCFW recursion relation [7]: 


n=! 
Alcan) = 0 So Ai(iGe), DARA -Ê= Cr) 


SS (2.46) 


i ; i 
= Aa E an l, âr) ) 


i 


(continued) 
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Fig. 2.4 Using Cauchy’s theorem to obtain Eq. (2.45) we may pull the initial circle Co off to 
infinity thereby encircling the other poles clock-wise 


with zp, defined in (2.43), and P; = pı + p2 +... + pi-1. This rela- 
tion is constructive: the amplitudes appearing on the right-hand side have 
lower multiplicity than the initial A,. Hence, with the seed three-gluon 
amplitudes (1.170) and (1.171) we can bootstrap this relation to construct 
all n-gluon trees without using Feynman diagrams at all! Even more, our 
nuclei—the three-point amplitudes—were obtained from helicity scaling 
arguments alone, as discussed in Sect. 1.11.3. In this derivation we chose 
to shift two neighbouring legs i and ñ. In fact, one can also shift non- 
neighbouring legs or even more than two legs to obtain alternative recursion 
relations, see e.g. [8,9]. 


An open issue is the vanishing of the boundary term in (2.45). For this we need 
to have that 


1 dz 
ag AsO. (2.47) 
2T1 Jæ Z 


which in turns requires a large-z falloff of the amplitude as A,, (z)~z7!. In fact, the 
large-z behaviour depends on the helicities of the shifted legs, and one can show 
that 


Atay, ates. ates, ca 
Z Z Z 


yet ai. nit) ER 23, which is then a forbidden [n1) shift. In the following we 
show the first relation; the other scalings are more technical to derive, and may be 
found in [10]. 
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2.2.1 Large z Falloff 


In order to estimate the large z behaviour of generic tree-level amplitudes we 
perform an analysis based on Feynman graphs. There are three sources for z 
dependence in a generic colour-ordered amplitude: the propagators, the interaction 
vertices, and the polarisation vectors. Consider a generic graph contributing to 
the tree-level n-gluon amplitude (i and A are assumed to be neighbours). The z 
dependence occurs only along the path from i to A, see Fig. 2.5. Along this path, 
each three-gluon vertex, being linear in the momenta, maximally contributes a factor 
of z, while four-gluon vertices do not contribute, and all propagators along the 
path contribute a factor of 1/z. We may derive an upper bound for the z-scaling 
by considering the diagrams with maximal powers of z. This happens when the path 
from Î to A contains only three-valent vertices. In that case it is easy to see that the 
graph scales as z: 


saben apbans 


Z1Zi1 Zz i142 
Z 66 


ale 


(2.49) 


Finally, there is an additional z dependence arising from the polarisation vectors at 
legs 1 and n: 


, zà a 1 R ja nå 
eft ZI ol ge n 50) 
Du) z Piui] 
etek LNA MOLTES z eà = Jz alin EN (2.51) 
is (AnLn) í [An(Z) Hn] K 


Fig. 2.5 The z scaling of a 
generic graph: along the path 
from Î to A the propagators 
scale as 1/z, the three-point 
vertices as z, while four-point 
vertices do not scale. This 
sample graph scales as 1. 
However, if we would replace 
the four-point vertex by a 
three-point one, it would 
scale as z. On top of that we 
have to consider the z scaling 
of the polarisation vectors 
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Therefore, taking all sources of z dependence into account, we conclude that 
individual graphs scale at worst as 


re ace HOR 2, 
g 
(2.52) 
A(i-, âT) R z, A ât) aR z. 


This shows that the [—+)-shift has the desired falloff properties that allow us to drop 
the boundary term at infinity in the BCFW formula (2.46). By cyclicity, it is always 
possible to find a (it, n~} pair. In fact, the above bound is too conservative. It was 
shown in [10] that the [+++-) and [——)-shifts also lead to an overall 1/z scaling once 
the sum over all Feynman graphs is performed, as the terms scaling as z or 1 cancel 
out. Only the [+ —)-shift gives a non-vanishing Res(z = oo) in general, and may 
not be used as basis for a BCFW recursion. 


2.3 BCFW Recursion for Gravity and Other Theories 


Can we generalise the BCFW recursion to other massless quantum field theories? If 
we analyse its derivation in Sect. 2.2, we see that only two ingredients were needed 
to establish it: 


pax 


. Tree-level amplitudes factorise on simple poles whenever the square of the sum 
of a subset of external momenta vanishes. While for colour-ordered amplitudes 
we only need to consider adjacent channels, this is not essential for the derivation 
of the BCFW recursion: factorisation is a completely general property, and that 
is all that is needed. 

2. The deformed amplitude A,,(z) falls off as 1/z at infinity. This depends on the 

theory and is related to its ultraviolet behaviour. 


Therefore, in order to construct tree-level amplitudes recursively without colour 
ordering from their factorisation properties, we need to consider all multi-particle 
channels that may occur. We thus generalise the region momenta to include any 
subset J of the momenta {p1, ..., Dn}, 


PP = 5 pë. (2.53) 
icl 


Whenever P? = 0 we have a pole, and, if a two-particle BCFW shift is used, the set 
I must contain only one of the shifted momenta so that pe becomes z-dependent. 
Concretely, the BCFW recursion for a shift of legs 1 and n as in Eq. (2.38) in gravity 
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takes the form [11,12] 


Mn => J Mi (iGP.), O, ~#9"(cre)) zz Mr (Êh Po). 0. Aro) 
Q hat 


(2.54) 


where the first sum runs over all subsets Q of momenta in {p2,..., Pn—1}, O is the 
complement of Q, and Po = pi t+ >>; <q Pi. Again, the recursion is only valid for 
the [11) shifts 


|1) = |1) — In), Â] = |a] + 2/1], (2.55) 


of the types [—+), [++), and [——). For a derivation see [10]. 

Finally, we note that the BCFW recursion can be generalised to massive 
theories [13, 14] to be discussed in Sect.2.5, to the rational parts of one-loop 
amplitudes in QCD and gravity [15-19] and form factors [20, 21]. In supersym- 
metric Yang-Mills theory a supersymmetric version of the BCFW recursion may be 
formulated [22,23]. In fact this recursion could be solved analytically [24]. 


2.4 MHV Amplitudes from the BCFW Recursion Relation 


2.4.1 Proof of the Parke-Taylor Formula 


As an application of the colour-ordered BCFW recursion (2.46), we now derive 
the Parke-Taylor formula (1.192) for MHV amplitudes. We already know from 
Sect. 1.11 that it is true for n = 3 and n = 4 through an explicit computation. 
Therefore we shall prove by induction that the formula is correct. We focus here 
on the case where particles n and 1 have negative helicity, and perform the [71) 
shifts of Eq. (2.38). The MHV amplitude has no multi-particle factorisation, as was 
discussed in Sect. 2.1.1. Hence, only the two BCFW diagrams of Fig. 2.6 contribute 
to the BCFW recursion of Eq. (2.46). We recall the [71) shift, 


}i)=|1)-cln), JJ = ln] +z|1], P=P—zin)fl, (2.56) 
whereas |i] = |1] and |ñ) = |n) are left inert. 


In fact, diagram (II) does not contribute. Here, the right diagram is of MHV3 
type. Its numerator reads [P|n — 1], cf. Eq. (1.171), which vanishes: 


[n — 1|P|n) _ [n—1|(P —z|1] ala) 
(Pn) (Pn) 


[n — 1|P] = 


_ In—1|P|n) P=—pr-1—pn 


= : 0. (2.57) 
(Pn) 
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Fig. 2.6 The two BCFW diagrams contributing to the MHV,, amplitude. In fact, diagram (II) does 
not contribute 


In fact, this vanishing is consistent with the observation that the MHV3 kinematical 
assumption of collinear left-handed spinors, i.e. ((n—1)|) = ((n—1)|n) = 0, forces 
the two momenta p,—1 and pn to be collinear, py—1 || pn. This is an inconsistent 
assumption on the n-particle kinematics. This is not a problem for diagram (I), 
where the analogue condition reads (212) = 0, which does not imply collinearity of 
pı and pas |i) # |1). 

Therefore only the BCFW diagram (I) contributes, where A; is a three-point 
MHV amplitude, and Ag is an (n — 1)-point MHV amplitude. From Eq. (2.43), the 
position of the pole is 


_ (pı+p? _ (12)[21] _ (12) 
PS AP nD 2) e 


The amplitudes Az and Ap are then given by 


MHV 7- 5 _ POÔ 
Ar = A (I ,2t,—pt = 1g -,—_x.—_ » 
"4 )= eTA 
^ N3 
AR = AMIV (Ê=, 3+, 4+, ...(n— 1)+, â”) = ig’ 3 - (nP) = 
(P3) (34) --- (n — DÂ) 
(2.59) 


Using (1.113), the fact that à„ and À are not shifted in our [n1) shift of Eq. (2.55), 
as well as 


(@P)[P2] = (ni) [12] = (n1) [12], (3 P) LÊ1] = (32) [21] = (32) [21], 
(2.60) 
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we find 
. 3 3 
AL i i ig"-2 (n1)? [12] 
(pi + py? [12][21](32)[21] (12) (34) --- (n — Dn) 
(2.61) 
ee Wi 
Ne” Da aul 


in agreement with the conjecture (1.192) for the chosen helicities. This proves the 
Parke-Taylor formula for adjacent negative-helicity states. 


2.4.2 The Four-Graviton MHV Amplitude 


As a second example using the BCFW recursion for non-colour-ordered ampli- 
tudes (2.54) we compute the four-graviton amplitude My(1~~,27~~, 3**, 477). 
For this we perform a [277177 )} shift, 


|i) = 11) — 22), [2] = 2] +z|1]. (2.62) 


As M,(——,++,..., ++) = 0 for n > 3, we again only find two channels in 
the BCFW recursion, as shown in Fig. 2.6 with the hatted leg ñ now replaced by 2, 
while the positive-helicity legs are summed over. Still, the same argument for the 
vanishing of the type-(II) diagrams applies. For the special case of the four-point 
graviton amplitude we therefore have 


Ma(1~,2--, 37,4") = 


(2.63) 


with P = —p, — p3. Inserting the three-graviton amplitudes (1.178) this becomes 
(setting x = 1) 


— [3p \P i (P23. V 
M4(177,277, 3+, 47) = - 5 —| +6<4) 
[31][1P]/ (pi + p3)* \ (24)(4P) 


i (2| P|3]° 
= x +8 e4). 
S13 (24)2[31]2(4| P|1]2 
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We now use Ê = po + pa + z|2){1| to find (2|P|3] = (24)[43] and (4|P|1] = 
(42)[21]. Hence, the z dependance drops out! Inserting these two relations one finds 


MA see, SA TIBIE | (4) (418 


6 2 2 
i [34] ( (24) (23) ). (2.64) 


where si; = (pi + pj)’. While this is the final result, one may write it using the 
Mandelstam variables 


s=(pit+p2)?, t=(pot+p3)?, u=(pit+ ps). (2.65) 
Doing this one finally arrives at the compact result (reinstating the coupling) 


nee 12)4[34]4 
M4(177,2 att 4th) = 42 BA (2.66) 


stu 


with a peculiar pole structure. The correct helicity scaling is easily checked. 
Similarly to the gluon case, a closed expression for the MHV n-graviton tree-level 
amplitude may also be conjectured and proven via BCFW recursion. Yet, it is more 
involved and may be found in [25]. 


Exercise 2.4 (The Six-Gluon Split-Helicity NMHV Amplitude) Deter- 
mine the first non-trivial next-to-maximally-helicity-violating (NMHV) 
amplitude 


Apr 2.80 645.55, 65) 


from a BCFW recursion relation and our knowledge of the MHV amplitudes. 
Consider a shift of the two helicity states 1* and 67, and show that 


(6| P1213]? 
(61) (12)[34][45][5| P1612) 


ALi, 2a G =e 


1 (4| Ps6|1]° 
(pe + pı + p2)? (23) (34)[16][65][5| P1612) 


1 
(ps + po + =, 
(2.67) 


where P;; = pi + pj. For the solution see Chap. 5. 
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Exercise 2.5 (Soft Limit of the Six-Gluon Split-Helicity Amplitude) 
Check the consistency of the six-gluon split-helicity amplitude of Eq. (2.67) 
with the soft limit of leg 5. For the solution see Chap. 5. 


2.5 BCFW Recursion with Massive Particles 


So far we restricted our attention to amplitudes involving massless particles, 
i.e. gluons, gravitons, and massless fermions and scalars. Yet, scattering amplitudes 
involving massive particles are of great relevance in physics, and consequently 
on-shell recursions have been devised for this case as well. Let us focus here on 
colour-ordered gauge-theory amplitudes involving also massive coloured matter 
fields (for the colour-ordered amplitudes the representation of the matter field is 
irrelevant). Concretely, we consider amplitudes involving at least two massless 
gluons, which we take to be neighbours for simplicity of the discussion, say at 
positions | and n, together with n — 2 massive states: 


An(P1, P2, ---; Pn), pr=O=p*, p=m. (2.68) 


Let us now see how the BCFW on-shell recursion derived in Sect.2.2 may be 
generalised to gauge theory amplitudes with massive particles. We closely follow 
reference [13] in our exposition. 

As before in Eq. (2.38), we consider a complex shift of the null gluon momenta 
at positions 1 and n by a parameter z € C, 


Pilz) = pi = zn) [l], Pn(Z) = Pn + z\|n)[1]. (2.69) 
This entails a z-shift of the region momentum P; := pj +... Pi—1, 
P,(z) = P; —z\n)[1I, i € {3,...,n — 1}, (2.70) 


which also featured in the BCFW recursion relation of Eq. (2.42). Importantly, the 
on-shellness of the deformed legs i and Â as well as total momentum conservation is 
preserved under the shift. As the arguments leading to the BCFW recursion relation 
are purely based on factorisation, they are applicable to a generic quantum field 
theory involving massive particles as well. The BCFW recursion was obtained by 
thinking about the deformed amplitude A, (z) as an analytic function in z. Its poles 
arise whenever an internal propagator associated to the z-shifted region momentum 
Ê; (z) goes on-shell. This reasoning does not change in the massive case, i.e. we will 
have a pole whenever a z-shifted region momentum goes on-shell, i.e. Ê? (z) = m? 
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with į € {3,...,n — 1}. The pole then reads in generalisation of Eq. (2.42) as 


1 1 


Ê) -m (Bi(z) + p2 +... pi-1)? — mh, 


1 
= , 2.71 
P? — mb, — z(n|P;|1] en 


where mp, is the mass of the associated intermediate particle going on-shell. 
Generalising Eq. (2.43), the location of the pole is shifted to 


2 2 
aa Vi e {3,...,n— 1} (2.72) 
APT cae | 


BCFW Recursion Relation with Massive Particles 

Using again the complex analysis arguments of Fig.2.4, one immediately 
arrives at the on-shell recursion relation for amplitudes including massive 
particles: 


n—1 f 
A Á Ac 1np 
An, -on =Y Y AL Gr), 2i 1, =P er) 
f 1 ks 
i=3 SESp i P; 


x Ar(P*(zp,), i,...,n—1, A(zp,)) +Res(z = 00), 
(2.73) 


where the sum now is over the spins sp of the intermediate particle P and np 
is the particle-dependent constant appearing in the factorisation as described 
below Eq. (2.3). We recall that the legs 1 and n are assumed to be massless. 


Again, this formula is only of use if the residue at infinity, Res(z = 00), vanishes. 
This turns out to be the case if the gluon helicities of the shifted legs are not of the 
[n* 17) type, just as in Eq. (2.52). Hence, the statement is 


Res(z = co) = 0 iff (hı, hn) = (4+,—-), (+, +), (—.-)- (2.74) 


See [13] for a derivation. This renders the massive BCFW recursion relation (2.73) 
very useful. 
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2.5.1 Four-Point Amplitudes with Gluons and Massive Scalars 


Let us construct an explicit example. We consider a theory of a massive complex 
scalar field coupled to gauge theory. Concretely, we want to evaluate the four-point 
amplitude involving two neighbouring gluons of positive helicity and two scalars, 


Aa(1*, 29, 33,47). (2.75) 


The scalars have mass m?. This amplitude vanishes in the massless limit m = 0, 
similarly to the vanishing of the above amplitude when the scalars are replaced by 
massless fermions, as was shown in Eq. (1.164). In fact, amplitudes of the above 
type are of interest even in massless theories at the one-loop level. There, the need 
to regulate divergences leads one to consider internal particles propagating in D = 
4 — 2e dimensions which may be modelled using masses, as we shall discuss in 
detail in the next chapter. 

Returning to our concrete example we employ the massive on-shell recursion of 
Eq. (2.73). Only the scalar channel contributes, 


A4(1*, 24,35, 4+) = A3(Î*, 24, —P;) z A3(Po, 334+), (2.76) 


P2—m 


as an amplitude with a single scalar vanishes, A3 (dit, 2¢,3~) = 0. All that is needed 
are the (6g@)-amplitudes. These follow from the colour-ordered Feynman vertices 
of two charged scalars and a gluon of Eq. (1.151), 


hl -Per-l 
vh, pt, h)= ` E i sid BH), 


Pri v2 (2.77) 
where 1 (2) denotes a # ($) leg, respectively. Contracting this with the positive- 
helicity gluon polarisation of Eq.(1.124) one obtains the on-shell three-point 
amplitudes (setting g = 1) 


(rillp] 
Ax(l, 3, P”, be) = a = Ax(lig, p*, h3), (2.78) 


where the last relation follows by reflection. Note that here r is the arbitrary null 
reference momentum of the gluon leg related to the local gauge invariance of the 
theory. By similar arguments one establishes the three-point amplitudes involving a 
negative helicity gluon: 


tlt =o) 
A3 (li g> P , h4) E lor = A3(lig; P > Lg) s (2.79) 
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Before moving on with the recursion, let us address a seemingly dramatic problem: 
the amplitudes of Eqs.(2.78) and (2.79) apparently depend on the reference 
momentum r—how can that be? It turns out that, despite their representation, the 
amplitudes in Eqs. (2.78) and (2.79) are actually independent of the choice of r. 
Taking the initial reference spinor |r) and |p) as a basis in Weyl spinor space, 
we may parametrise an arbitrary reference spinor different from |r) as |r’) = 
a|r} + B|p). Clearly, Eq. (2.78) is invariant under rescaling of the reference spinor 
|r) — A|r), thus without loss of generality we may parameterise |r’) = |r) +y |p), 
or infinitesimally write 6,|r) œ |p). This entails that the amplitude Eq. (2.78) 
changes under a variation of the reference spinor |r) as 


I 
sadas l Wo: (2.80) 


(rp) 


where the vanishing follows from (p|l1|p] = 2p -l = 0, which is a consequence 
of the three-point kinematics: 
ditpr=h > h-p=0 a F=K=m’, p =0. (2.81) 
A similar argument applies to Eq. (2.79). Again we see the subtleties in three-point 
amplitudes: the expressions in Eqs. (2.78) and (2.79) are actually independent of r. 
Coming back to the recursive construction of the amplitude Aa(1*, 26,3 p 4+), 
we have (cf. Fig. 2.7) 
+ -4H B. 7+ 1 -â+ p 
Ag(1™, 29, 33,4") = A3(— Poel , 2¢) P n2 A3(3g,4 , Py) 


_ (lei) i , (ralp3l4l 
py en (rad) J 


with P = p + p2. Here r1/4 denote the reference momenta of the gluon legs 1 and 
4. Things are simplified considerably with the gauge choice 


(2.82) 


rı = pa; r4 = pi. (2.83) 


Fig. 2.7 On-shell recursion 
for the massive 

A4(1*, 2¢, 35> 4+) 
amplitude. All external 
momenta are outgoing, P 
runs from right to left 


78 2 On-Shell Techniques for Tree-Level Amplitudes 
Noting that |Î] = |1] and |4) = |4), we then have 
(ri| Pi] = (4/P 11] = (API = (4ps, (rid) = (41) = (41), 


(ral p34] = (il p3l4], (r44) = (14) = (14). 


Plugging these into the above we find 


(4|p3|1] (Îl p31] 


Ag = : (2.85) 
(14)? [(p1 + p2)? — m°] 
The numerator may be simplified with a trace identity (see Eq. (1.29)) to 
F A 1 pe 
(4lpsi1] (I1p3i4] = 5 Tr (P4 Ps Pi Ps) 
= 2(2(p3- Pa) (p3 - P1) — p3 (Pi + Êa) ) . (2.86) 
In fact p3 - p4 = 0, which follows from momentum conservation: 
P? = (p+ Pa? > m =2p3- pat p} > p pa=0. (287) 


Moreover, we find 2p, - p4 = (14)[41] = (14)[41]. Putting everything together we 
arrive at the compact expression for the four-point amplitude 
[14] m? 

(14) [(p1 + p2)? — m°] 


Al” 25, 35,4 =i : (2.88) 


which indeed vanishes in the massless limit, as claimed. 


Exercise 2.6 (Mixed-Helicity Four-Point Scalar-Gluon Amplitude) Com- 
pute the four-point massive-scalar-gluon amplitude with one positive and one 
negative gluon, 


(4| p311]? 
(pi + pa)? [(p1 + p2)? — mI’ 


AAE, Dio 33.4) =i (2.89) 


using the above recursive techniques. For the solution see Chap. 5. 
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2.6 Symmetries of Scattering Amplitudes 


We now turn to a more conceptual yet very important subject: the question of how 
the space-time symmetries of the Poincaré group (and beyond) that we discussed in 
Sect. 1.1 manifest themselves at the level of scattering amplitudes. This has proven 
to be a very rich subject in particular at tree level. The space-time symmetries of 
scattering amplitudes may be grouped into obvious and less obvious symmetries. 

The obvious symmetries are the Poincaré transformations of Sect. 1.1, under 
which scattering amplitudes should be invariant. Sticking to massless amplitudes, 
working in the spinor-helicity formulation of momentum space is highly advan- 
tageous. Here the momentum generator p% is represented by a multiplicative 
operator, 


n 
pre) i, (2.90) 
i=l 


and any amplitude A, must obey 
p* An ({Ai, Ai) = 0. (2.91) 


This is in fact true in the distributional sense of the relation p 5(p) = 0, thanks to 
the total momentum conserving delta-function present in each amplitude (that we 
often drop): 


Anti id = 8 (pr) An (0H) (2.92) 


i 


In our notation we distinguish the full amplitude A, and the delta-function 
“stripped” amplitude A,. 

The Lorentz generators in the helicity spinor basis come in two pairs of symmet- 
ric rank-two tensors mag and my 4, originating from the projections M H (Ouvap = 
Mag and M”” (Gy). 4 = Map- They are first-order differential operators in helicity 
spinor space, 


n n 
map = dried py, Mag = D AiG 9; A); (2.93) 
i=l i=l 
where dja >= a Dig = ot and rp) = (Fag + rpa)/2 denotes symmetrisation 


with unit weight, cf. Exercise 1.6. The invariance of An (ài, hi) under Lorentz- 
transformations, 


map An(Ai, Ai) = 0 = Map An (Qi, Ai), (2.94) 
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is manifest, as it is an immediate consequence of the proper contraction of all Weyl 
indices within A,, i.e. the fact that the spinor brackets (ij) and [ij] are invariant 
under mgg and m,4. See the solution of Exercise 1.6 for an explicit calculation. 


Let us now discuss a set of less obvious symmetries of An (Ài, hi) in the case 
of pure colour-ordered gluon amplitudes. Classical Yang-Mills theory is in fact 
invariant under a larger symmetry group than Poincaré: due to the absence of 
dimensionful parameters in the theory (the coupling g is dimensionless) pure Yang- 
Mills theory (as well as massless QCD or scalar QCD) is invariant under a scale 
transformation, 


x“ —> A`! x", respectively p“ > Ap“. (2.95) 


The scale transformations of the momenta are generated by the dilatation operator 
d, whose representation in spinor-helicity variables acting on amplitudes is 


n 
1 1-. 
d=}, (Gif die + SH aa +a) ,  deéR, (2.96) 
i=) 


reflecting the mass dimension !/2 of the A; and di helicity spinors, i.e. [d, Aj] = A; /2 
and [d, A;] = A;/2. The constant dp is undetermined at this point. It may be fixed 
by requiring invariance of the MHV gluon amplitudes, 


(st)* 


MHV _ (4) 
Fy = ONE) a. Gals 


(2.97) 


where p = )~"_, pi. The dilatation operator d of Eq. (2.96) simply measures the 
weight in units of mass of the amplitude it acts on adding a factor of n do, namely 


dAn = ([An] +n do) An, (2.98) 


where [O] indicates the weight of O in dimensions of mass. We note the weights 
[6®(p)] = —4, [(st)*] = 4 and [(12) ... (n1)] = n, hence 


d AY = (-444—n+ndo) AY , (2.99) 


which vanishes for the choice dọ = 1. One easily checks the invariance under 
dilatations of the gqggg-amplitude of Eq. (1.194) and of the MHV,, amplitudes 
as well. 

The scaling symmetry comes with a further less obvious symmetry of vectorial 
nature known as special conformal transformations. Their generators, denoted by 
Kae, are realised in terms of a second-order differential operator in the spinor 
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variables, 
n 
kaa = Y dia Oa (2.100) 


Together with the Poincaré and dilatation generators, the set { Pog, kaw, Map, My $ 
d} generates the conformal group in four dimensions, SO(2, 4). 

Let us now prove the invariance of the MHV gluon amplitudes under special 
conformal transformations. As the only dependence of ATS on the conjugate 
spinors A; resides in the momentum conserving delta-function, we have 


n 
ð ə 
MHV _ (4) MHV 
és An BF ai (oma) 
n 2 
— aar | aè \ap Bp ý 
| P ee Cr AMBY 
ap a phe ap Dap 


95 (p) ) 


The last term may be rewritten as follows. First, we note the relation 


n n 

1 
dia tie = Dita bip +5 ap > eee (2.102) 
= i l 


which follows from decomposing the left-hand side in a symmetric and anti- 
symmetric piece. The first term on the right-hand side is the Lorentz generator mag, 
which we already know annihilates AMY The remaining term yields 


n 


a 
M aya An = Lat DOA dio AMAY = (4— n) AMHV (2.103) 
i 


i=] 


Hence Eq. (2.101) turns into 


a >ð ð 
7 MHV __ BB (4) MHV 
kag AMY = (4 ape? aoe z7) ô | Amey, (2.104) 


82 2 On-Shell Techniques for Tree-Level Amplitudes 


Indeed in a distributional sense we have 


B ð 3 
a phe ape 


G) 
p 8® (p) = —4 F 8® (p), (2.105) 


which one may see by integrating the second derivative expression against a test 
function F(p): 


> 3 ə 
4 pÈ Dip 
fe pF(p)p apBe apa ô (p) = 


= fap (2 p (5 ) l 
= fa p| (so F) 286 + (a EP) (2.106) 


=4 [ap ( Sa F) sp). 
P 


MHV 
An 


This proves the vanishing of kyg , as claimed. 

Summarising, we have constructed a representation of the conformal group 
whose generators are represented by differential operators of degree one (mag, 
My $ d), of degree two (kyy), and as a multiplicative operator (peg) in an n- 
particle helicity spinor space. This representation is natural, as amplitudes are 
functions in this space. All these generators annihilate the scattering amplitudes. 
We have verified this explicitly for the MHV amplitudes. The representation obeys 
the commutation relations of the conformal algebra so(2, 4), 


[d, p] = p°, [d, kaa] = —kaġ, [d, map] = 0 = [d, my gl, 
l l l l (2.107) 
[keds PPP] = Su? 84? d + ma? 8a + my? ôah , 


plus the Poincaré commutators discussed in Sect. 1.1. 

The origin of this helicity spinor space representation becomes clear if one looks 
at the more familiar representation of the conformal group in configuration space 
x". For scalar fields, it reads 


Mpv = 1 (xu ð — Xv Oy), Py =—10,, 


D= -i(x"d,+ A), Ky =i |x? a, = 2x, a + A)] , 
(2.108) 


where A is the scaling dimension and 0,, := 0/0x". In quantum field theory the con- 
formal symmetry is distinguished by the Haag-Lopuszanski-Sohnius theorem [26] 
as the maximal bosonic extension of the space-time symmetry of the S-matrix— 
generalising the Poincaré algebra. 
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A Fourier transform f dfx e!P *O(x, dy) brings this representation into momen- 
tum space. From this point of view, it is clear why p®* becomes a multiplication 
operator and kag a second-order derivative operator in momentum space as seen 
above. The momentum-space representation of the conformal symmetry as it applies 
to scattering amplitudes then takes the form 

m” = p ð, — P” 3h, p“ =p", 
(2.109) 
. 3 joz 
d= p ðh +A, k" = phar — 2(pya, + A)ar , 


where A = 4 — A. This representation may be mapped to the helicity-spinor one 
discussed above. 


The Conformal Generators in Spinor Helicity Space Here we collect the 
generators of the conformal algebra in their single-particle action (with 
A = 1, which is relevant for gauge bosons and scalar fields): 


ae = 1758 : kog == dadà , 
Map = AwABy , Maj = adh), (2.110) 
d= ŁA” ða + tita +1, 


where rag) ‘= (rap + rga)/2 denotes symmetrisation of the indices. 
The helicity generator is given by h = — Jae Ov + EG dq. It commutes 
with all generators of the conformal algebra. 


Scaleless quantum field theories—such as pure Yang-Mills or massless QCD— 
enjoy conformal symmetry at the tree-level. Yet, this symmetry is usually broken 
at the loop level, as the need to regularise divergencies introduces a scale into the 
quantum theory. It is manifested by a non-vanishing 6-function of the coupling 
g. In fact, understanding the implications of broken conformal symmetry for 
loop amplitudes is an area of ongoing research. In the maximally supersymmetric 
generalisations of Yang-Mills theory, N = 4 super Yang-Mills theory, this property 
is prominently absent. It is a quantum conformal field theory, with far-reaching 
consequences, including a hidden infinite dimensional symmetry known as the 
Yangian symmetry. In fact, tree-level amplitudes are invariant under this extension 
of the super-conformal group [27] and the hidden integrability of the leading colour 
limit of the theory allows for exact non-perturbative results, see [28] for a review. 
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Exercise 2.7 (Conformal Algebra) Show that the representation con- 
structed in the above Eq. (2.110) indeed obeys the commutation relations of 
the conformal algebra given in Eq. (2.107). For the solution see Chap. 5. 


Exercise 2.8 (Inversion and Special Conformal Transformations) The 
generator K,, of Eq. (2.108) generates infinitesimal special conformal trans- 
formations. A finite special conformal transformation is given by 


u u y2 
ji me x“ —a"x 
a eae ENRETE (2.111) 


where a” is the transformation parameter. 


(a) An intuition on the character of these transformations may be found by 
noting that the action of K” may be also written as K” = I P” I, i.e. as 
the composition of an inversion J x“ = x“ /x?, followed by a translation 
P¥x = x” — a", followed by another inversion. Show that K” = I P” I 
is equivalent to Eq. (2.111). 

(b) A scalar field (x) transforms under special conformal transformations 
x —> x’ as 


if 


x | 4/4 
(x) > @' (x) = = 
ox 


D(x), (2.112) 


where |d.x’/0.x| is the Jacobian of the transformation, and A is the scaling 
dimension. Show that the generator K,, of Eq. (2.108) indeed generates 
the transformation of Eq. (2.111) for a scalar field. In other words, prove 
that 


@' (x)= [1 — ia” K, +0(a°)| D(x). (2.113) 
Hint: in order to compute the Jacobian factor, treat the finite special 
conformal transformation as the composition of inversion, translation and 


inversion. 


For the solution see Chap. 5. 
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2.7 Double-Copy Relations for Gluon and Graviton 
Amplitudes 


So far we have discussed gauge theories and gravity rather in parallel. While 
their Lagrangians and Feynman rules look very different, there exist intriguing 
relationships between gluon amplitudes and graviton amplitudes that suggest a 
deeper relationship of these two theories—at least in their perturbative domain. In 
a nutshell, they express gravity as the square of Yang-Mills theory, a property we 
already saw at the level of the polarisations and of the three-point amplitudes. 


2.7.1 Lower-Point Examples 


The squaring relation between gravity and gluon amplitudes is manifest at the level 
of three-point amplitudes: 


tree a ( 1 2) 6 S treesy— n- 2+ 72 
M3% 077,277,3 ) = B =| Ae" a7, 27,35], 
(2.114) 
tree H4 n [23]° = treesy— 4+ 24+ 72 
M3 qd 2 3 ) = app = LAs (d Py eae )] . 


For simplicity we set all couplings to unity here and absorbed a factor of i in the 
amplitudes. Hence, for any choice of polarisations we find 


M5® (1,2,3) = A5°®(1, 2, ay (2.115) 


Turning to the four-point case, we need to compare the MHV4 gluon amplitude and 
the MHV, four-graviton amplitude of Eq. (2.66). We first expose the s, t, u poles 
in the MHV colour-ordered gluon amplitude explicitly. For A4(17, 2~, 3+, 47) we 
have 


(14)[43] 
(123A APBA 1 (12)? (12)[32]134] OBE 
(23) (34) (41) s12 (23)(41) 812823 (41) 812893 


This gets close to the four-graviton amplitude (2.66) but is not just a simple square. 
Looking at A4(1~, 27, 4+ 3+), that is obtained by swapping 3 <> 4 in the above, 
we arrive at 
MO aoe ae 4 A 27, 4t, 37). 
(2.116) 


Again resulting in a squaring relation between the two. In fact, such squaring 
relations turn out to be generally true for all multiplicities. 
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2.7.2 Colour-Kinematics Duality: A Four-Point Example 


The relations (2.115) and (2.116) suggest a general squaring relation of the structure 
My ~ A2. This can be made precise in the context of the colour-kinematic duality, 
which we now want to discuss in a four-point example. 

For this, let us look at the coloured tree-level four-gluon amplitude in D 
dimensions using the polarisation e! and momentum p” vectors with į = 1,...,4 
to describe the kinematics. It may be written as 


Ate = —ig? (=5 ze na 4 7) (2.117) 


split into the s, t and u channels, with 


Cy = —2 FTE feasas , (2.118) 
n=- [a pta pdf -0 > D] 
x [(€3 + €4) p3, u + 2(63 pa) €4,u — BO 4)] (2.119) 
+ s [(€1 - €3)(€2 - €4) — (€1 - €4)(€2- e3)]| ; 


and 


Ct Nt = Cs Ns Cu Ny = Cs Ns (2.120) 


1323351’ 13332>1- 


In writing the amplitude in this fashion we have split up contact terms emerging 
from the four-gluon vertex (1.66) into the s, £ and u channels by multiplying the 
corresponding colour factors ns by =, and so on. These are the terms proportional to 
s in the last line of Eq. (2.119). It is instructive to study the gauge invariance of leg 
4. Replacing €4 — p4 yields 


Ns (€1 - €2)(€3 - p12) + cyclic(1, 2, 3) | = sa({e;, pi}), (2.121) 


al 
capa 2 


where p12 = pı — p2. Crucially, the function œ is cyclically invariant. Therefore 
the gauge transformations of the other kinematical numerators read 


Nt 


= ua({e;, pi})- (2.122) 


€4—> p4 


=ta({e, Pid), Ny 


€4—> p4 


Hence, the numerators are not gauge invariant individually. This is to be expected, 
as only the full amplitude and not individual graphs (or parts thereof) are gauge 
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invariant. How does Ayre then become gauge invariant? We have 


Aye = (Cs + Ct + cu) w({Ei, Pi}, (2.123) 


€4—> pa 


which is zero by virtue of Jacobi’s identity (1.135), 
Cote, te, = = 9; (Jans F ae S fame fA poue Ja) = 0. (2.124) 


Remarkably, one also sees that the kinematical numerators n; obey a Jacobi-like 
identity, 


ns +n; +ny =0, (2.125) 


upon using the on-shell identities. This is known as the kinematical Jacobi identity. 
This property allows us to construct a gauge invariant object that has all the 
required properties to be the four-graviton amplitude: we simply replace the colour 
numerators c; by the kinematical ones n; in Eq. (2.117), obtaining 


2 2 2 


(KN (ns ni ni 
gon =-i(5) (4+24+). (2.126) 
go> K/2 2 S t u 


tree __ tree 
mee — Au 


Clearly, it is bi-linear in the polarisation vectors e! and displays a consistent pole 
structure, which are necessary ingredients for it to be a graviton amplitude. Also the 
gauge invariance may be tested straightforwardly using Eqs. (2.121) and (2.122), 


My = 2 (ns +n, + ny) a({e, pi}), (2.127) 


€4—> p4 


which now vanishes by virtue of the kinematical Jacobi identity (2.125). We shall 
show momentarily that the result (2.126) is equivalent to Eq. (2.116). In order to do 
so, let us express the gluon amplitude (2.117) in a minimal colour and kinematical 
basis. Going to the DDM basis of Sect. 1.10 amounts to eliminating c; via cp = 
—Cs — Cy as 


2 3 
ar a a 1 noe 4° 
3 2 


a i ia oe (2.128) 
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The amplitude then takes the form 


i n n n n 
tree s t t u 
Ni =al ) zel ) 

g? S t t u 


(2.129) 
= Cs Ag tl. 2, 3, 4) — Cy Ay (1, 3, 2, 4) , 
hence the two colour-ordered amplitudes are to be identified as 
Ae, 23,4 =E, A3 2AE 2130) 
s u 


Their gauge invariance follows from Eqs. (2.121) and (2.122), e.g. 


S t 
={--—-]J]a=0. 
€4—> p4 S t 


This must be the case, as we argued before for the gauge invariance of the colour- 
ordered amplitudes. Due to the kinematical Jacobi identity, the above representation 
of the amplitude is not yet minimal. By eliminating (in analogy to c;) now n; as well 
via ny; = —ns — n, in Eq. (2.129) we find the relation 


Attee(1, 2, 3,4) star! mi n 
e P = sy, 2.131 
ae 3, 2,4) So ult!) Ve ( ) 
From this expression we learn that the two colour-ordered amplitudes 
Ay*(1, 2, 3,4) and AY*°(1, 3, 2,4) cannot be independent of each other: while 


they are gauge invariant, the kinematical numerators ns and n, are not, and hence 
the 2 x 2 matrix relating them is not invertible. The linear dependance reads 


AG (1, 2, 3, 4) 


s AG (1, 2, 3,4) = u A4° (1,3, 2,4). (2:122) 


This is the Bern-Carrasco-Johannson (BCJ) relation for a four-point amplitude. The 
general relation reads, cf. (1.158), 


n—1 


XOpi (pot... + pi) A8, i, 1,i+1,...,0)=0, (2.133) 
i=2 


which for n = 4 reduces to Eq. (2.132). As a matter of fact, using this kinematical 
2 x 2 matrix the coloured amplitude may be written as 


214. 7-1 =j 
Aee = —ig? (cs —cy) ( ae = a (e) . (2.134) 
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Returning to the conjectured form of the four-graviton amplitude (2.126), we can 


use there the relations nt = —n,—nys and ny = tAy(1, 2,3,4)+nsu/s. One finds 
tree St tree 2 
M®*(1,2,3,4) = -i— [Ay C2, 3,4)| (2.135) 
u 


This very compact result may be transformed into the one we derived in Eq. (2.116) 
upon using the BCJ relation (2.132). Cyclically permute 1 — 2 => 3 > 4 > 1 
in (2.132) (under which s <> t but u is inert) to reach 


Ar, 3, 4, l= =u Ar, 4, 3, 1) : (2.136) 


With the cyclicity of the colour-ordered amplitudes, one has AY*(1, 2,4,3) = 
EAS, 2, 3, 4), which inserted in Eq. (2.116) yields Eq. (2.135). 


Exercise 2.9 (Kinematical Jacobi Identity) Prove the kinematical Jacobi 
identity (2.125) for the coloured tree-level four-gluon amplitude in D dimen- 
sions given in Eq. (2.117). For the solution see Chap. 5. 


2.7.3 The Double-Copy Relation 


The general statement of the duality between colour and kinematics is as follows. A 
general coloured n-gluon amplitude may be written as 


A y (2.137) 
" Dian La; Do; 


where the sum is over all n-point diagrams with a trivalent vertex structure. Here 
ci denote the colour factors (made up of the structure constants and possibly of 
generators), n; the numerators (made up of the momenta and polarisation vectors), 
and the Da; = A — mZ, are the inverse propagators. We note that any graph 
may be made tri-valent upon inserting the identity 1 = De;/Da; in order to lift 
the four-gluon vertices to a sum of three s-t-u channel diagrams as dictated by 
the colour structure. Due to the Jacobi identity, the colour factors obey algebraic 
relations of the form c; — cj = cx. Colour-kinematic duality now asserts that it 
is always possible to find a representation of the amplitude (2.137) in which also 
the kinematical numerators obey an analogous identity n; — nj = nx. This may be 
reached by possibly adding overall zeros to the amplitude. 
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The n-graviton scattering amplitude is then obtained upon replacing colour by 
kinematics c; > ni, 


n2 


n—2 
mire = —i (5) 5 -i (2.138) 
2 i La; Da; 


In general it is non-trivial to find numerators which satisfy the colour-kinematics 
duality. A possible route is to start out from an ansatz, which one then constrains 
to match the amplitude and to obey the duality. At tree level the duality has 
been proven [29-31], while at the Lagrangian level a full understanding is still 
lacking [30, 32,33]. A comprehensive review of the double-copy relation is given 
in [34]. 

The n-point generalisation of the squaring relation (2.135) is known as the 
Kawai-Lewellen-Tye (KLT) relation and takes the form [35] 


ME” = > Ae, o,n—1,n) S[o|p] A, p,n,n—1). (2.139) 
0, pESn—3 
Here o and p range over the (n — 3)! permutations of the elements {2, ..., n — 2}. 


The KLT kernel S[o|p] are the entries of an (n — 3)! x (n — 3)! matrix of kinematic 
polynomials. A closed form expression reads [29, 36] 


n—2 i 
Slo|e] = I] E P1: Po; + > 2 pa * Poj 0 (0j, aie , (2.140) 


i=2 j=2 


where 6 (0j, oi) = 1 when gj is before o; in the permutation p, and zero otherwise. 
For n = 4 the matrix degenerates to a scalar and reproduces Eq. (2.116). 


Exercise 2.10 (Five-Point KLT Relation) Prove the five-point KLT relation 


ME(1, 2, 3, 4, 5) = s12 834 APL, 2, 3, 4, SATO, 2, 5, 3, 4) + 2 <> 3). 
(2.141) 


For the solution see Chap. 5. 
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A 
| Check for | 


updates 


Abstract 


In this chapter we study the structure of loop-level scattering amplitudes. The 
appearance of integrals over internal loop momenta gives rise to a new set 
of functions that go beyond the rational functions of spinor products seen 
at tree-level. We will use the unitarity of scattering amplitudes to show that 
discontinuities in loop amplitudes can be determined from tree-level information 
as a result of factorisation when loop momentum dependent propagators go 
on-shell. We then show that generalised discontinuities can be used to break 
loop amplitudes further into small tree-level building blocks. We then turn our 
attention to a general method for one-loop dimensionally regulated amplitudes 
in which a basis of functions is determined as well as a technique to determine 
their coefficients from on-shell data. 


3.1 Introduction to Loop Amplitudes 


Perturbative predictions for scattering amplitudes allow us to explore the quantum 
nature of fundamental interactions. Explicit computations within quantum field 
theory, in particular using the method of Feynman diagrams, quickly lead to an 
explosion of both analytic and algebraic complexity. 

Loop-level amplitudes involve integration of internal—virtual—momenta, which 
takes us beyond the simple rational functions we have encountered at tree level. 
In Chap. 2 we have seen that the analysis of the poles of tree-level amplitudes 
led to factorisation when the poles vanish. Equivalently we may say amplitudes 
factorise when the internal momenta go on-shell. This factorisation was observed 
when considering the soft and collinear limits of amplitudes and also, after analytic 
continuation to complex momenta, on the residues in the BCFW construction. As 
we will see, the integrals over the virtual momenta give rise to functions with branch 
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cuts, such as logarithms. These branch cuts lead to discontinuities, which are a new 
feature of loop-level amplitudes. At the level of the integrand, which is a rational 
function of the internal and external momenta, we may associate discontinuities 
with poles dependent on the virtual (or loop) momentum. Analysing the integrand at 
points where these poles vanish will again lead to factorisation into simpler objects. 
Our main aim for this chapter is to turn these words into a concrete computational 
method in which we may re-use on-shell tree-level amplitudes to directly obtain 
information about loop amplitudes. 

There is, however, another major new feature of loop amplitudes. Integrals over 
virtual momenta can lead to divergences, which have to be regulated. Divergences 
at large values of the loop momentum are known as ultraviolet (UV), while 
divergences at small values of the loop momentum are known as infrared (IR). 
In these lecture notes we will follow the procedure of dimensional regularisation, 
which regulates both IR and UV regions using an analytical continuation of the 
space-time dimension to D = 4 — 2e, where € is a small parameter. We postpone 
a more detailed discussion of the dimensional regularisation until Chap.4 (see 
Sect. 4.2.2), where we consider the evaluation of the loop integrals. UV and IR 
divergences must cancel for physical predictions. UV divergences are removed 
through the procedure of renormalisation, which is covered in standard field theory 
textbooks (e.g. [1-3]). The cancellation of IR singularities is more complicated 
and in general beyond the scope of these lecture notes. We have seen that IR 
singularities also appear in tree-level amplitudes in soft and collinear limits, and 
it is these divergences that must cancel the IR divergences in the virtual amplitudes. 
This cancellation only happens at the level of cross-sections, where the squared 
amplitude is integrated over an inclusive phase space. The topic is worthy of study 
in its own right, and the interested reader may like to explore the review [4]. 

We begin this discussion with some general observations on the structure of loop 
amplitudes. We will consider loop amplitudes in Yang-Mills theory (YM) in which 
the colour structure has been stripped off as discussed in Sect. 1.11. An amplitude 
with n external legs at L loops may be written in terms of a set of Feynman integrals, 
F, together with rational coefficients c. The amplitude will depend on the external 
momenta of each leg as well as their helicity, and mass (we may consider YM 
coupled to matter). We will write the arguments of the amplitudes as a list of integers 
which represent these properties. The external momenta will be denoted p; with 
i = 1,...,n.As inthe previous chapters, we take them to be all outgoing, and hence 
they satisfy momentum conservation in the form )~_, pi = 0. When analytically 
continuing the dimension we must rescale the coupling to make sure that we are still 
expanding in a dimensionless quantity. This scale is arbitrary and we will represent 
it with the symbol ug. To write down a general expression for the amplitude we 
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must introduce a number of conventions. Let us first write the expression and then 
proceed with the explanation of the normalisations and symbols: 


3 4—D)\ L 
AMP. n) = a-p" (iovmuR ” 
” T ad: (4) O-D/> 


(3.1) 
eb dae Ones pets 
T 


Here the expansion is in the coupling wym = Bii /(4x). The linear combination 
sums over a set of loop topologies, T, which are defined by the set of propagators 
and loop-momentum dependent numerators. They may also potentially contain 
propagators with higher powers. The coefficients ow! depend on the momenta, 
helicities and masses of the external legs, and on the masses of the internal particles. 
On the other hand, the integrals go only depend on the n — 1 independent 
external momenta and on the masses of the internal and external particles (which 
are suppressed in the notation above for conciseness). The factors of i and m are 
due to the normalisation of the integrals, which is given below. Example graphs 
of possible loop topologies are shown in Fig.3.1. The structure of the amplitude 
is not specific to YM theory apart from the couplings. For a useful separation of 
coefficients and integrals, we need to identify a (linearly) independent basis of 
integrals, which defines the sum over topologies T. A precise definition of this 
basis at one loop is one of the main aims of this chapter. In addition, we will show 
how on-shell techniques can be used to directly extract the coefficients of the basis 
integrals. The couplings and dependence on jp can be easily restored at the end of 
a calculation through dimensional analysis, and so we set gym = 1 and upr = 1 for 


the remainder of this chapter. Furthermore, the factors of «ym ie =D) (4r) 2-2/2 


Fig. 3.1 Example loop 

topology graphs. (a) Bubble. 

(b) Triangle. (c) Box. (d) 

Two-loop double box {> 
(a) bubble 


(b) triangle 


H 


(c) box (d) two-loop double box 
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will also be suppressed, since they may be restored at the end of the computation as 
well. 

At one loop all topologies take the form of an n-gon with a potential numerator 
function N, 


N 
PFOLPILN] a RE 
" k [I= [- k — qa)? + m2 — i0] 


(3.2) 


where qa = ye]! p» (with qı = 0) are the momenta flowing in each propagator, 
which also have a mass ma. We have also introduced a short hand for the integration 


measure: 
d?k 
=] ger: (3.3) 


Note the different loop integration measure with respect to the d?k/(2z)? in the 
Feynman rules. This difference is responsible for the factors of i and x in Eq. (3.1), 
and will be motivated in Sect. 4.2. The configuration of momenta and propagators 
of Eq. (3.2) is shown graphically in Fig.3.2. Cases in which the numerator is 
one, FD Pl], are referred to as scalar integrals. When using an integer n to 
represent the topology we are already indicating that it is a one-loop integral, and 
so the loop-order superscript will be dropped for the remainder of this chapter. 
If no numerator is specified it should considered to be a scalar integral and so 
FP} = FIP! [1] = FDI [1]. A small imaginary part i0 follows from the Feynman 
prescription for the propagators that was introduced in the Feynman rules. This 
i0 prescription will mainly play a role only when evaluating the integrals, and so 
we will drop it from the propagator expressions in cases where it is not necessary. 
We will follow the standard convention to refer to the simple one-loop topologies 
according to the polygon that represents the number of propagators, e.g. bubble for 
two propagators, triangle for three propagators, box for four propagators, and so 


Fig. 3.2 The generic 
one-loop integral 


Pn-1 k= qa 
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on (see Fig. 3.1 again). An integral with one propagator is referred to as a tadpole 
integral. 

The coefficients of the integrals in Eq. (3.1) can be expanded around the physical 
space-time dimension D = 4, as 


Pi Ope MEP 4... (3.4) 


The order at which we must expand the coefficients to ensure the correct result for 
the amplitudes as € — 0 will depend on the overall divergences present in the loop 
integrals. 


We may also consider the integrand of an amplitude AW Pl ..., n), which 
we denote p Pq, ...,/), and is a rational function satisfying 
AMP, on) = Wee ak roin (k, 1,...,7) (3.5) 
n , D2 In ,l,...,7). : 


The amplitude integrands are not uniquely defined, as they may differ by terms 
which integrate to zero, thus giving rise to the same amplitude. The simplest choice 
is to use the Feynman-diagram expansion to define the integrand. If we make the 
assumption that a colour-ordered one-loop amplitude has a single ordering of the 
external legs for the topology with n propagators (this is the case for the leading- 
colour approximation in Yang-Mills theory), we can be more explicit and write 


N(k,1,... n) 


I® IPIK, 1,..., n) = = 
n I= [-k — qa)? + m2 — io] 


(3.6) 


In the same way that we can try to find a basis of Feynman integrals for the 
amplitude, we may also ask if there exists a basis of loop-momentum dependent 
numerator functions {fx} such that the integrand numerator in Eq. (3.6) can be 
written as 


N(k,1,...,n) = eae) fx(k, Pi, +--+, Pn—1)s (3.7) 


where the coefficients c, are rational functions of the external kinematics, and 
fx are independent scalar products dependent on the loop momentum. Again, the 
sum over x and the definition of “independent” here are not yet defined but we 
can motivate the construction with a simple example. If we consider a one-loop 
integrand 1P Plek, 1,2,3) in which N (k, 1,2,3) = k - q2, then we can express 
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Fig. 3.3 Sample diagrams contributing to the four-gluon scattering amplitude at one-loop order 


the numerator in terms of the difference of two propagators in order to rewrite 
everything in terms of scalar integral functions: 


N(k, 1, 2,3) = [(-« — q2)? + m4) — (K + mt) +42 — m4 + m? 


NI= NIe 


[1, -1,43 -m3 + m3} - [= ga)? + m3, -K + mi, i} 
(3.8) 


So in this case the functions fy are the inverse propagators and 1. 

Throughout this chapter we will use the example of four-gluon scattering to 
illustrate general methods for loop integrands and amplitudes. Sample diagrams 
for this process are shown in Fig. 3.3. In this case the most complicated topology 
is the box graph which, following the structure of the three-gluon vertex, has a 
maximum of four powers of the loop momentum in the numerator function. Graphs 
containing vertex corrections or those with bubble insertions will contain triangle 
and bubble tensor integrals respectively. As we will see, writing the loop-momentum 
dependence of the numerator in terms of the propagators in each graph will allow 
us to find a basis of scalar Feynman integrals, so that the particular form of Eq. (3.1) 
relevant for four-gluon scattering becomes 


APPI, 2,3,4) = ick! FPU, po, ps) 


+icl?l FLTC, po) ick?) FPI, p2) 
[D] [D] (3.9) 
+ ici 3 FI? Hn. ps) + Chia Fi? 11(po, ps) 
+ ich FY Mp1) + ich FPU). 
where we have used the notation, 
Piy-in = Pi + Pig +00 + Pins (3.10) 


which will also be used for the invariants, 


Sipin = Phin (3.11) 
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The fact that only scalar integrals appear remains to be proven of course. We will 
also set about the task of extracting the coefficients of these scalar integrals and the 
task of generalising to the n-point case. 

The chapter is organised as follows. We start in Sect.3.2 by demonstrating 
that the unitarity of the S-matrix leads to deep insights into the structure of loop 
amplitudes. This will lead us to consider the discontinuities of loop amplitudes, and 
show that they may be computed from the product of tree-level amplitudes. Using 
the example of four-gluon scattering, we will demonstrate that this results in an 
extremely efficient technique to identify simple integral structure in the amplitude. 
We will then explore generalised discontinuities of loop amplitudes in Sect. 3.3, and 
use the “Cutkosky rules” to make a direct connection with the pole structure of 
the integrand. The factorisation on these poles leads to the generalised unitarity 
method, which allows for the computation of the coefficients of the scalar box 
integrals. Section 3.4 lays the ground work for the general treatment of any loop 
amplitude, as we use tensor reduction and integrand-level analysis of transverse 
spaces to identify relations between Feynman integrals. Section 3.5 is dedicated 
to the derivation of the complete decomposition of a general one-loop amplitude 
into a basis of scalar integrals, and how their coefficients may be extracted from 
products of tree-level amplitudes via generalised unitarity. In Sect. 3.6 we put all 
of this technology to work to complete the computation of the one-loop four-gluon 
scattering amplitude in dimensional regularisation. Finally we give some outlook 
and extensions of the ideas presented here, and consider efficient computations 
using rational parametrisations of the external kinematics in Sect. 3.7 and extensions 
to two-loop integrands in Sect. 3.8. 

Further information on the topics presented in this chapter can be found in a 
number of comprehensive reviews, for example see [5-7]. 


Ultraviolet Power Counting Before we get started with the main topics 
of this chapter it is useful to recall how we can quantify UV divergences. 
The divergences at large values of the loop momentum can be estimated at 
the integrand level by considering the scaling behaviour. For example, using 
general polar coordinates, one-loop scalar integrals become 


(3.12) 


D-1 
iraq Heieoo f (DRIP dle] dee 1 
es [l > / i 2/2 fen? 


from which we see a divergence ifn < D/2.Ifn = 2 in D = 4—2e, we have 
that 


dikld2 1 
ae fe (3.13) 


[4—2e€] 
Fz [1] = i2-€ Tal ’ 


(continued) 
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and we see a logarithmic divergence. Infrared divergences, such as the soft and 
collinear configurations discussed in Chap. 2, are more difficult to classify but 
can also be regulated by the analytic continuation of the dimension. We will 
discuss this further in Chap.4, where we focus on the integration over loop 
momenta. 


3.2 Unitarity and Cut Construction 


The unitarity of the S-matrix provides some of the most fundamental constraints 
on the analytic form of on-shell amplitudes. The initial steps follow the discussion 
of the optical theorem and Cutkosky analysis of the discontinuities of Feynman 
integrals [8] that may be familiar to many readers. 

The scattering amplitudes associated with an S-matrix S = 11+iT are determined 
through the transition matrix T. Transition matrix elements (F'|7|/) are a measure 
of the probability of a initial state J evolving into a final state F. 

The unitarity condition of the S-matrix 


Sig=1 (3.14) 
implies a non-linear constraint on the transition matrix: 
~i(T-T')=T'T. (3.15) 


The asymptotic states obey the completeness relations 


"Wk; 
DIgg O=. (3.16) 
n j=l / 


where |{k},) indicate multi-particle states |{k};) := |k1, k2,...,kn), ke = (E;,k;), 
and E; = |k; |? + m?, m;i being the mass of the ith particle. Therefore, when we 
contract Eq. (3.15) with the initial and final states and insert a complete set of states 
in the product T 7", we determine that 


= æki; 
-FIT =P) =f TD ysis (FIP) eel) (3.17) 
n j=l E 
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The scattering amplitude A(Z — F) is extracted from the transition matrix ele- 
ment stripped of the overall momentum-conserving delta function. If we represent 
this amplitude by a picture, 


Vea’ 
A(I > F)=1 F, 
n ete 


(3.18) 
we can show the relation (3.17) graphically, as 
D A x D A Ve’ 
—2i|7 r—7i QA) :r| = Dey dØ, (P, {k}n)1 GH U iv, 
ZN n=2 ON ZN (3.19) 


where the integration measure now includes the on-shell delta function that ensures 
an on-shell final state phase-space integral, 


dD, (P, {k}n) = (221 )"5 | P (> -Zk )n o (3.20) 


The momentum P above represents the total incoming momentum P = }-; pi. 

The LHS of Eq. (3.19) may be shown to be proportional to the discontinuity of 
the amplitude across the real P? axis. While we will not see any specific examples 
until Chap. 4, Feynman integrals will in general contain branch cuts. The simplest 
function of this type is the logarithm log(x),! which has a branch cut across the 
(negative) real x axis. For a generic function f(x), the discontinuity across the real 
x axis is defined as Disc, f(x) := f(x +10) — f(x — i0). For the logarithm this 
gives Disc, log(x) = 271 ©(—x), where ©(— x) is the Heaviside step function 
(for further details see Exercise 4.7). Rational functions, such as the tree-level 
amplitudes we have encountered up until now, do not contain branch cuts. We can 
take the unitarity constraint to imply that scattering amplitudes do contain branch 
cuts. Following this argument, it is possible to show that 


Vo Ve 
—2i| 7 rug 
\ S/N 


Dre 
F 
— 


= Discp: | 7 


(3.21) 


where the discontinuity is across the branch cut in the invariant P?, 
Discp2 AÇ -+ , P?,---) = A(..., P? + i0,...) — AC.., P? — i0,...). This is 
referred to as the discontinuity in the P? channel. 


' We saw the logarithm appear in the UV limit of of the one-loop bubble function a i in 
Eq. (3.13). 
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We may now expanding the relation (3.19) perturbatively, in a coupling g, which 
results in a set of extremely useful equations for on-shell amplitudes. We can 
represent the perturbative expansion of the amplitudes this pictorially by, 


Os (Be Oe t e+ -) 


(3.22) 
where g!® is the leading-order coupling (e.g. gO = g"~* for a n-gluon amplitude 


in YM theory). By substituting this expansion into the unitarity relation (3.19) we 
find equations order by order in the coupling g. Explicitly, up to third order we find 


Disc p2 | jog =0, 
(3.23) 
bien (JO foe SL, cog 
(3.24) 
: F 


ky 
+ f dØ; GE k2 t iF y 
bs (3.25) 


The first of these equations confirms that rational tree-level amplitudes do not 
contain branch cuts. At one-loop order we find that the product of two on-shell 
tree-level amplitudes is directly related to the discontinuity in the channel P? of the 
one-loop amplitude. 

Re-using the on-shell tree-level amplitudes we have found in Chaps. 1 and 2 
inside the factorised loop integrand is an extremely efficient way of computing 
the discontinuity of a loop amplitude. It avoids some of the large intermediate 
algebraic steps that would be found following the expansion of the loop amplitude 
into Feynman diagrams. The act of putting an internal propagator on-shell, as we 
have done through the insertion of a complete set of states, is referred to a the cut of 
a loop amplitude. 

However, we must still find a way to upgrade the discontinuity of the amplitude 
to the full amplitude. One method to do this is to perform a dispersion integral. To 
express this concretely, let us specify that the amplitude depends on r invariants 
s= Pe, asp P2, Then, we have that 


i ds! 
ADi =J f AL Disc, AM. (3.26) 
i=l poet 
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This story has been known for a long time and traces back to the work of 
Cutkosky [8] and the days of the analytic S-matrix [9]. The modern unitarity method 
(Bern et al. [10]) transformed the approach into a powerful computational tool by the 
cut constraints with knowledge of a basis of loop integrals, and the spinor-helicity 
method for the compact representation of on-shell tree amplitudes. Rather than 
computing the dispersion relation, one uses the unitarity cut constraints to project 
out information about the rational integral coefficients from a representation of the 
amplitudes such as the one shown in Eq. (3.1). It is this procedure that we refer to 
as cut construction of a scattering amplitude. 

The on-shell phase space d®, contains Dirac ô functions which ensure the 
intermediate particles are on-shell. We recall in fact that Eq. (3.20) can be rewritten 
in a manifestly Lorentz-invariant form as 


aone. Kh) = any (P -La)IT T amq —m?), 


(3.27) 
where 
S (k? — m?) = 8(k? — m?) O (k?) , (3.28) 


with the Heaviside step function © ensuring the positivity of the energy. 

Since it will become a fundamental part of our amplitude analysis, it is useful 
to introduce some notation for the action of imposing these on-shell constraints on 
internal particles of a loop diagram. The operation of computing the discontinuity 
across a two-particle factorisation or cut will be represented as Czjr, where the 
indices L and R will be the list of external particles entering the left and right side 
of the cut respectively, 


Cii.imlimy1-in (4. eh) = = Discs; im (apn 


0 g" : . h 0 =h . : h 
= f a Taag ieste l AS aah a mtes ha 
hi=+ 


(3.29) 


where 


dfl dfh 
2= (2m) P (h — h — Pirin) 


(2x)* (27) (3.30) 
x (2m) PU? — m?) Qr) PF — m3). 


The 6 functions ensure momentum conservation, and that the internal momenta l4 
and lz are at their on-shell values mı and m2. Notice that two factors of i appear 
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in the factorisation into tree amplitudes. This appears for exactly the same reason 
as it did in BCFW recursion, where each factorised on-shell gluon propagator 
contributed a factor of i (see below Eq. (2.3)). For fermion propagators this factor 
would change as discussed in Sect. 2.1 and Exercise 3.1. 

We will also use the operation C7\r to act on the integrand of the amplitude, and 
therefore only represent the product of tree-level amplitudes, 


Chusialinaa -in (aon = 


O g g; , 0) -m ` yh 
DEMAG scents 1 a(b rimpi a D); 


hi=+ 


(3.31) 


where the on-shell conditions for l1, l2 are understood to be imposed. 


Example: The s12-Channel Cut of the gg — gg MHV Scattering Amplitude 


Let us consider the leading-colour? four-gluon MHV amplitude in pure Yang- 
Mills theory, AD IA, 2—,3+,4*). We begin with the familiar Parke-Taylor 
formula (1.192) for the tree amplitudes (this time setting the coupling to 1), 


C dey 
Aw’ ,2°>,3°,4) = (03) (34) (41) | (3.32) 


Note that by using the four-dimensional tree-level amplitudes inside the cut 
we are only resolving the first term in the expansion of the integral coefficient 
expressed in Eq. (3.4). The sj2-channel is associated with the invariant sj2 = 
(pı + p2)*, and the discontinuity is obtained from the following product of two 
tree amplitudes summed over all possible helicity states, 


C1234 (arona) = X AO", 17,27, gi AO 


j= 


x ae ae re a (3.33) 


where, as imposed by the Lorentz invariant phase-space measure d@2, l2 = 1; — 
Piz and i = 0. Since all tree amplitudes with all-like helicities or those with a 
single positive (or negative) helicity vanish, only a single term contributes to the 
cut. In order to keep the notation as compact as possible, we will use C12)34 to 


? This is the coefficient of the single-trace term in the colour ordered one-loop amplitude given in 
Eq. (1.141), denoted there as AM. 
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refer to C12)34 i" (1~,2~,3*,4*)) for the remainder of this section. Replacing 
the tree-level amplitudes with their spinor-bracket forms leads to 


Ciaj34 =i A® (17, 17, 27, Fi AM (Cy, 37, 4, I) 
(12)? (u (=h)? 
(212) (l2 (~=41)} (=) 1) ((—12)3) (34) (41) 
(py (lib)? 


= f .34 
(212) (lati) (l1 1) (123) (34) (401) Gen) 


Above we have used the phase convention (1.113) for the spinors of the loop 
momenta, namely |(—/;)) = ill;). We can now apply some spinor identities to 
recast the integrand into a form that can be identified with one-loop integral 
topologies. For example, 


_2h-p  Gi- pi)? 


(1) = lin} UA (3.35) 
Hence we find 
guna (123 (ib)? 2b Wie 3 141] 
(34) (lo + po)? (l — p1)? (h2 — p3) (li + pa)? 
_ (2? (1 |01l2|2][3|l211|4] TE 


(34) (lo + p2) (h — pi)? (lo — p3)? (l + p4)? 


The numerator can also be reduced using the on-shell kinematics, 
[h2] = Ha — p= A2 = Ha p) I2. (3.37) 
This leads us to the simple result 


(12)? [12][34] 
(34) (l — pi) (h + pa)? 
(12)? 512823 


=- Gh Ah (3.38) 


C12/34 = 


We can now identify the integrand of the double cut of the one-loop scalar box 
integral, 


1 


k?(k — p1)? (k — p12)? (k + pa)? 
(3.39) 


D D 
F! ‘(p1, p2, p3) = F! 1812, 53) = f 
k 
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The discontinuity of this function in the s12 channel is given by 


1 
(ly — p1)? (i + pa)?’ 


Discs F!!(s12, 993) = I dd (3.40) 


where the cut propagators have been replaced by on-shell delta functions. We 
will justify this step in the next section. Our final result for the discontinuity for 
the one-loop amplitude is then 


Discs, A (17,27, 3+, 47) = —s12523A© 


x (17,27, 3+, 4+) Discs FI?! (s12, 523) . 
(3.41) 


< 


This result deserves a few remarks. The on-shell approach has uncovered some 
dramatic simplifications and the final cut contains only one scalar integral function. 
As we will see, this is not the most general structure we can encounter, and we will 
need to work harder to find a complete function basis. It should also be noted that 
we have only identified the leading term in the € expansion (3.4) of the integral 
coefficient, since the tree amplitudes were evaluated in four dimensions. These 
contributions to loop amplitudes are usually referred to as cut-constructible. 


Which Feynman Diagrams Have We Calculated? We can try to put this 
in the context of the Feynman diagram expansion. In an axial gauge without 
ghosts, one can check that there are 39 diagrams contributing to the full colour 
four-gluon one-loop amplitude, of which 17 contribute at leading colour. In 
the sj2-channel cut only 9 of the 17 ordered diagrams contribute. What we 
should take from this is that a direct Feynman diagram computation is not 
at all prohibitive here with only a modest number of diagrams contributing. 
However, one of these diagrams is the most complicated tensor integral we 
can find for massless four-particle kinematics, and will contain four powers 
of loop momentum in the numerator. The number of three- and four-point 
vertices also means each diagram will expand to a large number of terms. The 
use of compact on-shell trees has allowed us to avoid a lot of this complexity. 
As we have highlighted, some contributions have been dropped but we have 
obtained a lot of information about the amplitude. 


We may now try to complete the cut-constructible part of the four-gluon 
scattering amplitude by considering the cut in the other independent invariant. 
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Example: The s73-Channel Cut of gg > gg MHV Scattering Amplitude 
The s3-channel cut associated with the invariant s23 = (p2+ p3)? of our example 


AM IA, 2—, 37,47) is slightly more complicated, since the sum over internal 
helicities contains more non-zero elements. The cut integrand can be written as 


C 23/41 (de 23", 4*)) = 


Aa 2 P iaaah) 


hi =E 


=i A®(-1},27,3+,17)i A®(-1}, 4+, 17,17) 
+i A (IF, 27, 3+, 1})i A® (IZ, 44, 17, If) 
(2h)* (h)? 
(12) (23) (312) (lott) (122) (41) (ile) 
(1,2)3 (In 1)4 


: 3.42 
i (23) (3l2) (l241) (122) (41) (141) (l2) Ha 


While not the most complicated expression, it is not as easy to express this in 
terms of a basis of cut scalar integral functions as it was in the case of the s12- 
channel. The aim is to reduce the complexity of the dependency on expressions 
involving the loop momentum, and to identify the integral topologies that we 
expect to find. This means identifying loop-momentum dependent propagators 
of the form (J + p)*. Performing the spinor algebra would be difficult if there 
was no target to aim for, so we can also remind ourselves of the s12-channel 
cut result, which identified a simple scalar box integral as defined in Sect. 3.1. 
The s23-channel cut should also be sensitive to the same function and so we can 
try to expose this term. Let us look at the expression again, putting everything 
over a common denominator (as before we use the short hand C23j41 to refer to 
Cozi (IP (17, 27, 3+, 4+)) in this section), 


(1, 1)4(1n2)* + (1) 2)4(121)4 
(Ll2)? (l1 1) (112) (123) (124) (23) (14) ` 


C2341 = (3.43) 


The sı2-channel cut contained the spinor bracket (lıl2)} in the numerator and 
so, following the motivation to expose a similar box structure, we can apply a 
Schouten identity, 


(11) (122) — (Lila) (12) — (212) (121) = 0, (3.44) 
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which will produce a term very similar to the s;2-channel integrand. We can then 
write 


Cosa = C33i41 + Chja + (3.45) 
where 
cox (L1l2)*(12)* 
23180 (111) (112) (123) (124) (23) (14) 
1 
= —(—iA® (17,27, 37, 4*)) sia5 , (3.46) 
l ET 
and—after a reasonable amount of spinor manipulation—one finds 
Gas Hira 34, 44) 
23/41 = —1 oa) oy PEA 
12523 
x (tr (11282) + s12823tr— (11232) + 283833) 
tr_ tr_ 
x (1+ r Hi r CAPA ) (3.47) 
i+ pitsi (i — pa)? si2 
where we have used the notation tr(db¢d) = tr((1—ys)db¢d) /2 = 


(a|bcd|a]. The second part, C33] 41» contains three different propagator factors. 
After expanding we can identify them as cut bubble and triangle configurations 
with loop-momentum dependence remaining in the numerator. The numerators 
in this case are up to rank three in the loop momentum, where rank refers to the 
power of loop momentum appearing the numerator. Simplification will require 
further reduction techniques, which we will introduce in Sect. 3.4, and will be 
used to identify a basis of integral functions. < 


Exercise 3.1 (The Four-Gluon Amplitude in V = 4 Super-Symmetric 
Yang-Mills Theory) Supersymmetry is an additional symmetry between 
particles of different spins. This can relate fermions and scalars or fermions 
and gauge bosons, and the precise type of supersymmetry requires us 
to specify how the degrees of freedom (d.o.f.) are connected. Maximally 
supersymmetric Yang-Mills theory or N = 4 super-symmetric Yang-mills 
(sYM) theory has the maximum number of connections between gluon, 
gluinos (adjoint-representation fermions) and scalars (also in the adjoint 
representation). Connecting all degrees of freedom requires 2 gluon degrees 
of freedom, i.e. positive and negative helicity, 4 gluinos flavours also with 


(continued) 
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positive and negative helicity, and 3 complex scalar degrees of freedom (or 
equivalently 6 real scalars). The consequences of this additional symmetry 
are remarkable cancellations and appearance of hidden structures that are still 
an active field of research. For the purposes of this exercise, all that we need 
to know about the theory are its particle content and the tree-level amplitudes 
needed inside the double cuts. 

The particle content of N = 4 sYM theory is summarised in Table 3.1. In 
addition to the Parke-Taylor MHV formula (1.192) for gluons we also have 


Oona gy — o 
AS TB BANAT) 
Oreo see ye o 
2 AS aaa 

es k —i (12) (24)? 
ROWE oe 

nee (3.48) 

Oe ary ie ee 
A (14 2°34) = Gora) Bay (41) ’ 
A (19, 2°43", 46) = TIAA ’ 
(0) ae _ i (13)°34)" 
A (19, 2°, 3° 546) = Toy ay aay any ° 


where we omit the particle subscripts for gluons. All other amplitudes with 
two like-helicity gluons are zero. 

Use these tree-level amplitudes to show that the cut four-gluon one-loop 
integrands Te AO 2-,3*, 4+) in N = 4 sYM theory are given by 


Sree C aCe 2 a a 
(3.49) 
Gr AUC ei) rca MOT se css): 


(3.50) 


where on the RHSs are the cut integrands in YM theory computed above. In 
contrast to YM theory, in N = 4 sYM theory both cuts match the one-loop 
scalar box integral [10]. In other words, the term C33] 41 containing different 
propagator factors in Eq. (3.45) is absent from the s23-channel cut in sYM 


(continued) 
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theory. After summing over the two independent cuts we thus find that 


ADN=4 > 9-34, 44) = — AMI, 27, 3+, 4+) 519593 FL (549, 593) 


+ terms missed by cuts in 4D. 
(3.51) 


Note that we have upgraded the integral into D-dimensions in order to 
regulate divergences. Hint: the gluino’s contribution to the cuts comes with 
a negative sign as a result of the Feynman rule for the closed fermion loops. 
For the solution see Chap. 5. 


We finish this section with a few remarks. 


e The unitarity cuts allowed us to extract information about the rational coefficients 
of one-loop integrals from the product of on-shell tree amplitudes. 

e While in simple cases such as the s12-channel MHV four-gluon cut or maximally 
super-symmetric theories spinor manipulations were sufficient to identify an 
integral basis, additional work will be required to identify a basis of integrals 
in general. We will return to this point in Sect. 3.4. 

e The double cuts project out information on multiple coefficients and integral 
structures at the same time. If there were an operation that could project out one 
integral coefficient at a time, this would avoid difficult kinematic manipulations. 
This would be particularly important for amplitudes with more external legs, 
where the algebra can quickly get out of hand. We will explore this line of thought 
in the next section. 


Table 3.1 The particle content of N = 4 sYM theory and their degrees of freedom (d.o.f.). Here 
g™ represent positive- and negative-helicity gluons, A~ represent positive- and negative-helicity 
gluinos, and ¢ represent real scalars 

Particle gt At o AT g7 
d.o.f. 1 4 6 4 1 
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3.3 Generalised Unitarity 


The name “generalised unitarity” refers to the action of putting more than two 
propagators inside the loop amplitude on-shell. In fact the name is something of 
a misnomer, since the connection with the unitarity of the S-matrix is now lost. 
A better term could be generalised discontinuities, which relates to the work of 
Cutkosky [8]. 

Let us consider a one dimensional integral over the real line, 


fp?) = | at 


1 
=P 


z> (3.52) 


where p is a real number.’ This function has a discontinuity 


Disc 2 (Fo) = f (p? + i0) — f (p? — i0) 


1 1 
= | dk 
J oS a 70) ey 


The two terms on the RHS of this relation can be expanded into principle values and 
6 functions, 


1 Ana S 1 
popi - p) +P gA) (3.54) 


of which only the 6-function contributions remain, 


Disc 2 (Fo) = f dk 277i ô(k? — p>). (3.55) 
Following this argument one can show that a multiple discontinuity (or multiple cut) 


of an amplitude can be obtained by replacing 


1 
k? — m2 + i0 


> —2ri sh (e = m°) , (3.56) 


for a subset of the propagators in the integrand of a loop diagram. The act of 
replacing a propagator by a 6 function as in Eq. (3.56) is referred to as cutting that 
propagator. The integrand will then factorise into on-shell tree amplitudes. 


Multiple Cuts of Scattering Amplitudes By systematically putting loop 
propagators on-shell using the above Eq. (3.56), we can break up 


3 Note that this integral diverges over the full range (—00, 00), the argument presented still follows 
if a large-k cut-off regulator is introduced. 
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the loop amplitude into manageable pieces each of which isolates a 
particular subset of Feynman integral topologies. A maximal cut of a 
scattering amplitude is the contribution in which the highest number of 
propagators are put on-shell. Our one-loop four-gluon example has at 
most four propagators from the box configuration and so the maximal 
cut is a quadruple cut. We may thus use the factorised product of tree- 
level amplitudes to obtain information about the coefficient of the box 
integrals. We may then proceed to release cut constraints and use triple 
cuts which will identify both triangle and box topologies. Since we 
have previously identified the box configurations, the triangle integral 
coefficients can now be uniquely identified. We may then proceed with 
the double cuts that relate to the discontinuity of the one-loop amplitude 
and so on until the complete function is determined. This top-down 
approach can be taken at higher loop order as well. Cuts may be taken in 
four (using four-dimensional tree-level amplitudes in the factorisation) 
or D = 4 — 2e dimensions. 


Example: Quadruple Cut of gg — gg MHV Scattering Amplitude 


The maximal cut of the ordered four gluon amplitude isolates a single Feynman 
diagram by putting four propagators on-shell. 

If we can find a solution to the system of equations which places all four 
propagators on-shell, then the four-dimensional part of the loop integration will 
be completely fixed. As with the double cuts, we will remain in four dimensions 
for the time being, and come back to the issue of dimensional regularisation later. 
Let us denote this quadruple cut operation as C}|2)3;4, and represent the action on 
the four gluon amplitude using the following graphical notation: 


C1121314 


Pi (3.57) 
Each cut leads to a factorised product of trees where the sum over polarisation 
states is implicit. The momenta in each of the four propagators, l;, have been put 
on-shell by solving the conditions [e = 0. To find an explicit solution we can use 
a basis constructed from the spinors of the external momenta such as 


1 1 
li = an py + a2 py tas 5(Iy" [2] +4 5 (ly "111. (3.58) 
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Using momentum conservation, we re-write the four on-shell constraints as 


2=0 (3.59) 
2 2 l2- p2=0 
l = (h — p- p) =0 > 2h- p = 593, 


2 2 1?=0 
l4 =(h +p) =0 = 2h:pı=0, 
which then are easily translated into conditions on the coefficients a; iM 


aja2 —a30a4=0, 


giz =0, 
(3.60) 
0f1813 + 2823 + 03 (1/3|2] + œ4(213|1] = 523 , 


QŒ2812 = 0. 


These must hold for generic external kinematics, i.e., for s12 4 0 and s23 4 0 
(s13 = —S 2 — 523 because of momentum conservation). The second and fourth 
equations in the system (3.60) allow us to simplify the first constraint, which 
becomes a3a4 = 0, and so we see that there are exactly two solutions to the 
quadruple cut on-shell conditions: 


qd) _ (23) 
a = fo, 0, 3.0}, (3.61) 
oe?) = fo, 0,0, w] ! (3.62) 
where we introduced the short-hand notation œ = {a1,a@2,a3,a4}. These 


solutions deserve a few remarks. We see that the two solutions are complex, 
and in fact are complex conjugates of each other. In order to extract the value 
of the quadruple cut we will sum and average over the two solutions as well 
as the sum over helicity in the factorised product of trees. For now we simply 
state that this is the correct method to obtain the scalar integral coefficient, 
though we will return to prove this later in Sect.3.5.2. The fact that the loop 
momenta are complex means we must analytically continue the factorised tree- 
level amplitudes for complex momenta as well.> This step is quite familiar to 


4 The identities used perform the spinor-helicity algebra are given Sect. 1.8, in particular the Fierz 
identity in Eq. (1.118). The reader may also refer to Exercise 1.5 where the identity is proven. 

5 The on-shell delta functions in the cut integrals should also be reinterpreted as residue 
computations. 


116 3 Loop Integrands and Amplitudes 


us, since we have already encountered analytic continuation of tree amplitudes 
in the context of BCFW recursion. However, we should not underestimate the 
importance of having a well defined analytic continuation. In fact this feature 
was one of the main obstacles in the analytic S-matrix program of the 1960’s. 
Turning back to our example, all that remains to do is to substitute the on-shell 
solutions into the tree-amplitude expressions. Since these tree-level amplitudes 
will be of the form of Parke-Taylor MHV amplitudes, it is first convenient to 
write explicit spinor solutions for the the loop momenta /;. There is a flexibility 
in how to do this because of the little group symmetry, but a simple choice using 
z = (23)/(13) is 


hoa, W=; 
IP) =z |1) — |2), iS?) = 12, 
(3.63) 
1) = zJ1) — |2), i) = 2 (1) 2 Bi), 
D) = z]1) — |2) aa =p lll +121) 
IM?) =|1), 1P] =| + 221, 


for the first solution, while the second is obtained by complex conjugation 
(i.e. replacing |) <> |] which also means z <> z7). Other choices of spinor 
normalisation will not affect the final answer. 

We are now ready to start substituting the on-shell solutions into the expressions 
for the tree amplitudes. Let us start with the configuration of internal helicities 
shown in Fig. 3.4. Each of the three-point amplitudes is either MHV or MHV. 
The first amplitude at the top left of the cut evaluated on the first on-shell solution 
is 


(141)? 
(h (—l4))((—l4)l1) ° 


(3.64) 


151 


P2 pi 


P3 pt 


Fig. 3.4 An example helicity configuration contributing to the quadruple cut of the four gluon 
MHV amplitude. In the right panel the configuration is shown with MHV-type vertices shaded in 
white and MHV vertices shaded in black 
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from which it is simple to see Aj| 0 = 0, since the spinor solution in Eq. (3.63) 


shows the angle spinor for /; is proportional to the angle spinor of pı. One may 
worry about the remaining spinor products in the denominator since they can also 
be shown to vanish on the solution / 9, but the overall dimension of the three- 
point amplitude ensures that A1 | i) is indeed zero. There is a similar story for the 


solution cae where we see that, since Fe œx |2), then A249 = 0. As a result 


we find no contribution from this helicity configuration. This is a general feature 
of quadruple cuts for massless theories, and we can use the fact that three-point 
amplitudes contain only angle or square brackets to conclude: 


Three-Point Vertex Rule for Unitarity Cuts Unitarity cuts of one-loop 
amplitudes do not support adjacent MHV (or MHV) three-point 
vertices. 


A popular and convenient graphical notation is to shade the three-point vertices 
to indicate whether they are of either MHV (white) or MHV (black), as shown 
in the right panel of Fig.3.4, which demonstrates that this internal helicity 
configuration vanishes since we have highlighted adjacent MHV amplitudes. 
Applying this rule to the full helicity sum leads us to find only two non-vanishing 
contributions, one for each of the two solutions: 


C1121314 


(3.65) 


C1121314 


(3.66) 
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We can now complete the computation of the quadruple cut: 


7 [44]? (1,2)? [313]? (I314)3 
0 [441] [141] (2/2) ¢2al1) [8312] [123] (144) (4s) [po 


pi 3 (3.67) 


_ __(2[21))° (12)? [343]? (%31) 
© IIDC) (2(21))(=(21)) [32] [23] 1443) o 


Py P3 


(3.68) 


The substitution of l3 would require some spinor manipulation at first sight but 
the spinor products can be combined together to make “sandwiches” of the l3 
momentum, after which where we can evaluate using momentum conservation: 


BBP (B) — ALBE] _ G27R3Pr — 12237 (3.69) 
[52] (43) 1 (416121 (43)132]) 4) l 
Putting everything together, we find the final result is simply° 
Pi Py 
ir i—i 
= —512523(-iA (17, 27, 3*,4*)) . 
(3.70) 


6 As is always the case with spinor algebra there are many paths to reach the same final result. 
Here we have attempted to be very explicit but the reader may prefer alternative derivations. For 
example, by expanding in the spinor basis for pı and p2 we broke some symmetry in the original 
configuration. One can apply some more algebra to show that IP) = |3), u] = tay 14] for 
example, in which we would get a simple result without first combining into spinor sandwiches. 
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A similar computation for the other non-zero cut configuration leads to 


Py 


= —512593(-iA (17, 27, 3*, 4") . 


+ 
P4 


(3.71) 
The coefficient of the scalar box integral is the average of the two solutions, and 


so we recover the result observed from the double cuts, that is 


AD (17, 27, 3+, 4*) = ico, 12/3417, 27, 3+, 4+) FY (s12, 523) 
+ subtopologies , (3.72) 


where 


2 
1 
= 9 3+ ty M- 9- 3+ at 
co;1)2)3}4C , 27, 3°, 4 y= 5 È Ciapa (7 (1-253 4 )) 


s=1 


i 
= —512523(-iA@ (1, 27, 37, 4*)). (3.73) 
< 
Exercise 3.2 (Quadruple Cuts of Five-Gluon MHV Scattering Ampli- 
tudes) 


(a) Follow the method of quadruple cuts for the one-loop five-gluon ampli- 
tudes to show that 


cois (17, 27, 3°, 47, 5+) = 5912823A (1, Dea ly Ate oo 
(3.74) 


(b) A more complicated example is required to show that we will not always 
find that box coefficients are proportional to tree-level amplitudes. Using 


(continued) 
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the same technique, show that 
- = i z z 
coas (1+, 24, 37, 4+, 57) = Fsassis A (1+, 2+, 37, 4+, 57) 


(4) (ae) | 
X + A 
(14) (35) (14) (35) 


(3.75) 


For the solution see Chap. 5. 


3.4 Reduction Methods 


Through the concepts of unitarity and generalised unitarity cuts we have been able 
to understand better the meaning of Eq. (3.1). While performing two-particle cuts, 
we saw that the cut-constructible part of the four-gluon MHV amplitude could 
be written in terms of a scalar box integral and sub-topologies written in terms 
of triangle and bubble integrals with some non-trivial numerator function. In this 
section will we show how to reduce this loop dependent tensor numerators to basis 
integral functions. We will then see how we can extend these ideas to find a basis of 
integrand level structures. 


3.4.1 Tensor Reduction 


This approach to the computation of one-loop amplitudes due to Passarino and 
Veltman [11] revolutionised the field of precision theoretical predictions for high 
energy experiments. The method is remarkably and elegantly simple. We will 
restrict ourselves to massless propagators as before although the method is equally 
applicable in the general case. Consider a tensor integral such as 


at Pee ee I= fa — Pal (3.76) 


where qa = ya Pp as before. Feynman’s iO prescription is irrelevant for the 
purpose of this section, hence we omit it. After integration the integral can only 
depend on the independent external momenta, and so the vector can be described by 
a linear combination of n — 1 external momenta, as 


n-1 


FIPI KH] = = E Pe (3.77) 
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where we have dropped the momentum argument on the LHS for a more compact 
notation. The coefficients a,,;, referred to as form factors, can then be determined 
by constructing a linear system of equations through contractions of Eqs. (3.76) 
and (3.77) with the basis vectors p;. For illustrative purposes it is useful to take 
a specific example, say n = 2 with P? Æ 0. We then find one equation, 


k- py 2 
erm et = 


By rewriting the scalar product in the numerator in terms of inverse propagators 


through 2k - py = k? — (k — pı)? + P, we can expand the LHS into three scalar 
integrals, 


T 1 Ta] 1 E 5 (3.79) 
2h Ep 2h 2, RR pye OPT ' 


The first two scalar integrals on the LHS have the topology of a tadpole. Since they 


do not depend on any external scale, they are zero in dimensional regularisation,’ 
and so we arrive at the well known result 
1 
a1 = =F) (pit. (3.80) 


2 


For a general tensor we can decompose into bases of external momenta and the 
metric tensor, for example, 


PLP get KH] = f Kek" = az o0 nl”? + a 11 p p, (3.81) 
k k?(k — pi)? i , 1 PI 
FP git graphs] = f De 
r k? (k = pi)? 
= 42,001 (ih? pf? + q2 pi"! + nti pt2) 
+ 42,111 Pi Pi Py (3.82) 


Note that the final example is a rank-three two-point function, which would not 
appear in a conventional renormalisable gauge theory, which permits a maximum 
tensor rank of n for a n-point one-loop function. This follows from the restrictions 
on the mass dimension of the operators that represent the interactions leading to a 
general counting of one power of momentum per three-point vertex. This is not the 
case for gravity theories (see Sect. 1.6) or effective field theories. 

Explicit solutions for the form factors are easy to find with an automated 
computer algebra system, although for higher-point integrals can quickly generate 


7 We will come back to this non-trivial aspect in Chap. 4. 
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large expressions and complicated denominators from the determinant of the linear 
system of equations. These are known as Gram determinants, since they are related 
to the Gram matrix computed from the independent external momenta, that is, the 
matrix of entries [Gn];; = pi - pj withi, j =1,...,n—1. 

There are many references in which well organised analytic solutions are 
presented, see [7] and references therein for a summary. Many of these have seen 
extensive use in high energy physics applications. We leave the complete solution 
to the bubble system as an exercise. 


Exercise 3.3 (Tensor Decomposition of the Bubble Integral) 


(a) Prove that the form factors in the decomposition of the rank-two bubble 
integral in Eq. (3.81) are given by 


Pt [D] 
a2,00 = F; (pi)[l], 
ka D (3.83) 
Ge e ay Pp U1]. 


(b) Prove that the form factors in the decomposition of the rank-three bubble 
integral in Eq. (3.82) are given by 


p? D 
40,001 = ET E x FP pD, ase 
D+2 i 
a111 = 3D D FP (ppU. 


For the solution see Chap. 5. 


Example: Reducing the gg — gg s23-Channel Cut to Scalar Integrals 


At the end of Sect. 3.2 (Eqs. (3.45)-(3.47)) we reached an expression for the 
s23-channel double cut of the four-gluon MHV amplitudes written in terms of 
cut Feynman integrals. The box contribution was already in a reduced form, 
while the triangle and bubble sub-topologies had non-trivial dependence in the 
numerator. Since we will use many different generalised cuts, we use the notation 
from Sect.3.3 for the quadruple cut Cj)2\3\4, also for the double cuts Czy, 
triple cuts C7 7;x, and so on. The sj2-channel cut of a four-particle process is 
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therefore represented as C}2)34, and C2341 represents the s73-channel cut. Written 
explicitly in terms of the integral functions FIP! the result is 


Cosiai (aa, 25". 4*)) = Ct + Chai: (3.85) 
where® 
Ogh = -AC (17, 27, 3+, 4) s1223 Cosa (FE Mpo, p3, pad), G-86) 
Chg = —2A® (17,27, 37, 47) AA x 
$2593 


1 
C2341 (AP com inal + 5g hs (P2, PayIN3,al 


LD] 
ree (p2, P3)IN3,61 |) - (3.87) 


Here the non-trivial numerators are given by 
No = r- (Ah? + 512523 tr- (11232) + 2579553, (3.88) 
N3,a = tr- (1h 42) (tr_(/o32)° + 912573 tr- (11232) + 2shs2) , 8.89) 
Nay = (2 BL) (tr L282)? + sst- A39 + 2shsh) > (38-90) 


where J; = k and l2 = k — p23. We can also represent this equation graphically, 
which helps to keep track of the integral topologies. We draw the s23-channel cut 
of the box integral as 


C3141 = 


i nS, (3.91) 


Pr Po Py Po 


C2341 == @ 512523 


+ + í 
P4 P3 Py pt A y 


8 Note that we have changed the double cut to apply to the amplitude rather than the integrand in 
this section, which affects the factors of i. 
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(3.92) 


As we can see, there is still a bit of work to do to simplify this expression. Let us 
start with the bubble configuration, which has rank-one and and rank-two tensor 
numerators, 


F4?!(p93)[Nol = 
tr- Ayu bD) tr- L732) FS?! (pos) [(k — p2)! (k — pos)? 


+ 512593 tr- Ayu 32) FL? pa) [k — pa)! ] + 2829535 FP p]. 
(3.93) 


We have already reduced the rank-one integral so we may substitute the form- 
factor decomposition (3.80), 


s1282 tr_(Ly"32) FL"! (pa)[(k — p23)”] 
1 
= 512823 (-31-0 p72) FIP pa3)[1] (3.94) 


1 
= — 581283 Fy "(pos U1. 


The rank-two integral will involve several steps of algebra but follows exactly 
the same strategy. From Eq. (3.81) with the form factors in Eq. (3.83) we may 
substitute into the rank-two integral above, obtaining 


tr- Aym ZD -AYD FIP '(pos)[(k — p3)! (k = pa3)?] 
= az 00 tr- (17, PD) tr- (dy! B2) + az, 11 tr- (1 pa) 


a) 
= 42,11 512593 


D 
= Rb ops PaM. (3.95) 


The triangle tensor integrals look troubling at first sight, since we must use 
reduction for up to rank-three integrals, 


FL\(p,, po) tk") = a31 pt! + a32 ph", (3.96) 


D 2 
FL lp, pr) kk] = a3 o0 2 
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+ 42,11 pi pe + 43,12 (pi p3? F Pips) + 43,22 ph py > 
(3.97) 


FIP pi, po) kM] = 
a3,001 (n pi? + q”? pi + Oo) 
+ 43,002 (n2 p3’? + n”? ph" + n“! ph?) 
+ 3,111 Pr pP Be + 43,222 ph’ De Ps 
+ 43,112 (pe pi? p? + pie Py ph" F PY pi ph’) 
+ 43,122 (PY! P3 P3 + Pi P3 P3 + PY pi Ps?) 8-98) 


Let us start with the easiest rank-one part of the integral FP! (P23, P234), 


pl (p23 ; p234) [2 tr_ (1142) 519533] 


= 253s (43,1 tr_ (1 p342) + a3,2 tr (13442) 
=0. (3.99) 
In fact, if we follow through with all the form-factor substitutions we will see that 


all tensor triangles reduce to zero. So with a little bit of extra work with tensor 
reduction we have found a compact final answer: 


1 


NG] 
312823 


x C23j41 (EP [ur (LHD? + si2s23 tr- (11422) + 2shys%]) 


Cy41= — 2 A®(17,27,3+, 4+) 


D 1 
e (OFA o e T a as [D] 
= =2A (17,2 ,3*,4 (ao 5 +2) Cova (F! (pxs)L1I) 


7D—6 
mee Ss AOU, Oe 3t, 4+) 


(3.100) 


< 


3.4.2 Transverse Spaces and Transverse Integration 


The development of integrand-reduction techniques led to many efficient methods 
for the processing of tensor integrals. Here we would like to highlight the advantages 
of decomposing the loop momenta into transverse components. This feature has 
been exploited in a number of situations including—but not exclusively—the 
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loop-momentum basis of Van Neerven-Vermaseren [12], Baikov integral represen- 
tations [13], and the adaptive integrand-reduction method [14]. 

We start by considering an n-point, L-loop Feynman integral in D = 4 — 2e 
dimensions which depend on n — 1 independent momenta, 


FLA (py, Prt) = ff a fak}, {p}. (3.101) 
C1 L 


We continue to assume the external momenta {p} are in four dimensions. This 
implies that the independent external momenta span a space of dimension m = n— 1 
ifn < 4,orm = 4ifn > 4. For a one-loop box integral m = 3, for a pentagon 
m = 4, and a hexagon would also have m = 4. So we may write the loop momenta 
as a decomposition of an m-dimensional and 4 — m — 2e dimensional space, 


aed alee a e (3.102) 


L 


which are orthogonal, 


le alas 7h (3.103) 
Ifm <4 (i.e. ifn < 4), we may even consider three transverse spaces of dimensions 
m,4—m and —2e, 
u _ pulm] | pu {4—m] , pul- 2e] 
k; = k; +k; +k; ; (3.104) 


all orthogonal to each other. Since the various indices become cumbersome at this 
point it is convenient to introduce some notation: 


pem ki spans the physical space of the loop integral, 


L 


ke ík 


i į Spans the spurious space of the loop integral, 


iit? 


; spans the extra-dimensional space of the loop integral, 


ge m-2] 


i spans both spurious and extra-dimensional space of the loop integral. 


We use the term physical to indicate the space after integration, i.e. the space of 
independent external momenta that we used for tensor reduction in Sect. 3.4. The 
term spurious space is used to indicate terms that are non-zero at the level of 
the integrand but which will vanish after integration. For each of these spaces a 
spanning set of momenta can be found. The construction of such a basis is often 
referred to as the Van Neerven-Vermaseren basis [12]. For the physical space k! I 


the independent external momenta can be used. For the spurious space kË | we may 
find an orthogonal basis of four-dimensional vectors. Traditionally these are denoted 
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wy and depend on the vectors p” spanning the physical space. In the Van Neerven- 
Vermaseren construction they are orthonormal, i.e. w; -@; = Niôij with N; = 1. In 
a given implementation it can be beneficial to let N; # 1 in order to avoid square 
roots in the kinematic invariants. 

Let us give an explicit example to make things clearer. Consider a one-loop 
triangle configuration with massless external momenta p1, p2 and p3. This means 
the spurious space has dimension two and the physical space may be spanned by 
{p1, p2}. General four-dimensional vectors may be written as 


u m u 1 u 1 u 
w; (P1, P2) = Ci Py +2; P) +03; zly 2X |1] +04; 5 (Aly 1X2], (3.105) 


where i = 1,2, and we have introduced an arbitrary reference momentum X to 
ensure the coefficients œ are free of any spinor phase. 
The spurious vectors satisfy the conditions w; - pj = 0 and a; - œj = 4;; if 


1 
ay; =A = 0, 0131042 + 141032 = 0, 58120 TX ZK )o13; 004i =1, 
(3.106) 


for i = 1, 2, and so we find the explicit representation 


or ( = — 
EE Vsiztt 1 X2X) 
wh ( = Es 
re V sy2tr(1X2X) 


In the context of a full amplitude computation, the momentum X could be one 
of the other independent external momenta. It is also clear in this expression that 
the complicated prefactor results from the assertion that the vectors should be 
orthonormal, and can be avoided by releasing the condition without affecting any 
final amplitude level results. Numerators for amplitudes in the transverse space 
(which are Lorentz scalars) may now be expressed in terms of scalar products k1-@j, 


(ly “2X|1] — (2ly“1X12]), 
(3.107) 
((y42X|1] + (2|y"1X|2]). 


kt) = (ka) af + (ki a2) of. (3.108) 


We could try to span the extra-dimensional space with explicit vectors, though 
we would be forced to introduce a fixed embedding dimension larger than four 
to do it. As a result we would lose all the convenient four-dimensional spinor- 
helicity methods that have been working well so far. Instead, we simply identify 
the independent scalar products appearing, which depend only on the number of 
loops. At one-loop there would only be a single extra-dimensional scalar product, 
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Kia : kore = — Hi1. (3.109) 


The definition of the extra-dimensional scalar product m11 includes a sign so this 
appears as an effective mass term in the propagator, 


ki = kp +k — wa. (3.110) 


At higher loops more extra-dimensional scales will be introduced, which may be 
labelled j4;; := ki? . ae At two-loops there would be three such scales and 
L(L + 1)/2 for the general L-loop case. 

We finish this section by demonstrating a useful application of the decomposition 
into transverse spaces: transverse integration. If the numerator for a given tensor 
integral lives in a transverse space, we may provide a general tensor decomposition 
using only the metric tensor in the transverse space. For example, returning to the 
one-loop triangle, consider: 


f k. wij f ke 
= QQ; 
k k?(k — prrk = pi)? Je K(k — pi)? (k = pir)? 
= Oi, (43,1 Py + 43,2 PS) 


=0, (3.111) 


where we have used the Passarino-Veltman reduction from the previous section. 
Following the same logic it should be clear that for any odd power, r, of the 
numerator (k - wi)”, the integral will vanish. Even powers do not vanish, but we 
may expand the tensor integral using the metric tensor n» for m = 2, which 
satisfies 


ne = m. (3.112) 


The tensor decomposition can be written in terms of a form factor gil. which 
multiplies the metric tensor of the two-dimensional spurious space. For instance, 


for r = 2, we have that 


| (k-o) | aie tig 
= Oi wi 
k k?(k — p1)? (k — pia)? fk (k = p1)? (k — pir)? 


ESES . gêl puin [2] 
= Oi, u, Xi, u2 43,00 


= o7 al. (3.113) 


i 
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Projecting using the tensor nel leads to 


~[2] [2] ,,[2 — ^ z2] 
By 9 MT nia, = 2.45.99 (3.114) 
ki 

= (3.115) 

Í k?(k — p1) (k — p2)? 

k? — ki + i 

= I 5 l a 8.116) 

k k“(k — pı) (k — p12) 


The term ki may be written in terms of the propagators by decomposing ki as 


ky - p2 ky Pi 
ki = 1 pit 4 CE ph. (3.117) 
P1 : p2 Pi: p2 
This in fact implies that 
2 (ky - ky - 
R= (ki - pi) (ky © p2) ; (3.118) 
Pi: P2 
which can be expressed in terms of the propagators using 
2k pr =k? — (k - pi)’, (3.119) 
2 ky - p2 = (k — pi)? — (k= p? +512. (3.120) 


In this way we write the original rank-two tensor integrals in terms of the usual 
Feynman integrals but including a triangle with u11 in the numerator. We will see 
later that there are methods to integrate it directly. We may also observe a very 
similar but alternative derivation of the same integral: 


| (k- i)” | KUK? (3.121) 
= O11, i : 
k k?(k — p1)? (k — p12)? TM? Jy K(k — p1)?(k — pir)? 


f kri s[2—2€] u2, [2—2e] 
= wi, u, Mi, (3.122) 
D DAR Ji Ak = p1)?(k = p2) 


2—2e] 
0 


= Øi m pug fog geo 1, (3.123) 
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This time the form factor Lee multiplies the metric tensor of the (2 — 2e)- 


dimensional spurious and extra-dimensional spaces. Contracting this expression 
with the same metric tensor gives 


~[2—2e] 
.00 


[2—2e] [2-2] _ ~ [2—2€] 
a HaHa I ye “el — 2(1 — e€) a3 00 


3,00 7 Mi fz 
i2 — k? (3.124) 


~ Í E- pIE- po)?’ 


which does not include the u11 integral. We recall that ki can be written in terms of 
propagators as discussed above. Putting everything together we obtain 


(k - wi)? aa k? — ki + mi 
E= pk- pr)? a k? (k — p1)? (k — p12} 
k Pl P12 k Pi P12 


(3.125) 
2 1 K- ki 
= f 2 2 a 
2(1 — €) Jg K(k — pi) (k — p12) 
Comparing both results we find that 
2_ 72 
f Hir eee: | i (3.126) 
k k?(k — pi)?(k — pir)? 1 — € Je (kK — p1)’ (k — pir)” 


This exercise demonstrates a number of ways to move around the space of loop 
integrals and integrands, and gives us enough technology to describe a complete 
procedure for the computation of one-loop amplitudes. 


Exercise 3.4 (Spurious Loop-Momentum Space for the Box Integral) 
Consider a one-loop box configuration with massless external momenta pj, 
P2, p3, and p4 (p? = 0, pı + p2 + p3 + pa = 0). 


(a) Determine the dimension of the physical and of the spurious space. 
Construct a basis of the latter using the spinors associated with the 
external momenta. 

(b) Show that the vector spanning the spurious space is proportional to 


œ" (pı, p2, p3) = €”? Dip Pr P3o - (3.127) 


Note that œ” in Eq.(3.127) spans the one-loop box spurious space also 
for massive or off-shell external momenta (p? # 0). In other words, 
æ(pı, p2, p3) - pi = O for any i = 1,...,4. For the solution see Chap. 5. 
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3.5 General Integral and Integrand Bases for One-Loop 
Amplitudes 


3.5.1 The One-Loop Integral Basis 


At the beginning of this chapter we already introduced the idea that any loop 
amplitude may be decomposed into an analytic part (a Feynman integral) and an 
algebraic (or rational) coefficient. Using our notation for one-loop amplitudes (while 
continuing to suppress couplings, Wp and 47 prefactors) this reads 


APP, = Sie OL dss) BPN pi pa-DIN], (8-128) 
m,N 


where we must finalise the sum of propagator multiplicity m and numerators N 
which form an integral basis. In the examples of tensor integral reduction we have 
seen how the large numbers of tensor integrals which appear in the amplitude can 
be reduced onto a small number of integrals resulting in large simplifications. If we 
collect the results from Sects. 3.2 and 3.4 we can summarise the information we 
have gathered about the four-gluon MHV amplitude in D = 4 — 2e dimensions as 


AW. 2l] 2 3t, 4+) = AVAT, 27, 3+, 47) 


a 11 = 
x ( -ssar 2e Cpi, po, ps)U1] — aie Poin) 


+ terms missed in 4D. (3.129) 


Here we have used the notation from Sect. 3.4, where the integrals are labelled by 
the external momenta flowing in the propagators and the numerator dependence, in 
both cases here just simple scalar integrals. 

At one loop the tensor-reduction method is sufficient to completely classify the 
basis of all one-loop integrals for an arbitrary number of external momenta with 
arbitrary kinematics. In order for it to be clear where we are going as we derive this 
basis, let us begin by quoting the final result. 


A General Formula for One-Loop Amplitudes A one-loop amplitude in 
dimensional regularisation with four-dimensional external states can be 
written as 


AMMA 211, ....n)= 


i 4-2 
5 i C0;i4lizlisli4 F! lpi, is 1s Pir,i3-15 Piz,i4,—1)[1] 


1<i| <i2<i3<iqg<n 


4-2 
+ SS iconii FA 


1 <i) <in<i3<n 


(Ph a-is Pir,i3- U1] 
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' 4—2 
+ > 1C0;i;|i2 F! pirin- DE] 


1<i, <in<n 
+ J icon FEC pp] 
1<i, <n 
+ R(,...,n)+O(e), (3.130) 


where R is a rational function of the external kinematics. There is quite 
a lot going on here so let us unpack it. Firstly we see that result is 
quoted in 4 — 2e dimensions and given only up to terms of O(e°). 
No integral functions with more than four propagators are required 
and only scalar numerators appear. The rational coefficients, c, do not 
depend on € and may be obtained using four-dimensional unitarity cuts. 
The only term missed by the four-dimensional cuts is a rational term. 
We will need to work a little harder before we can justify that the 
remaining contribution is simply a rational function, and for now we 
leave it as statement without proof. Let us also clarify that the term 
rational function of the external kinematics is used to indicate a rational 
function of spinor products and so is a tree-like function. We note that, 
for massless theories, bubbles on external legs and tadpoles vanish in 
dimensional regularisation, so the basis simplifies. 


The fact that no scalar integrals with more than four propagators are required 
in D = 4 — 2e dimensions can be seen by considering the linear dependence of 
the internal and external momenta. The argument relies on our assumption that the 
external momenta live in four dimensions. As a result, ina D = 4 dimensional loop- 
momentum space, there can only ever be four independent propagators and therefore 
the pentagon integral can be written entirely in terms of box integrals. Following 
the exercise below we can see that the linear dependence of the momenta can be 
related to the vanishing of the associated Gram matrix. If the internal momentum 
is in D = 4 — 2e dimensions there is one additional degree of freedom that means 
the pentagon integral is also independent, but all integrals with a higher number of 
propagators will be completely reducible. Using the basis choice in Eq. (3.130) the 
contribution of the pentagon-type integral has been moved to the terms of O(e), in 
order to make the property that the pentagon vanishes in four dimensions manifest. 
We will see later exactly how this can be achieved. This fact was also demonstrated 
implicitly in Exercise 3.2, where the four-dimensional quadruple cuts of the five- 
gluon amplitude identified only the box coefficients and did not detect any pentagon 
integral function. 

The origin of rational terms, R, comes from terms in the integral coefficients 
of higher order in € multiplied by potential divergences in the integrals resulting 
in terms like £ in the expansion. Through an integrand-level analysis using the 
transverse decomposition one can find an explicit representation of these terms, as 
we will show later. 
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Exercise 3.5 (Reducibility of the Pentagon in Four Dimensions) 


(a) Prove that the massless scalar triangle integral pe defined by Eq. (3.2) 
with n = 3, ma = 0, and N = 1 is reducible in D = 2 dimensions. For 
simplicity assume that Ps =) = Da Hint: introduce a two-dimensional 
parametrisation of the loop momentum, and use it to derive a relation 
among the inverse propagators. 


(b) The Gram matrix G of a set of momenta q1, ..., qn is the matrix of entries 
[G (41, 92,---, Qn) ij = qi ` qj, (3.131) 
for i,j = 1,...,n. If the momenta are linearly dependent, their 


Gram matrix has vanishing determinant. Prove that the relation among 
the inverse propagators found at the previous step is equivalent to the 
vanishing of a Gram determinant. 

(c) Use a Gram-determinant condition to prove that the massless pentagon 
integral F|”! defined by Eq. (3.2) with n = 5, ma = 0, and N = 1 is 
reducible in D = 4 dimensions. Parametrise the kinematics in terms of 
independent invariants assuming that p aZoforalk SIPS: 


For the solution see Chap.5 and the Mathematica notebook 
Ex3.5 Reducibility.wl [15]. 


3.5.2 A One-Loop Integrand Basis in Four Dimensions 


The integrand-reduction method is often referred to simply as the OPP method, fol- 
lowing the initials of the authors who introduced the method: Ossola, Papadopoulos 
and Pittau [16]. We have already made the first steps necessary to follow this method 
in Sect. 3.4.2, where we discussed how to provide general parametrisations for the 
loop momenta at the integrand level using transverse spaces. The easiest place to 
start is with terms with the maximal number of propagators, often referred to as the 
maximal cut. At one loop this means the box configurations. 

Throughout our general discussion on the one-loop integrands we do not have a 
particular multiplicity of external legs in mind. As a result we will use the notation 
1|2|3|4 for a general box configuration in which the momenta at the four vertices 
P1, P2, p3, p4 are considered to be combinations of external legs. A similar notation 
also applies for triangle and bubble configurations. 
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Fig. 3.5 A general box pi 3 p 
configuration labelled e h 
according to the conventions 

of Sect. 3.5.2.1. The arrows 

denote the direction of the 


momenta 


k-q=k 


Dan 


d k — q, = k + p4 ` 


3.5.2.1 The Box Integrand in Four Dimensions 

The box configuration has three independent external momenta, and so the loop 
momentum has a spurious space of dimension one. Let us consider a general 
configuration 1|2|3|4 with four masses and arbitrary momenta entering each vertex. 
The inverse propagators are labelled as D; = (k— qi)? — m?. In terms of the external 
momenta p; they are given by 


Di=k —mi, D3 = (k — p) — m3, 
5 5 j (3.132) 
Dz = (k — pı) — m5, D4 = (k + pa)” — mj. 


This configuration is shown graphically in Fig.3.5. Discarding the extra- 
dimensional terms in the loop momenta, and denoting the spanning vectors for 
the physical space as v“ = ipt. p3, p$}, we may write 


k” =k) +k w)", (3.133) 
ky =a-vi, (3.134) 


where œ = {a1, 2, a3} andw- pj = 0.2 As we showed in the triangle example in 
Sect. 3.4.2, the coefficients œ may be written in terms of external invariants q; - qj 
and Lorentz-scalar products k - qj, where as before gi = )-)_ i pı. The latter can be 
written as the difference of two inverse propagators, e.g. k - py = (Dı — D2 + p + 
m? — m3) /2. This tells us that the loop-momentum dependence of œ can be written 


completely in terms of the four inverse propagators. 


° We use the inner product symbol - for all spaces, so that p -q = PY dy and a+ v4 = a; ul! with 
summation over repeated indices implicit. 
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Our aim is to define an irreducible numerator, Aj)2)3)4, that parametrises all 
possible loop-momentum dependence in the numerator of the box topology. In 
other words, we are interested in taking the quadruple cut of the numerator 
function. Working at the integrand level, we re-use the notation C})2)3;4 used for 
the amplitudes in Sect. 3.3 to indicate the inverse propagators are being set to zero: 
Cigal f) <= flp,so0 for alli = 1,...,4. As we have just ascertained that 
the loop-momentum dependence of æ is entirely in terms of inverse propagators, 
the relevant part of the loop-momentum parametrisation in Eq. (3.133) depends on 
only one loop-momentum dependent scalar product, k - w, which we refer to as the 
irreducible scalar product (ISP). All terms in œ proportional to inverse propagators 
fall into sub-topologies which will be dealt with later. For a renormalisable gauge 
theory!° the dependence of the numerator must then have the form 


4 


Aj)2)3/4(k - œ) = Yo chiga (k-o. (3.135) 
i=0 


There is however one more constraint on the loop-momentum dependence of the 
numerator that comes from the condition Dı = 0: 


Cj 21314 G — m?) = Ciaj (xi) + (k. o) o = mî =0. (3.136) 


Since C1 \2)3/4 (Ki) is a function of the external invariants only—the inverse propaga- 
tors are set to zero—it is a constant as far as the loop-momentum dependence goes. 
The condition (3.136) therefore states that monomials with more than one power of 
k - w are reducible. We may thus write the numerator of this box configuration as 


4A1121314(k + œ) = co; 1)2)3/4 + €1;11213]/4 A œ) , (3.137) 


where the rational coefficients co and cı can be determined for an arbitrary process 
from the cuts of Feynman diagrams or, as we have described earlier in this chapter, 
from the product of tree-level amplitudes. To put this more concretely, we can use 
the explicit loop-momentum solutions to Eq. (3.136), 


mt — Cija (k? 
kre = Cj 2/314 (xi) xz eT al $ (3.138) 


w2 


10 For other theories, effective theories or gravity the only change would be to increase the upper 
limit on the sum. 
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to write down an expression for the quadruple cut of an arbitrary one-loop 
amplitude: 


4 
C1121314 (apean) = f 4A1121314(k - œ) (Tso) 


i=l 
4 4 

= [ (TT) (Tso) ; (3.139) 
k i=l isl 


where J‘) represents the integrand of the one-loop amplitude as introduced 
previously. Identifying the integrands subject to the delta function constraints leads 
us to the algebraic relation 


(3.140) 


4 
Ay \2)3/4(k - o) = (m I] D:) 
Di=0 i=l 


D;=0 


If we had explicitly performed the integration over the delta functions in Eq. (3.139) 
we would also obtain a Jacobian factor but it would cancel on both sides of the 
relation. The integrand J“) could be obtained by simply taking the subset of 
Feynman diagrams which have the same four propagators and substituting the on- 
shell values of the loop momenta k*. In a physical gauge,!! it is easy to see that 
this subset of diagrams may also be written as the product of tree-level amplitudes 
summed over the internal helicity configurations: 


4 
(ft 
i=l 


=> [ae (cem, pis * — pp”) i40 


k£ ai 


x (e+ pD, pa, &* = pray") 


iA (CHE + pia), pa, * + pay) iA® 


x (CRE pp ™, pa, am)| 


= Aija (k™ - @). (3.141) 


11 In Exercise 1.7 we showed in the light-like axial gauge that the numerator of the propagator can 
be written as the product of polarisation vectors in the on-shell limit times a factor of 1. Incidentally, 
this is the origin of the factors of i which accompany the tree-level amplitudes in the factorisation 
on the cuts, see e.g. Eq. (3.141). 
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Using the on-shell values for the ISP, 


7 mī — Ci)2/314(k7) 
ko =t {2 (3.142) 
w 


we can invert Eq. (3.141) to find solutions for the rational coefficients c;-1\2)3)4 of 
the parametrisation of A1)2)3\4 in Eq. (3.137). We obtain 


1/0 =M 
coana = 5 (7 T)V+T (k )), (3.143) 
1 w? —(1) =) 
' = TC Af (K)), 3.144 
c1;12134 e oe E+) — TPA) (3.144) 


where we introduced the short-hand notation 


4 
i=l 


This proves the averaging prescription that we already applied during generalised 
unitarity cut computations in Sect. 3.3. Having determined both coefficients from 
the on-shell cut, we see that the contribution to the amplitude is simply 


(3.145) 


k= 


A k ee 
I; a e Bp = o Fe 2ed Cpi, po, p31], (8-146) 


as the second, spurious, element integrates to zero following the arguments pre- 
sented earlier in Sect. 3.4.2 regarding transverse integration. Notice that the minus 
signs on the inverse propagators have been put in to match the conventions for the 
Feynamn integrals in Eq. (3.2). 

We have now demonstrated two important facts: a general basis for the (four- 
dimensional) box part of any one-loop amplitude is simply the scalar box integral, 
and its coefficient may be extracted by a purely algebraic procedure using gener- 
alised unitarity cuts. 


3.5.2.2 The Triangle Integrand in Four Dimensions 
The procedure for determining the remaining parts of the amplitude and establishing 
a complete integral basis is to reduce the number of cut propagators to the triangle 
(then bubble, then tadpole) contributions. 

We begin in exactly the same fashion as the box configuration by defining the 
inverse propagators according to 


Di=k-—m,  Dr=(k-p)?-m},  D3=(k-— p) — m3, 
(3.147) 
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and parametrise the loop momenta using two orthogonal spurious vectors wj, 


k” = ky + (k- a1) @ + (ka) 0, 
(3.148) 
ky =a-v", 


where v“ = {py ps} with ol Pju = 0 fori, j = 1, 2, and œ = {œ1, a2}. We have 
seen the explicit construction of the physical and spurious spaces in Sect. 3.4.2 so 
it is clear that « only depends on the inverse propagators, and hence on the triple 
cut have no loop-momentum dependence. We therefore have two ISPs with which 
to parametrise our triangle integrand: k - w and k - w2. For a renormalisable gauge 
theory the maximum tensor rank is three and so a general parametrisation is 


Aip lk + wi, k- 02) = D> cij k- 1)! (k o) , (3.149) 
iy 


with i + j < 3. This parametrisation is subject to the constraint 
Cims (K - mî) Cine (ri) — m2 + (k-01) 0+ (k-02) 02 =0. (3.150) 


It is slightly more difficult to apply this constraint to find a general parametrisation 
since we now have multivariate polynomials. One could attempt to deploy the 
mathematical technology to deal with such problems, introducing a polynomial 
ordering and performing polynomial division with respect to a Gröbner basis, !? but 
it is easier to analyse this case by hand and we will find an extremely convenient 
choice. Firstly we expand Eq. (3.149) explicitly, 


A1213 (k + @1, k - @2) = coo + c10(k + @1) + coi (k - w2) 
+ c20 (k - w1)? + c11 (k - w1) (k - 2) + co2(k  @2)? 


+ c30(k - w1)? + c21 (k + w1)” (k - @2) + c12 (k - w1) (k + @2)* + cos (k + 2)? . 
(3.151) 


Removing all monomials with even powers of k - œ would be a valid choice 
and eliminate the implicit dependence on three of the monomials. The resulting 
integrand parametrisation would still contain an integral quadratic in k-w1, which we 
have seen does not vanish after integration. In the example of transverse integration 
from Eq. (3.113) we saw that the integral of (k - @ 1)” is the same as (k - w2)” up 


12 Many computer algebra systems now come equipped with decent implementations of polyno- 
mial division algorithms, so this can be a practical method. 
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to a normalisation. Therefore, in order to obtain a simple result after (transverse) 
integration, we choose 


4112133 (k + @1, k - @2) = Co; 1\2/3 + C1; 1123 (k + @1) + ¢2;11213 (k < 2) 
2 wi 2 
+ €3,1)2)3 | (K+ @1)" — (K+ 2) | +c4;1)2)3(K - œ1)(k -@2) (3.152) 
w7 


+ c5;11213(k 1)? + c6:11213 (k - %1)” (k - @2), 


where we constructed a spurious integral from the linear combination of (k-@ )? and 
(k-@ )*. As a result, after integration, all terms except the scalar integral coefficient 
vanish: 


= c9:1)2;3 FY (pi, pod. (3.153) 


jes 
k (—D1)(—D2)(-D3) 


The extraction of the rational coefficients can be performed algebraically by using 
the information computed using the quadruple cuts as input. Following the box 
example as a reference we write 


Cip (Ae) 


A (Gay \ [È 
= i (-Aast or t-a + Sano?) (Tzs) 


X i=1 


3 
= f 10% (1 D; (-2n0.8% (D9) f (3.154) 
k 


i=l 


which implies that 


— A1213 (k + w1, k - w2) 


= 


= (Poo D aien 
X 


i=l X 


D;=0 
(3.155) 


The sum over X for the box numerators indicates that we must include all boxes 
that share the three propagators {D1, D2, D3}, with Dy being the fourth propagator 
which completes the box. Denoting the box configurations in the subtraction as 
1|2|3|X is a slight abuse of notation, and we give an explicit example below to 
clarify. 
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The integrand factorises into tree amplitudes as before, 


3 
(Pw 1») 
i=l 


=}, [ia (co, pr = po") 


D;=0 hy=t 


jAO (C+ pi", pas Œ- pray") 


D,;=0 
(3.156) 


iAO((HK ka p2)”, P3, w")| 


but on this occasion solving the on-shell constraints will lead to a family of loop 
momenta parametrised by a single variable. The choice of this parametrisation is not 
an immediate issue since it is more important to realise that the triple cut condition 
in Eq. (3.155) must be valid for any value of the free variable, which is sufficient to 
find the conditions necessary to fix the rational coefficients c;. 1|2)3. 


Example: Subtraction Terms for a Six-Point Amplitude 


Since the sum over X and the cut notation 1|2|3|X in Eq. (3.155) are schematic, 
it is helpful to see an explicit example. Consider the application to an amplitude 
with six external legs where we are computing the triple cut 12|34|56. The sum 
over X for the box subtraction terms would then indicate the following set: 


{112134|56 , 121314156 , 121341516} . (3.157) 
< 


3.5.2.3 The Bubble Integrand in Four Dimensions 

At this point the integrand reduction strategy of Ossola, Papadopoulos and Pittau 
should be clear: continue to reduce the on-shell constraints on the propagators until 
all the integral basis coefficients have been determined. 

The equation for the irreducible numerator in the case of bubble configurations, 
A112, is constructed from three irreducible scalar products: k - w1, k - wz and k - w3. 
Note that w; and w are not the same spurious vectors for the triangle configuration. 
We will consider a configuration with inverse propagators 


Di =k —mi, Dy = (k — pi) — m3, (3.158) 
and parametrise the loop momenta using the three orthogonal spurious vectors œw; as 


kM = ki + (k-@rot + (ka) of + (k: 03) of (3.159) 
ky =a-v', (3.160) 
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where v” = { Pi} and a = {a ;}. The remainder of the derivation we leave as an 
exercise, although perhaps the result is already clear by analogy to the triple cut 
case. 


Exercise 3.6 (Parametrising the Bubble Integrand) 


(a) Show that the irreducible numerator of a general bubble configuration can 
be written as 


Ajj2(k -a@1,k -w2,k - w3) = c0;:1)2 
+ €4:1)2(K - @1) + €2:1\2(K - @2) + €3,1)2(K - @3) 
+ c4;112 (k - @1)(K - w2) + €5;1)2(K - @1)(K - w3) + C6, 1)2(k - @2)(k - 3) 


2 or D 
+ C7,1\2 | (K- w1)” — — (k - 3) 
Oe 


2 5 2 
+ €g.1\2 | (k - @2) = gle ee) ; 


3 


(3.161) 
which results in 
Ajj2(k - a1, k - w2, k - 3) [4—2€] 
= €9;1\2 F; (pDU]. (3.162) 
| (—Di)(—D2) pea 


(b) Show that the irreducible numerator can be determined on the double cut 
from 


Ajj2(k - w1, k - %2, k - 3) 


2 
z (wD, 
i=l 


m > Aix (k - wx, k i wž) 2 y Ajpiy|z(k - wr) 
Dx Dy Dz 


J= 


’ 


D;=0 
(3.163) 


X YZ 


where the sum on X indicates all triangle configurations, and the sum on 
Y, Z indicates all box configurations. Again the sign on the triangle irre- 
ducible numerator A})\2)x matches our sign conventions on the Feynman 
integrals. 


For the solution see Chap. 5. 
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For massless theories such as Yang-Mills theory we have now completed an alge- 
braic approach for the determination of the four-dimensional, or cut constructible, 
part of the one-loop integrand. In massive theories there are still contributions 
for integrals which only depend on the mass: tadpoles and bubbles on external 
massive legs. One can continue to apply the integrand reduction procedure to these 
cases and a full analysis can, for example, be found in reference [7]. There is a 
subtlety in the method though since the unrenormalised amplitude diverges when 
applying bubble cuts on external lines and so we cannot factorise into the product 
of tree amplitudes without additional regulators. The issue is connected with wave- 
function renormalisation and the interested reader can find further information in 
the literature [17-19]. 


3.5.3 D-Dimensional Integrands and Rational Terms 


The results of Sect.3.5.2 gave us confidence in the proposed general one-loop 
formula in Eq. (3.130). The fact that we found only scalar integrals after removing 
the spurious terms was consistent with the tensor integral reduction method 
introduced in Sect. 3.4, so we can consider this result as a confirmation of the latter. 
The integrand-level matching of cut diagrams to irreducible numerators enabled 
the algebraic determination of the integral coefficients, leaving the remaining 
integration of the basis integrals as a separate problem. That problem is not to be 
underestimated of course and is the subject of the next chapter. 

The aim for the rest of this section is to extend our analysis to D = 4 — 2e 
dimensional integrands and amplitudes. This means that we can no longer avoid the 
contribution of the pentagon which now becomes the starting point for the top down 
integrand reduction approach of Ossola, Papdopoulos and Pittau. 


3.5.3.1 The Pentagon Integrand 

Since there are four independent external momenta in the pentagon configuration 
there is no spurious space. In Exercise 3.5 we showed that the pentagon configu- 
ration was completely reducible in four dimensions. In D = 4 — 2e, we need to 
clarify this point and to extend our four dimensional analysis of the integrand. The 
decomposition of the transverse space gives us the starting point. For concreteness 
we can specify the propagators, 


Di =k — mi, Dz = (k — pi)? — m3, D3 = (k— pn)? — m3, 


D4 = (k — pı) — mi, Ds = (k + ps)” — m4, 
(3.164) 


the spanning set of external momenta (which are four dimensional), 


v“ tp) p5, p$, Pi (3.165) 
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and the parametrisation of the loop momentum, 
kt = æ yh + kel? | (3.166) 


Note that in this case there is no spurious space, as the external momenta v“ are 
sufficient to span the entire four-dimensional space. As before, the coefficients œ of 
the spanning vectors of the physical space are functions of the propagators and the 
external invariants. The on-shell condition Dı = O gives the key constraint for the 
determination of the integrand basis, 


kK -m =a-G-a! — un- m =0, (3.167) 


where we have explicitly used the Gram matrix G;j = vi Vj. After applying the 
four on-shell conditions {D2, D3, D4, Ds} = 0, the only ISP in this equation is 
u11, and we see that on the quintuple cut this ISP will be a constant expression 
written in terms of external invariants. We may therefore parametrise the irreducible 
numerator as 


2 


Ajj2)3/4|5(H11) = 5 Ci; 112131415 HÅ 1 » (3.168) 
i=0 


subject to the constraint in Eq. (3.167). A minimal solution to this would seem 
to take just the scalar pentagon as a basis integrand, however this would not be 
consistent with the complete reduction of the pentagon in four dimensions. The 
next-to-minimal choice is a single power of u11, 


Ay)2/3/4)5 (11) = C1; 1/2/3145 H11 > (3.169) 


which vanishes explicitly in the D — 4 limit as we had previously argued. We will 
not explicitly perform the integration but simply state that it is possible to show the 
integral vanishes up to O(e): 
A 
f 112131415 (M11) ~ OC). (3.170) 
k Dı D2D3D4Ds5 


3.5.3.2 Extending the Box, Triangle and Bubble Integrand Basis to 

D = 4 — 2e Dimensions 
The integrand reduction procedure is now rather easy to extend into D-dimensions, 
since all we have to do is track the additional dependence on the extra-dimensional 
ISP u11. The box irreducible numerator then becomes a polynomial in two ISPs, 


Aippak o, m) =Y ci k- oul, (3.171) 
ij 
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where i + 27 < 4, and 
Cj 21314 (e — m?) = C112]314 (x) — mî +(k- wo) a —pyy=0. (3.172) 


The simplest solution is to eliminate mıı from the parametrisation completely, 
leaving five monomials in the ISP k - w. Two of these monomials would not vanish 
after integration however and again, as in the pentagon case, the D — 4 limit would 
not match our four-dimensional analysis. Instead we choose the two terms from the 
four-dimensional parametrisation and three more monomials proportional to 411, 


Aj )2)3/4(k - @, 11) = Co;1\2/3]4 + €1;1121314 (k - @) + €2;1\2/3]4 H11 
+ €3:1)2/3/4 (k < @) U11 + C4: 1)2)314 ‘ey ; (3.173) 


The result integrating this expression turns out to be incredibly simple but, as 
before with the pentagon, requires some additional integration technology. In 4— 2e 
dimensions it turns out that the integral with u11 in the denominator vanishes up to 
O(e) while the u? 1 integral gives rise to a finite, and rational, contribution, 


f Ainja (k + @, u11) 
k (—D1ı)(—D2)(— D3)(— D4) 


= C0;1|2/3/4 FH Cp, P2, p3)[1] + €2:1)2)314 Bie P2, ps)[Hi1] 


4-2 
+ €4;1)2)3)4 F! ‘Np, po, plea] 


= 1 
= C0;1|2/3/4 FP "I (py, p2, p31] — ges 121314 + Ole). (3.174) 


The final steps are to repeat the analysis for the triangle and bubble, and so we can 
quote the results for the triangle irreducible numerator, 


Ay2j3(k - w1, k + 2, M11) = Co;1)/2)3 + C1; 1)2/3 (k < @1) + €2;1)2)3 (k + @2) 
o2 
+ c3: (k - w1)? — (k - 2)? | + €4-4)2)3 (k < @1)(k - @2) 
3; 11213 1 p 2 4:1213 1 2 
2 


+ ¢5.1)2)3 (k - w1)? + c6:11213 (k < 01)” (k + @2) 
+ C7, 11213 H11 + €8;11213 (K+ @1) M11 + C9;11213 (K+ w2) M11, (3.175) 
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and its integrated form, 


pS 
k (—Di)(—D2)(— D3) 


= C0-1|2)3 mae (p1, p2)U1] + €7-1)2)3 F(p, p2)lu1] 

_ [4—2] 1 

= ¢0;11213 F3 (p1, P2)[1] — 307:11213 +0(e), (3.176) 
and also the bubble irreducible numerator 


41/2 (k - @1, k - w2, k - @3, M11) = Co:1)2 + C112 (k < @1) + €2:1)2 (k + 2) 


2 w 2 
+ 03:12 (k - @3) +4:1)2 | (K- @1) =N 
3 


2_ %2 2 
+ c5;1]2 | (K+ 2)" — —5 (k - @3) 
03 


+ €6:1)2 (k - wi) (kK + @2) + €7;1)2 (k + @1)(k + 3) 
+ €g:1)2 (k - @2)(k - 3) + €9:1)2 H11, (3.177) 


and its integrated form, 


[pS ee 
k (—D)(—D2) 


= €0;1)2 Fel cp EL + €9:1)2 Fe Vp [i] 

a er) 
—m,—-—m 

Pi ee HOR): (3.178) 


= €0;1)2 F=? ppi] 7 A 


When integrating the irreducible numerators we have used the following results for 
integrals in D = 4 — 2e dimensions: 


FE (D1, po, ps, plun] = Ole), (3:179) 
FP Cpi, po, plnil = Ole). (3.180) 

— 2e 1 
FÉ pi, po, ps)[ui 1] = -,t0@, (3.181) 

op 1 
FP lp), plun] = -3 +0), (3.182) 

Eo d eae 

Fy tui] = PT" T cee): (3.183) 
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Explicitly proving these results requires technology for loop integration that we have 
not yet introduced. One interesting observation [20] is that the 21; numerators give 
rise to dimension-shifted integrals: 


FON 2 25 Be = (e-o) 7 FHA Cpi... pn-1)01]. 
(3.184) 


The fact that the relation is proportional to e shows that we are only interested in 
the poles of the dimension-shifted integrals. Shifting the dimension up improves the 
infrared behaviour and so all the possible poles in the dimension-shifted integrals 
are of UV origin. The vanishing of the pentagon and box integrals with the 
{411 numerator can then be understood since the integrand-level power-counting 
argument shows that the (6 — 2€)-dimensional scalar integrals are UV finite. 


Exercise 3.7 (Dimension-Shifting Relation at One Loop) Prove the 
dimension-shifting relation (3.184) [20]. Assume that the external momenta 
p; are four dimensional, and decompose the loop momentum into a four- 
and an extra-dimensional parts (see Sect.3.4.2). The key of the proof is 
that the integrand of the integral on the LHS of Eq. (3.184) depends on the 
loop momentum only through its four-dimensional part and u11. Switch to 
radial and angular coordinates in the extra-dimensional subspace, carry out 
the angular integration, and absorb the factor of jz, in the numerator into 
the radial part of a (2r — 2e)-dimensional loop-integration measure. Use 
the following Gamma-function identity to simplify the ratio of the angular 
integrals, 


Diese da: 
Tee a He = Eje (3.185) 


We will prove the above in the solution of Exercise 4.5. Finally, putting 
together the (2r — 2€)-dimensional and the four-dimensional loop-integration 
measures gives the RHS of Eq. (3.184). For the solution see Chap. 5. 


3.5.4 Final Expressions for One-Loop Amplitudes in D-Dimensions 


We have now completed the analysis at one loop. We have used a general integrand 
parametrisation to prove the basis used in Eq. (3.130) but have now identified the 
connection between the rational terms and the extra-dimensional terms missed by 


3.5 General Integral and Integrand Bases for One-Loop Amplitudes 147 


the 4D cuts. We can therefore give an explicit formula for the rational term R: 
A()14—2e] q n)= 
z kites 


: 4—2 
> 1C0; i; |i2|i3|ig F! Pii l; Pin2,i3—1; Pi3,i4 DEJ 


l<ii <i <i3<i4<n 


F 4-2 
+ È ionam O 


l<ii<i2<i3 <n 


+ 5 i conli FO (pip DU 


(Pii i2—1; Pi3,i3-1) 1] 


1 <i, <in<n 
+ > icon FÉ Cpp 
1<i,;<n 
+ RU,...,n) + OC), (3.186) 
1 


ROM =—Z J, icilia 


l<i <i? <i3 <iqg<n 


E X i CT;ilizli 
2 1li2li3 


1<i, <i <i3 <n 


DO (Pham, — m2) icsi. (3.187) 


1<i <ig<n 


Dale 


We have also demonstrated that the coefficients of the integral basis can be 
extracted from products of tree-level amplitudes via generalised unitarity cuts using 
a completely algebraic method. 


Automated Approaches to One-Loop Amplitude Computations The 
coefficients of the integral basis presented above may now be 
extracted by solving the quadruple, triple and bubble cut conditions 
in Eqs. (3.140), (3.155) and (3.163) and/or their D-dimensional 
equivalents. The coefficients of the scalar loop integrals are completely 
determined from factorised products of on-shell tree amplitudes in 
four dimensions. These coefficients can be determined numerically by 
inverting the cut conditions, a technique that allows large intermediate 
expressions to be sidestepped. The method is relatively easy to 
automate for high-multiplicity processes and has been used for precise 
phenomenological studies at high energy colliders with around five 
final-state particles [21-28]. 


There are still a couple of loose ends however. Aside from the fact that we did 
not prove the results of integration that led to the rational terms, we have also not 
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explicitly demonstrated how the D-dimensional basis coefficients can be extracted 
from tree-level amplitudes. Whichever approach is taken, some information from 
tree-amplitudes in dimensions other than four must be used. Numerically, this infor- 
mation can be efficiently extracted using recursion relations for fixed integer values 
of the “spin dimension” dy = n“ u for the numerator algebra [29]. Alternatively 
one can use explicit spinor-helicity constructions in higher dimensions [30]. Both 
approaches are completely general but the dramatic simplicity of amplitudes in 
four dimensions uncovered by the spinor-helicity formalism is lost. At one loop an 
alternative approach is also available in which we may exploit the fact that the extra- 
dimensional dependence of the loop integrand is equivalent to a shift in the mass of 
the propagating particles. In Sect. 3.6 we will describe the steps required to directly 
compute the rational terms of the four-gluon amplitude using tree amplitudes in four 
dimensions but with massive internal scalar particles. 


3.5.5 The Direct Extraction Method 


Let us return to the triple cut equation that we used to determine the triangle 
integrand coefficients, Eq. (3.155). We did not give an explicit solution to the system 
of equations but instead remarked that it could be sampled numerically and inverted 
to find the coefficients c;; 112/3. In this section we consider an analytic solution which 
is able to extract only the information that remains after integration. The application 
to the four-dimensional cut-constructible terms was presented by Forde [31] and 
later extended to include the rational terms [32]. 

Solving the on-shell conditions D? = 0 requires a solution to the ISP constraint 
given in Eq. (3.150). The aim here is to find a particular parametrisation for the 
on-shell solution which allows us to extract unknown coefficients in the irreducible 
numerator A 1))3. Let us start by introducing a short hand for the on-shell value for 
the square of the physical loop momentum, 


Ciki) =0: G-a" |p 9. (3.188) 
The condition Cj\2;3(D1) = 0 leads to a family of solutions: 
0 = Ci (D1) = Ciy213 (Aj + (k-01) 0? + (k - @2)*0} — mî) . (3.189) 
This family of solutions can be parametrised by a single variable, 0, as 
Ci (k - w1) = yy cos@ , Cj 2/3 (k - @2) = 1,/y sinb . (3.190) 


Introducing a light-like complex vector x“ to write œ = x + x! and œ = x — x" 
(f indicates complex conjugation), we find 


my — Cija (Kọ) 


3.191 
2x-x! nee 


y = 
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Efficient numerical solutions for the coefficients of A1\2)3 can be obtained by using 
values of 6 distributed equally on a circle, which is related to the method of discrete 
Fourier projections [21,33]. 


Exercise 3.8 (Projecting out the Triangle Coefficients) Expand the sine 
and cosine in Eq. (3.190) into exponentials to write 


3 
A123) = $ dri’, (3.192) 
k=-3 


where do; 1\2)/3 = Co; 1|2/3- Using seven discrete values for 0, 
0; = —, Ke = = 3, soon Bo (3.193) 


show that 
eee 
dk:1\213 = 7 5 ek A2301). (3.194) 
EE 


This discrete Fourier projection is easy to generalise to higher-rank numera- 
tors, try it for a maximum tensor rank of four. For the solution see Chap. 5. 


An analytic solution for co, 1\2/3 is complicated by the appearance of the box 
terms on the RHS of Eq. (3.155). It would be useful if the values of 0 used for 
the extraction of the scalar triangle coefficient from the product of trees made 
the box subtraction terms as simple as possible. With this in mind, we choose to 
reparametrise our solution again in terms of a single, complex, parameter t, 


t= Jy. (3.195) 


Using this parametrisation we can re-write the box subtraction term indicated in 
Eq. (3.155) with an additional propagator, 


Dy = (k — px} — m4, (3.196) 


where have used a symbol px to represent the momentum flowing in the propagator. 
The spurious direction for this box can also be neatly written using the vector x, 


o = x (x; py) — x" (x: px). (3.197) 
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The box subtraction term then can be written as 


A k. C A k. 
Aipiaix (k - @) _ 11213 ( 12131x ( w)) , (3.198) 
Dx D;=0 C1)2)3(Dx) 
with 
C1 \2)3(Arjzjajx (k - )) = €0.1)2/31x 
+ €1;1)2)31x[C1j2)3(k - 21) (@1 - ©) + Cilk - @2)(@2- @)], 
(3.199) 


Cija (Dx) = Py + mj — my — 2C1213(ky + px) 
+ C1)2)3(k - @1)(@1 + px) + Cip (k - @2)(@2 - px), 


where we used the triangle parametrisation of the loop momentum in Eq. (3.148). 
Recalling that w; = x+x' and œ = x— xt we can write œw = —(x-x")(@2:px) 
and w2-@w = —(x - x')(@ - px), hence 


C1213 (Aix (k - w)) = C0;1|2|3|X 


—(x- xX) c1; 1121331x [C1213 (k < @1)(@2 + px) + Cin (k + @2)(@1 + px)]. 


(3.200) 
We now substitute k - w; using the parametrisation in f, 
1 Y 1 Y 
Cinek-oD)=53(1+%). Cik- o)=;(1-*). 629 
2 t 2 t 
and observe that 
Aix (k - @) 100 + 
D > —(X- X') C1;1283|X > 
X D;=0 
(3.202) 
Aj )2)3|x (k - œ) t>0 P 
> +(X- X )C1;1283|X - 
Dx Di=0 


Therefore, the sum of the box subtraction terms cancel between the two extreme 
values of the loop momenta. The triangle’s irreducible numerator becomes a simple 
polynomial in ¢ in the same limits: 


t 

411213 2 €0;1/2/3 +F £ C1;1)2)3 Fees, (3.203) 
t>0 1 

A})2)3 3 C0; 11213 + 7021123 Ny (3.204) 


In keeping with the literature, we define an operation to extract the components of 
the Laurent polynomial at infinity, Inf. The Inf operation keeps all terms in a rational 
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function, say f(x), that do not vanish in the x — oo limit, 
m 
MEIO = Does’, (3.205) 
i=0 


where c; are some numerical values. Since we are considering the integrands 
of scattering amplitudes the maximum exponent m will always be finite. The 
coefficient of the i" term in the series is denoted Inf,[ f(x)],i. We may therefore 
write 


Inf, [A1)2)3 ],0 = Infiy; [A1)2)3 ],0 = C0;1)2/3 - (3.206) 


From Eq. (3.202) it follows that the box subtraction terms cancel in the sum, 


A k- 
+ Infi; Aizgix (k - w) =0. (3.207) 
Di=0 |,0 Di=0 | ,0 


Dx 
As a result, the coefficient of the scalar triangle can be extracted directly from the 


product of on-shell trees, as 
1 3 3 
e == [mt | ("TT l +m | (1 TL) l |. 
i=l Dj=0 ] ,0 i=l Di=0 J, 
(3.208) 


There is an obvious route from here, as we can apply the same method for the 
extraction bubble coefficients from the double cut. The analysis is unfortunately not 
so smooth since, while the box subtraction terms cancel out as described above, 
some of the triangle subtraction terms remain. 

There are a number of steps to complete: (1) we must find a suitable basis for the 
on-shell loop momentum, (2) we must find a suitable basis for the spurious vectors, 
and (3) we must substitute and expand the on-shell loop momentum into both sides 
of the double cut equation, Eq. (3.163). 

We consider a bubble configuration with a momentum P. We switch the notation 
slightly to avoid too many subscripts and focus on one generic triangle subtraction 
term which we label with momenta P, Q and R where P = —Q — R. The double 
cut notation is therefore C por. Since the physical space has only one dimension 
we are missing an additional direction with which we can span the loop momentum 
space. This forces us to introduce an arbitrary light-like direction n” such that 


A k. 
Inf, 1121331x (k - œ) 
Dx 


S 
2P-n 


ph — p— 


n”, (3.209) 
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with P? = S, is a second massless direction with which we may construct a 
spanning basis for the loop momentum, 


i. 1 = 
k” =a, P>” + ayn" +03 5 (P°Iy“In] Poub + 014 5 nly" |P i D4. (3.210) 


Here pub is an arbitrary factor which ensures that the coefficients a; are free of 
spinor phases. We may give an explicit expression using one of the other linearly 
independent momenta, say X, as Doub = (n|X|P°], as we did in Eq. (3.105). The 
arbitrary factor ®pyp will however cancel out of the results, and we will thus leave it 
symbolic. The on-shell constraints k? = m? and2k. P = S+ mî = m3 = Í have a 
two-parameter family of solutions. We parametrise it in terms of parameters, t and 
y, as 


$= Sy 
Q1 = wa = 2 
ene . 2n-P 
A (3.211) 
y(S-Sy)-mi 
a3=, eg = —— 
2t(n- P) 
We can represent the spurious vectors in the same basis, 
H Z 1 bj u 1 Hi pb -1 212 
Ob wub = 5(P LY" In] Bou + 5 nly" IP’] Bit (3.212) 
Hp =x(P'ly# in] ® l nly“ iP’ oz! 3.213 
®) bub = zí |y” In] bub — z”ly |P] ®iup> (3.213) 
u b,u S u 
Bwb =P" = zph’ (3.214) 


where, again, the phase factor Ppup ensures that all summands are free of spinor 
phases. Now we evaluate the spurious ISPs, 


y($—Sy)—m? 
Cp oR(k = @1, bub) =-—P-n (+ Se) ‘ (3.215) 
($ — Sy) — m? 
Cpjor(k - @2,bub) = Paf Ti aO T ') ; (3.216) 


Í 7a 
CPjoR(k - @3,bub) = 5 (8 — 2S7) : (3.217) 
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and substitute them into the LHS of Eq. (3.163), which becomes a Laurent polyno- 
mial in y and ¢. Note that the arbitrary phase factor ®pyp cancels out in the ISPs. 
One can then show that the direct extraction of the scalar bubble coefficient can be 
obtained using 

5 1 [82 om 
z5 Arion|oyt3 | oo y | Aroro: 


(3.218) 


CO;PIOR = AP|QR|,0 ot > 


To complete the bubble-extraction formula we must evaluate the RHS of Eq. (3.163) 
at the same on-shell solution, and so we need to find a representation of the spurious 
vectors in the box and triangle coefficients. Each triangle subtraction term will 
depend on one additional momentum, say Q, while we have two momenta Q 
and R for each box. For the case where both momenta Q and R are massive 
(Q? = T, R? = U), we need to construct more light-like projections in order to span 
the spurious space. A convenient way to do this is to consider linear combinations 
of P” and QO”, 


pu YO PE = SO") Ge UVES 
y2-ST , y2-—ST ` 


(3.219) 


Requiring that P. and 2 are light-like gives two possible projections: y+ 
P-Q+,/(P-Q)* —ST. The argument of the square root is (minus) the Gram 
determinant det G(P, a Eq. (3.131)). The spurious vectors are then simple to 
write down: 


= H(Ply"I6 l OlyH|P] og! 22 

Oni = 5 (Ply [Q] Pui + 5 (Qly |P] b > (3.220) 
fon 3 te eae 

Oh ri = z (PlY"1Ol Oui — 5(Oly*1PI pz., (3.221) 

H = S(Ply!| OM OIRIP) — =(Oly"PUPIRIC 222 

box = z (PIY IOKQIRIP]— 5 (ly |P](P|R|Q]. (3.222) 


As above, ®yi is an arbitrary factor which makes the triangle spurious vectors free 
of spinor phases. For instance, one may write yi = (O|X |P], where X is an 
arbitrary momentum linearly independent of Q and P. In box? on the other hand, 
the phase factor is explicit, and is chosen so as to make wbo orthogonal to R”. 
As we have seen for the triangle coefficient, the idea is to consider the behaviour 
of the integrand at large values for the loop momenta where the additional uncut 
propagators suppress as many contributions as possible. In order to write down the 
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procedure concisely we introduce an operation P which, acting on a function of y 
and ż, gives 


1/5 mi 
PUGO) =f lata ae am | Te (3.223) 


and combine it with the limit of y,t —> oo. From Eq. (3.218) we see that 
P(A, t)) = c0;1|2. The first term from the RHS of Eq. (3.163) can be extracted 
from the product of two tree-level amplitudes, 


2 
Pint, Inf, Ee ky, t) Į [P Sa) (3.224) 


Using the definitions above for the on-shell loop momenta and the box spurious 
vector, one can show that the box subtraction terms vanish in the limit y,t —> oo. 
The triangle subtraction term does not vanish but it is simple to obtain an explicitly 
solution in terms of the spurious triangle coefficients c;|1\2;9. While the procedure 
to extract the relevant contributions is simple, the result is not particularly compact, 
especially for the higher tensor rank coefficients. Therefore, we present the result 
here up to the rank-one coefficients: 


Apjgir(k © @1, ti, K © 2, tri) 
2 
—(k — P— Q0}? +m; 


PInf, Inf, | 


N 

(P°P)LQn] Pri (3.225) 
2(P?|Q\n] 

(P?Q)[Pn] ba 
2 (P?|Q\n] 


= (c1; Pjgir + €2; P|QIR) 


+ (C1: P|O|R — €2;P|Q|R) 


The combination of both double cut and triangle subtraction terms gives the general 
formula for the bubble coefficient, where we must remember to average over the 
two projections for the triangle subtractions: 


2 
Co: P|oR = PInfy in| 1°( k(y, t) De | 
i=l (3.226) 


A k- i,k: i 
— E Y Prf, mi| 11210 (k + 1 ri ; ozi) 
Q y=v+ —(k — P= Q) + m3 


Practical applications of this formula require a bit of practice, as many spinor 
identities are required to simplify the various projected momenta. 
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Exercise 3.9 (Rank-One Triangle Reduction with Direct Extraction) To 
verify the analysis it is useful to consider a simple example, 


FUP, O)[k - Z] 
= | k-Z 
de [-k2 + m?][- k — P)? + m2] [-(k — P — 0)? + m2] 
(3.227) 


? 


where Z” is an arbitrary momentum, P? = S and Q? = T. We denote the 
third momentum R = —P — Q. 


(a) Use the Passarino-Veltman method to show that the bubble coefficient of 
the P channel, i.e., the coefficient of FL?!(Py[1], is given by 


(ROO AS oO) 
2((P - Q)? — ST) 


CO; P|OR = (3.228) 


(b) To obtain the same result with the direct extraction method it is recom- 
mended to use a computer algebra system. We provide the intermediate 
steps to guide you through the process. First, compute the triple-cut 


coefficients: 
Z OL tri Z- oti 
C1; P|Q|R = -22 E 5 C2; P|Q|R = ee (3.229) 
2P-Q 2P-0 


The higher-rank coefficients vanish, and co. pjọjr is irrelevant for our 
purposes. Then compute the double-cut part of the bubble, 


kZ 1 (P?|Z|n] 
Pint, Inf, fero (= P— —a)| =) (P?|Q|n]’ 


(3.230) 
and finally put together the triangle subtraction term, 
A k. œk- j 
Pinfy Inf, fero ( Ae 7 al 
-k = P= 0} +m? 
P’|PZO PQ 
_ _(PIPZOin] + (P @ Q) aoa 


4(P- Q)(P’|Q|n] 


(continued) 


156 3 Loop Integrands and Amplitudes 
which after summation over the two projections gives 


1 Apjo|R(k : @1 tri, K © @2,tri) 
= Pinf, Inf, | C - - 
7d nah [Cro ( -(k - P — 0) +m} 


Nee 


BOG Ae SrA ean 
2((P-Q)?— ST) 2 (P”|Q]n] ` 
(3.232) 


It is now easy to verify that by putting together the double cut and the 
triangle subtraction as in Eq. (3.226) we recover the Passarino- Veltman 
result. 


For the solution see Chap.5 and the Mathematica notebook 
Ex3.9 DirectExtraction.wl [15]. 


The extension of this method to the D-dimensional cuts and the rational terms is 
straightforward, since we may use it to first perform the four-dimensional analysis 
including an mass shift in the propagators m? > m? — u11, and then consider the 
H11 — œ limit to directly probe the rational terms. An explicit demonstration of 


this technique is the final task for this chapter. 


3.6 Project: Rational Terms of the Four-Gluon Amplitude 


We would like to complete the computation of the four-gluon adjacent helicity MHV 
amplitude that we have done in part throughout this chapter. This requires us to fix 
the rational term, and the complete computation we will follow requires a substantial 
amount of algebra to perform the direct extraction of the D-dimensional monomials 
in the integrand. Alternative methods can also work nicely in this case, for example 
fixing the ambiguity through requiring universal factorisation in collinear limits or 
simply automating a Feynman-diagram computation, since the four-point massless 
kinematics are relatively simple. In this section we will outline the necessary steps, 
and leave the algebra as an extended exercise or computer algebra project for the 
interested reader. 

The first observation we make is to see that the extra-dimensional components of 
the internal gluon lines are identical to those obtained by using a massive internal 
scalar with the mass u? = u11. The tree-level helicity amplitudes we need in the cut 
can easily be derived using the methods described in Chap. 2. One slight subtlety is 
that the three-point amplitude for two scalar fields (S) and one gluon depends on 
an arbitrary reference direction, which we will call £ in this section. The results 
we need are given in Eqs. (2.78) and (2.79), which we repeat here for convenience 
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(setting the coupling to 1): 


(0) +a. e — ale! 
(0) -a a ele) 
A3 (1s, 2, 3s; £) = ae (3.234) 


When using a product of these amplitudes inside a cut one can make convenient 
choices of the reference vector to simplify the spinor algebra. The two independent 
four-point amplitudes were obtained through BCFW recursion given in Eq. (2.88) 
and Exercise 2.6: 


2 
(0) iag . W [23] 

A® (15,27,34, 45) =i 4—2, 3.235 
le aE ren 
(0) -a4 aa, (ZBP 

A, (ls, 23 >, 3, 4s) = a22] : (3.236) 


Before performing the full computation for the MHV amplitude, the simplest 
case is the all-plus helicity amplitude, which vanishes at tree level. Due to additional 
symmetries this helicity sector turns out to be even simpler than the other vanishing 
tree-level amplitudes with a single minus helicity. As a warm-up exercise we can 
perform the quadruple cut 1|2|3|4. Choosing a spinorial basis with momenta pı and 


P4, 
k” =a- vw", (3.237) 


v = {ptt pý, 30y], 4y“ , (3.238) 


with æ = {a1, @2, a3, a4}, leads to two on-shell solutions ki, with 


[12] (12) 


a+ = 0, 0, —— X+, — Xz}. (3.239) 
[42] (42) 
1 4 u? s13 
X+=-|1+,/ 1- ——— (3.240) 
512 823 


The product of tree-level amplitudes can now be evaluated as follows: 
«4 (0) + : + 40) + 
2i AP (COs, 1$, = pps; p2) i AP (Ck + pis, 2$, = pds: pi) 


x iAP (k + pi2)s. 34, (k + pa)s; pa) iA9 
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x (=k = pads. 47. ks: pa) 


(2|k]1] (11k|2] (41413) (31414) 
(21) (12) (43) (34) 


=k 


k=k+ 
[12][34]s23 


_ 2» 2, 
= 20304 79) (34) 


a=a4 


UÎS12834 
(12)?(34)? 


-2 sos (3.241) 
~~“ (12) (23) (34) (41) ` l 


The overall factor of 2 must be included to match the complex scalar degrees of 
freedom with the extra-dimensional components of the gluon polarisation sum. In 
general we should average over the two on-shell solutions but in this case it turns 
out both give the same simple result, which only contains one of the five possible 
irreducible numerator monomials in 412/344. From here we can read directly the 
coefficient of u’ which contributes to the rational term, 

512823 


+ y+ 23+ Ah 
c4;1234 (17, 2", 3T, 47) = > TABA (3.242) 


The quadruple cuts for the other helicity configurations are simple to compute 
with the same on-shell loop momentum solution. Explicitly for the adjacent MHV 
configuration one can find, 


u n A E A 0-2-3" a7) (3.243) 
S12 


Note that for higher-multiplicity amplitudes additional uncut propagators would 
appear with non-trivial u? dependence in the denominator. An additional limit of 
u — œ is then necessary before extracting the u4 term. 

The symmetry of the all-plus configuration leads to some dramatic and unex- 
pected cancellations so that the quadruple cut contribution actually fixes the full 
amplitude. The other amplitudes require a bit more work. There are four indepen- 
dent triangle contributions: 1|2|34, 1|23]4, 12|3|4 and 2|3|41. Each has one possible 
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contribution to the rational term which, in the case of the 1|2|34 configuration, is 
given by 


emipB(l, 2,3, 4) = Infalt | -2i AP (Ds, le, k= pis: p2) 
x iAP (k+ pds 2e, Œ- pds; p1) iAP (3.244) 
x (x + p12)5, 3g, 4g, ks) 5 
19,2 


with similar formulae for the other permutations. The final results for the adjacent 
MHV amplitude are 


c7,1\2)341 , 2°, 37,47) = 0, (3.245) 
c7;1\23/41-, 2°, 37,47) = 0, (3.246) 
c7;12)3/41_ , 2°, 37,4") = 0, (3.247) 
cza , 27, 37,47) =0. (3.248) 


Finally we turn to the bubble contributions, of which there are two configurations: 
12/34 and 2341. The relevant coefficient for the rational term is 


A112134 4121314 
=(k- pP +u? (K+ pa)? +u’? 


c9;12134(1, 2, 3, 4) = Pint, 2Inf Int] 


+2i AP ((—k)s, lg, 2g, (k — pi2)s) i AP ((—k + pir)s, 3g, 4g, ks)| , 
(3.249) 


and similarly for 23|41. The reference vector n” used to form the double-cut loop- 
momentum basis can be chosen to simplify the algebra. If we choose it to be p% 
for the 12|34 cut then the 1* triangle subtraction will give zero. Furthermore, since 
the triangle contribution 12|3|4 has massless external legs 3 and 4, there is only 
one value for y in the light-like projection. The final results for the adjacent MHV 
amplitude are nice and compact: 


c9;12;34C1-, 27, 3°, 47) = 0, (3.250) 


2812 — 3 523 


c9,23)41(1- , 27, 37, 4 ) = -2(-1AP CU, 2°, 3+, 44) 3 812523 
(3.251) 
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We are now finally ready to assemble the full amplitude. Together with the values 
for the integrals evaluated up to O(e°), we have 


1 
RO-,27.3*,4° 7S -giesa 2”, 3T, 47) 


523. 2 
Tgi ozal „27,3%, 4") 


2 
=5 A328" a): (3.252) 


Combined with the cut-constructible terms from Eq. (3.129), the only task remain- 
ing is to evaluate the basis integrals, which brings us neatly to the subject of the next 
chapter. Our final result, reinstating the correct prefactors, is 


aym U% 
(47r)2-€ 


Awl 2q ,27,3+,4Ħ) = AO (U7, 27, 37,47) 


UL gas 2 
— FÉ C pa3)[1] + J + Ol). 


x |- ss F(p, p2, p3)[1] — 3 

(3.253) 

This result, along with the other independent helicity configurations and partonic 
channels, can be found in the following references [34, 35]. 


3.7 Outlook: Rational Representations of the External 
Kinematics 


Having completed the exercises in this section it becomes clear that analytic 
computations using the spinor-helicity formalism have limitations, especially when 
working with pen and paper. Computer algebra systems have always been essential 
for research in this area, and we can think of designing new systems tuned to 
alleviate bottlenecks in the current state-of-the-art calculations. The major flaw 
of the spinor-helicity formalism that we have encountered is the redundancy of 
representations, which stems from the lack of manifest momentum conservation 
and Schouten identities. This quickly becomes an annoyance as one performs 
many spinor-helicity manipulations. A recent idea, perhaps introduced with other 
motivations about manifest amplitude symmetries in mind, is that of momentum 
twistors. Introduced by Hodges [36], these differ from Penrose’s twistor formalism 
by addressing dual conformal invariance rather than the usual conformal invariance. 
We will not attempt a full review of the formalism here but try to explain the entry- 
level concepts that can lead to very practical methods for amplitude calculations. 
One important recent development has been the combination of rational kinematic 
parametrisations with modular arithmetic over finite (prime) fields. This technique 
enables multiple numerical evaluations modulo a (large) prime number to be used to 
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obtain fully analytic expressions for the coefficients in an integral or integrand basis. 
A full description of this method is beyond the scope of these lecture notes but we 
encourage the readers to follow some recent literature and implementations [37,38]. 
The spinor-helicity formalism makes the on-shell condition for any massless 
momenta manifest. A convenient way to make the momentum conservation for an 
n-particle system manifest is to introduce dual momentum variables yi as 
př =: ya =y, (3.254) 
with yn+1 = yı. It is easy to verify that, with this parametrisation, )°"_, pi = 0. 
The dual momenta can then be used to form an positive-helicity spinor Mi, 


[Hil = yili). (3.255) 


Since we may span any positive-helicity spinor |i] in a basis of two independent 
positive-helicity spinors, say |u;] and |ui+1], we may write, 


|i] = æ; |ui] + Bi [isi]. (3.256) 


By projecting out the coefficients and using the properties of the dual momenta one 
can show that 
(it + 1) [wiv] + (i + li — 1) |ui] + (i — li) [mina] 


li] = Gli i) ; (3.257) 


The power of this formalism can then be appreciated by observing that, for any 
random parametrisation of the 4 x n components in |i) and |u;], both momentum 
conservation and on-shellness will be manifest. The object Z; = (|i), |wi])' is 
called a momentum twistor, and the system of n momentum twistors has Poincaré 
symmetry, meaning that only 3n — 10 components are independent. We refer to [39] 
for further reading on this topic. 


Exercise 3.10 (Momentum-Twistor Parametrisations) Consider the kine- 
matics of a massless 2 — 2 scattering process. In the momentum-twistor 
formalism, it is described by a 4 x 4 matrix Z = (Z 1 Z2 Z3 Z4) of momentum 
twistors Z; = (|i), |u;])'. Thanks to Poincaré symmetry, only 3 x 4— 10 = 2 
entries of Z are independent. In order to obtain a parametrisation of Z in 
terms of the minimal number of independent variables, one needs to make use 
of the full Poincaré group. In particular, one uses the little group invariance 
(Ai Ai) = (el¥iA;,e7%A;) to fix some of the components by choosing 
explicit phases g;. As a result, the helicity scaling of the expressions is 
obscured. This is not a problem, as we can always divide all quantities by 


(continued) 


162 3 Loop Integrands and Amplitudes 


an arbitrary phase factor, and use the momentum-twistor parametrisation for 
the phase-free ratios. For the four-point case, a minimal parametrisation in 
terms of two independent variables x and y may be chosen as 


10 =y 
01 1 1 

Z= 2 
00—* 0 (3.258) 
000 x 


Using this parametrisation, calculate 


(a) the positive helicity spinors ;, 
(b) the components of the four-momenta pj’, 
(c) the invariants s;; and spinor products (ij), [ij], 


in terms of the free parameters x and y. For what value of x and y do 
we recover a standard 2 — 2 phase-space parametrisation in terms of 
energies and angles? In the four-particle case the MHV and MHV helicity 
configurations coincide. Use both the spinor-helicity formalism and the 
momentum-twistor parametrisation above to show that the MHV and MHV 
Parke-Taylor formulae in Eqs. (1.192) and (1.193) are equivalent for n = 4. 
For the solution see Chap. 5. 


3.8 Outlook: Multi-Loop Amplitude Methods 


The purely algebraic method outlined in this chapter is extremely powerful and has 
led to the development of fully automated numerical programs [21-28]. There are 
however an increasingly large number of observables that require more accurate 
perturbative predictions. 

Many of the techniques presented here generalise in a straightforward way 
to higher-loop cases. There is however a new feature that presents a substantial 
additional challenge in identifying a suitable basis of integral functions. The 
integrand-reduction procedure has been extended to the multi-loop case with some 
explicit results obtained for amplitudes, or parts of amplitudes, at two and three 
loops. Owing to the larger number of irreducible scalar products, additional technol- 
ogy is required to reduce the amplitude to a basis of loop integrals. Nevertheless the 
integrand can in principle be constructed from the products of tree-level amplitudes 
by following the one-loop methodology. 

We can run through a simple example to get a sense of the new features. Consider 
a two-loop double box with seven massless propagators and massless external legs 
as shown in Fig. 3.6. The propagators can be written in terms of scalar products 
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Fig. 3.6 A two-loop double pa pı 
box configuration 


P3 P2 


which are linear in the loop momenta k; - pj, and three scalar products quadratic in 
the loop momenta: k?, kå and kı - k2. The linear scalar products can be written as the 
difference of two inverse propagators. The list of all possible scalar products k; - v;, 
where v“ is a spanning set of momenta such as v“ = { Pr ‘ ph ; ph , œ” }, can then be 
separated into the groups of (1) reducible scalar products, that can be written as the 
difference of propagators (plus functions of the external kinematic invariants), and 
(2) a set of four irreducible scalar products (ISPs), for example kı - p4, ko: p1, kı œ, 
and ky - w. Being more explicit, we decompose the loop momenta into transverse 
spaces, 


ki = kt + (kio) of. (3.259) 


i, || 
The constraints on the scalar products k; - pj fix kë I> which becomes a function of 


the two ISPs kı - p4 and k2 - pı. The remaining on-shell constraints for k? = 0, 
kå = 0 and kı - k2 = 0 can now be recast into conditions on all four ISPs, 


firki- pa, k2: pi) + (kyo)? = 0, (3.260) 
falki- pa, k2- pi) + (kno)? = 0, (3.261) 
fi2(kı + pa, k2 + pi) + (kı -œ)(k2-@) = 0, (3.262) 
where fij = Cdouble—box(k1,|) © k2,\)/@? with Caouble—box indicating the hepta- 


cut. The irreducible numerator Adouble—box(k1 © p4, k2 - pi, ki - œ, k2 - œ) may 
then be constructed by forming a general polynomial of rank four!’ in the 
four ISPs and then removing the (multi-variate) constraints through polynomial 
division. This operation involves the computation of a Gröbner basis, which can 


13 For QCD the maximum rank appearing in Feynman diagrams in the Feynman gauge is four, in 
different theories a higher degree polynomial maybe necessary. 
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be computationally expensive but for the construction of a general basis is unlikely 
to present a bottleneck. In this case a suitable basis can be found to be [40] 


Adouble—box (k1 + p4, k2- p1, kı + @,k2-@) = co 


+ cı (kı - pa) + c2(k2 + p1) +.03(k © pa)? + calko - p1)? + cs (ki - palo - pi) 
+ c6(ki + pa)? + c7(ki © pa) (k2 + p1)? + cs(ki + p4) (k2 + p)? + colk + pi)? 


+ ciolki © pa)* + c11 (kı + pa)? (ka = pi) + c12 (ki + pa) (k2 + pi)? + ci3 (k2 + pi)4 
+ spurious terms . (3.263) 


The additional tensor integrals can be reduced to a smaller basis of integrals by 
the use of integration-by-parts identities, which will be a main topic in the next 
chapter. In this case it turns out that only two of these integrals can actually be 
considered independent. While the determination of the integrand basis can be 
useful, for current state-of-the art problems the integration-by-parts system presents 
a considerable computational bottleneck. 
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Abstract 


In this chapter we introduce methods for evaluating Feynman loop integrals. 
We introduce basic methods such as Feynman and Mellin parametrisations, and 
present a number of one-loop examples. Working in dimensional regularisation, 
we discuss ultraviolet and infrared divergences. We then introduce special 
functions encountered in loop calculations and discuss their properties. Focusing 
on their defining differential equations, we show how the symbol method is a 
useful tool for keeping track of functional identities. We then connect back to 
Feynman integrals by showing how differential equations can be effectively used 
to read off the special functions appearing in them. In particular, we discuss 
residue-based methods that streamline such computations. 


4.1 Introduction to Loop Integrals 


Feynman integrals play a crucial role in quantum field theory, as they often 
arise when seeking to make perturbative predictions. As such, it is important to 
understand how to evaluate them or at least have some knowledge of their behaviour. 
One example of where Feynman integrals appear is in the study of correlation 
functions in position space. At the loop level, these integrals depend on the positions 
of the operators. Another example is the computation of anomalous dimensions of 
composite local operators, which are of particular interest due to their dependence 
on the coupling constant. In momentum space, Feynman integrals also appear in 
the calculation of scattering amplitudes and other on-shell processes. Feynman 
integrals also have applications in other areas, such as gravitational wave physics 
and cosmology. While the specific types of integrals may vary in these different 
scenarios, methods known from particle physics are often applicable. In particular, 


© The Author(s) 2024 167 
S. Badger et al., Scattering Amplitudes in Quantum Field Theory, Lecture Notes 
in Physics 1021, https://doi.org/10.1007/978-3-031-46987-9_4 


168 4 Loop Integration Techniques and Special Functions 


the differential equation method discussed in this chapter has already proven to be 
useful in these areas. 

One key point is that we can gain insight into these loop integrals by examining 
the properties of their rational integrands. We have a lot of knowledge about these 
rational functions and how to analyse them, such as through recursion relations 
or generalised unitarity. The challenge is to understand what happens when we 
perform the D—dimensional, or four-dimensional, integration over internal loop 
momenta. This transforms the rational functions into special functions, such as 
logarithms, polylogarithms, and their generalisations. It is interesting to consider 
how the properties of these special functions come from the integrand and how 
we can utilise this understanding. We will discuss their properties and how to best 
think about them. We will explore the connection between Feynman integrals and 
differential equations. We will learn how to apply the differential equation method 
and how to use hints from the integrands to simplify the procedure. 

This chapter is organised as follows. Section 4.2 quickly recalls prerequisites 
from quantum field theory and establishes conventions. For background material, 
we refer to standard textbooks, such as [1]. For a general and more extensive 
introduction to Feynman integrals, we refer to the useful book [2] and the very 
comprehensive monograph [3]. Both of these references contain many further 
specialised topics that go beyond the scope of these lecture notes. In Sect. 4.4 we 
discuss relevant special functions from a differential equation viewpoint that facil- 
itates seeing the connection to Feynman integrals. In Sect. 4.5 we then discuss the 
differential equations method for Feynman integrals. This chapter is complementary 
to the lecture notes [4]. 

We cover the following topics: conventions, Feynman parametrisation, Mellin- 
Barnes representation. We introduce two one-loop examples of Feynman integrals 
that will be useful throughout this chapter: the two-dimensional massive bubble 
integral, and the four-dimensional massless box integrals, that are relevant to the 
scattering processes discussed in the rest of these lecture notes. 


4.2 Conventions and Basic Methods 


4.2.1 Conventions for Minkowski-Space Integrals 


Unless otherwise stated, integrals are defined in Minkowski space with “mostly- 
minus” metric, i.e. nuy = diag(+, —, —, —) in four dimensions. When discussing 
quantities in general dimension D, likewise we take the metric to be nav = 
diag(+, —,..., —, —). Up to overall factors, the momentum-space Feynman prop- 
agator in D dimensions for a particle of mass m and with momentum p reads 


i 


—— 4.1 
p? — m? + i0 oy) 


Here the Feynman prescription “iO” stands for a small, positive imaginary part that 
moves the poles of the propagator off the real axis. It is important for causality. 
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Fig. 4.1 Wick rotation: the ko integration contour is rotated from being parallel to the horizontal 
axis, to being parallel to the vertical axis, avoiding the propagator poles (which have a small 
imaginary part due to the Feynman 10 prescription) 


Kinematics Momentum-space Feynman integrals depend on external momenta 
and other parameters such as masses of particles. The external momenta are 
usually denoted by p;,i = 1,...,n. The Feynman integrand depends on these 
momenta, and in addition on loop momenta, that are integrated over. The result of 
the integration depends on the external momenta via Lorentz invariants, such as 
Pi ` Pj = Nw p” P;, where nyu» is the metric tensor, for example. 

At loop level, one encounters integrals over loop momenta, with the integrand 
being given by propagators and possibly numerator factors. Let us begin by 
discussing the loop integrals with trivial numerators first. 

In order to explain how to define integrals in D-dimensional Minkowski space, 
we begin with the following example: 


| dPk s - f| S = (4.2) 
in PP? (kR +m? id) J in PP? J (RER + m2 100° 


where k = (ko, k). We will see presently what range of the parameters D and a is 
allowed for the integral to converge. Consider the integration over kp. We see that 
there are two poles in the complex ko plane, at ky = +v k? + m? + i0.' We can 
rotate the contour of integration for ko in the complex plane (Wick rotation) so that 
the integration contour becomes parallel to the imaginary axis, ko = ikọ,g. This 
is done in a way that avoids crossing the propagator poles, see Fig. 4.1. Defining a 
Euclidean D-dimensional vector kg = (ko,£, K) we arrive at 


dPke 1 
ar ae a (4.3) 
T (kj, +m — i0) 


' Note that i0 is understood as a positive infinitesimal quantity. For this reason, we have absorbed 
a positive factor of 2\/k? + m? into i0, and we have dropped terms of order (i0)?. 
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This is now in the form of a Euclidean-space integral, and we could drop the i0 
prescription. For integer D, this integral can be carried out using the following three 
steps. First, we write the propagator in the Schwinger parametrisation, 


1 1 i a—1,-—ax 

—= daa e ®t. (4.4) 
x* I(a) Jo 

This formula can also be interpreted as the definition of the I” function, which we 


will encounter frequently in the context of Feynman integrals. Note that the RHS of 
Eq. (4.4) is well-defined for a > 0. Second, we use Gaussian integral formula, 


CO 
ji T 
/ aye? = fF, (4.5) 
=00 


to carry out the D-dimensional loop integration over k (assuming integer D). Third, 
we use Eq. (4.4) again, to obtain 


D = 
f dP?k 1 Ta- D/D 1 m 


ir P/2 (~k? +m? — i0)  T(a) (m? — i0) 2-2 


Note that the dependence on m? in Eq. (4.6) could have been determined in advance 
by dimensional analysis. Another simple consistency check can be performed by 
differentiating w.r.t. m*, which gives a recursion relation in a. 


Useful Convention Choices 

We follow the conventions of [2], which helps to sort out many trivial factors 

of —1,i, and x. 

e Choice of loop integration measure. Our choice of d?k/(ix?/?) has 
the following desirable features. Firstly, the factor of i disappears after 
Wick rotation, and secondly the factors of m compensate for the “volume 
factor” from the D-dimensional Gaussian integration (4.5). Experience 
shows that our definition of loop measure is natural from the viewpoint 
of transcendental weight properties to be discussed later, and in particular 
the occurrences of x that appear after integration have a less trivial origin. 

e Choice of “effective coupling”. Note that the above choice of measure 
differs from the factor of (27)~? that Feynman rules give per loop, so 
we recommend splitting this factor up when defining the loop expansion. 
Often one organises the perturbative expansion in terms of an “effective” 
coupling, such as Bi /x* in four-dimensional Yang-Mills theory, to 
absorb factors of x. In QCD, a; = 8ocp / (4c) is commonly used. 

e Choice of propagator factors. We included a minus sign in the propagator 
on the LHS of Eq. (4.6). This avoids minus signs on the RHS, and has 
the effect that, for certain integrals, the RHS is positive definite for certain 
values of the parameters. Equation (4.6) is a case in point. 
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When dealing with massless particles, we may also encounter the situation where 
we need to evaluate the RHS of Eq. (4.6) for m = 0. In this case, the only answer 
consistent with scaling is zero (for a — D/2 4 0). We therefore set all scaleless 
integrals in dimensional regularisation to zero. 


4.2.2 Divergences and Dimensional Regularisation 


The derivation of Eq. (4.6) assumed integer D (and a). Moreover, when considering 
the convergence conditions for the different computational steps, we find the 
conditions a > 0 anda— D/2 > 0. We can also see this by inspecting the arguments 
of the J” functions in the final formula (4.6). So, for example, the integral is well- 
defined for a = 3, D = 4. It will be important in the following to extend the range 
of validity to non-integer values of a and D, and beyond the range indicated by the 
inequalities. But what is meant by integration for fractional dimension D? Since 
we know the answer only for integer D, the analytic continuation is not unique. 
Therefore we need to make a choice. We can do so by taking the RHS of Eq. (4.6) 
as the definition for the integral in D dimensions. As we will see, all other, more 
complicated, integrals can be related to this one. 

One of the main motivations for defining integrals for non-integer D is that 
in quantum field theory one frequently encounters divergences. Ultraviolet (UV) 
divergences are well known from textbooks. They are related to renormalisation 
of wavefunctions, masses and the coupling in QFT, and as such play an important 
role in making the theory well-defined. Beyond that, they can also lead to coupling- 
dependent scaling dimensions of operators in QFT, which are relevant for example 
in strong interaction physics, for example, or in describing critical phenomena in 
condensed matter physics. While in principle ultraviolet divergences could be dealt 
with by introducing certain cutoffs, it is both practically and conceptually very 
convenient to regularise them dimensionally, i.e. by setting D = 4 — 2e, fore > 0 
(see the discussion on power counting in Chap. 3), and by considering the Laurent 
expansion as € is small. 

Another type of divergences are infrared (IR) ones. These can occur when on- 
shell processes involving massless particles are considered. One way of thinking 
about this is to start from UV-finite momentum-space correlation functions in 
general kinematics, and then to specialise them to on-shell kinematics, for example 
by setting p? = 0 in the case of external massless particles. In general, this leads 
to a new type of divergence. The most common case corresponds to the following 
regions of loop momenta: soft (all components of the loop momentum are small) and 
collinear (a loop momentum becomes collinear to an external on-shell momentum). 
The behaviour of loop integrands in these configurations is closely related to the 
properties of tree-level amplitudes discussed in Sect. 2.1. Such infrared divergences 
can also be treated within dimensional regularisation, but with with € < 0.? 


? In practice, one may have situations where infrared and ultraviolet divergences are present at the 
same time. Thanks to analytic continuation, these divergences can be treated consistently within 
dimensional regularisation. 
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4.2.3 Statement of the General Problem 


The main goal is the computation of Feynman integrals, represented by the function 
F, which depend on various parameters such as momenta p; and masses m j, and 
on the number of space-time dimensions D: 


F (pi; mj; D) Sof gee d? ky I (pis kj; mg). (4.7) 


These integrals are defined in D dimensions, where D = 4 — 2e in dimensional 
regularisation. The method we discuss can be applied to a range of theories and 
models, though the complexity of the result increases with the number of parameters 
considered. 

As an example, consider a scattering process involving incoming and outgoing 
particles, for which we want to compute the corresponding Feynman integrals. To 
approach this problem, we will start with special functions that are known to appear 
in certain calculations and then generalise from there. For one-loop calculations in 
four dimensions, it has been observed that apart from logarithms, only a class of 
functions called dilogarithms are needed. We will discuss the latter in more detail 
in Sect. 4.4. Consider a Feynman integral F that depends on D = 4 — 2e and has a 
small € expansion 


Jmax 
F(D) = X ef FY + O(t), (4.8) 
J=Jo 


Since we are ultimately interested in finite results for four-dimensional observables, 
we can typically truncate the expansion at a certain order jmax and discard the higher 
order in € terms. 

For example, in the case of one-loop amplitudes, the leading term is a double 
pole (jọ = —2), and one might neglect evanescent terms—that is, terms which 
vanish in D = 4 dimensions—by setting jmax = 0. In this case, it is known that 
only logarithms and dilogarithms are needed to express the answer. 

Let us consider a generic one-loop scalar n-point Feynman integral, as in Chap. 3, 


1 
: [—k?+m7]"! [—(k+-pi)?-+m3]. T [-(k+pit+ a +Pn—1)?+m?] 


z> (49) 


see Fig.3.2, where the external momenta p; may or may not satisfy on-shell 
conditions. It is convenient to introduce dual, or region coordinates xi. Each dual 
coordinate labels one of the regions that the Feynman diagram separates the plane 
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Fig. 4.2 Generic one-loop pı 
n-point Feynman diagram Pn ae Ly 
and dual coordinates x. The N 

latter denote the different dual 

regions 


—> P2 


“A 


Pn-1 


into, as in Fig. 4.2.7 The momentum flowing in each of the edges of the graph is 
then given by the difference of the coordinates of the adjacent dual regions, 


kK=xX1-—X0, Pj=Xj4i-X;, (4.10) 


with the identification x ;+, = xj. Then the integral above takes the simple form 


D n 
Fyne = fa el : l m (4.11) 
ix P/ Ji (=x; +m?) j 
where x;; := x; — xj. Translation invariance in the dual space corresponds to 
the freedom of redefining the loop integration variables k in the initial integral. 
Momentum conservation implies that the external momenta form a closed polygon 
in dual space, with the vertices being the dual coordinates x; and the edges being 
the momenta p;i. 


4.2.4 Feynman Parametrisation 


It is often convenient to exchange the integration over space-time for parametric 
integrals. Formulae for doing so for general Feynman integrals are given in ref. [2]. 
The idea of Feynman parametrisation is to exchange the space-time integration 
for a certain number of auxiliary integrations (over Feynman parameters). This can 
be done systematically. Let us show how it is done explicitly at one loop. The 
starting point is the general one-loop integral given in Eq. (4.11). The goal is to 
relate this to the case in Eq. (4.6), by introducing auxiliary integration parameters. 


3 For this purpose, we view the external legs as extending to infinity. 
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This method is closely related to the Schwinger formula (4.4) encountered earlier. 
The Feynman trick is based on the following identity: 


1 (aj ta.) [% dajdaz ala2! 


= 4.12 
XOX? Trara) Jo GLA) (a X1 + 02X21 (4.12) 


The RHS of this formula requires some explanation. The form on the RHS is 
invariant under general linear (GL) transformations, i.e. arbitrary rescalings of 
a, and a2. The measure da;da2/GL(1) means that one “mods out” by such 
transformations, so that in effect the integration is only one-dimensional. For 
example, one could fix a2 = 1, upon which the integration measure becomes 
i da. Another common choice is to set a; + a2 = 1. In other words, modding 
out by the GL(1) transformations amounts to inserting a Dirac ô function —e.g. 
6(a@1 + a2 — 1) or ô(æ2 — 1)—under the integral sign in Eq. (4.12). 

Feynman integrals typically have many propagators (corresponding to the num- 
ber of edges), so we need a generalisation of Eq. (4.12) to an arbitrary number n of 
denominator factors: 


1 = ra +... +a) f” [j dai M asm 
Ta are h O Oh aXe 


This can be shown by mathematical induction. 

Applying Eq. (4.13) to the one-loop formula (4.11) yields an integral over a 
single factor in the integrand. By performing a change of variables in the integration 
variables k, this can be brought into the form of Eq. (4.6), and hence the space-time 
integration can be performed (see Exercise 4.1 for an example). The result is 


(4.13) 


_ Pa -D/2) f° T daat UP 
~ IE Tr(a) Jo GLU)  (V+U 77_, ma; — i0)¢-P/2 ’ 


(4.14) 


n 


where U = }ọ¢_ œ; and V = i<j aiaj (—x},). These polynomials, called 
Symanzik polynomials, have a graph-theoretical interpretation, see e.g. [2]. Consider 
the graph corresponding to the propagators forming the loop, where an edge 
corresponding to a denominator X; has label a;. Then, consider all ways of 
removing a minimal number of lines so that the graph becomes a tree. To each 
such term, associate the product of œ; factors of the removed factors. Summing over 
all such terms gives U. Similarly, to define V, one considers all ways of removing 
factors to obtain two trees, and again takes the products of the a;, but this time 
weighted by (minus) the momentum squared flowing through these lines, which 
yields —o1jor jx}; at one loop. 

Depending on the situation, different choices of fixing the GL(1) invariance in 
Eq. (4.14) may be particularly convenient. One may fix U = 1, for example, or 
alternatively one may set one of the Feynman parameters œ; to 1. 
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p2 


— (pı + p2) 


Pı 


(b) 


Fig. 4.3 Bubble and triangle Feynman integrals discussed in the main text. The arrows denote the 


direction of the momenta 


Exercise 4.1 (The Massless Bubble Integral) Consider the bubble integral, 
cf. Fig. 4.3a, with massless propagators but generic propagator powers: 


d?k 


1 


Fy (aj, a; p)= | D 


in? (—k? — i0)” (—(k — p)? — i0)? © 


(4.15) 


(a) Use the identity (4.12) to write down the Feynman parameterisation. 
Verify that it matches the general formula (4.14), and read off the 


Symanzik polynomials. 


(b) Show that the integral evaluates to 


D 
a o) 


P> (a1, az; D) = B (aj, az) (—p? — i0) A (4.16) 


with 


B (aj, a2; D) = 


Plate - 8) PG -a)r (8-a) 


I (a) I (a2) TF (D—a, — a2) 


For the solution see Chap. 5. 


(4.17) 


Example: Infrared-Divergent Massless Triangle Integral 


As an example of the one-loop Feynman parameter formula (4.14), let us 
consider the massless on-shell triangle diagram of Fig. 4.3b, 


1 


m -f d?k 
SJ iPP [2 ik p)? 


(4.18) 


i0][—(k — p2)? — i0] ` 
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In order to use Eq. (4.14), we need to match the kinematics to the general notation 
used there. Note that Eq. (4.18) is a special case of Eq. (4.11) with n = 3 and the 
following choices: zero particle masses mı = m2 = m3 = 0, and unit propagator 


exponents a} = a? = a3 = l. Moreover, we consider the massless on-shell 
conditions P? = Ps = 0, so that the integral depends on the dimensionful 
variable s = (pı + p2)*, and on D. Translating this to dual coordinates, we 


2 2 y) 
have Xj, = 0, X53 = 0, X73 = 8. 


Exercise 4.2 (Feynman Parametrisation) Draw the triangle diagram in 
Eq. (4.18) using both the momentum-space and the dual-space labelling, 
and verify the above identification of variables. Use this to write down the 
Feynman parametrisation for F3. For the solution see Chap. 5. 


Having established this notation, we can readily employ our main one-loop 
formula 4.14. Setting D = 4 — 2e, it gives 


[ da; daz2daz3 r(1 +e) 
F3 = 
0 


4.19 
GLO) (saias — i0) F (a; + a + a3) (4.19) 


For simplicity, let us consider the so-called Euclidean kinematic region, where 
s < 0. In this case, we see that the denominator on the RHS is positive, 
and therefore the i0 prescription is not needed. Later we may be interested in 
analytically continuing the integral to other kinematic regions. Noticing that the 
a-parameter polynomial multiplying —s is positive, we can conveniently record 
the information on the correct analytic continuation prescription by giving a 
small imaginary part to s: s —> s + iQ. In the present case, the dependence on s 
is actually trivial: it is dictated by the overall dimensionality of the integral. This 
implies that F; depends on s as (—s — i0)~!~€. 

Let us comment on the convergence properties of Eq. (4.19). The expression is 
valid for e < 0. This is consistent with our expectations, since this integral is UV- 
finite (see the power counting in Eq. (3.12)) but has IR divergences. The integral 
would actually be finite for Pr # 0, p? # 0. For on-shell kinematics Pr = p3 = 
0, one can see there are problematic regions of loop momentum in Eq. (4.18) 
that lead to divergences when integrating in D = 4 dimensions. The soft region 
occurs when all components of k in Eq. (4.18) are small. On top of this, there are 
two collinear regions, where k ~ pı and k ~ pz, respectively. One may convince 
oneself by power counting (see e.g. [5] for more details) that these regions lead 
to logarithmic divergences (1/e in dimensional regularisation). Moreover, each 
collinear region overlaps with the soft region, so that the divergences can appear 
simultaneously. We therefore expect the leading term of F3 as € — 0 to bea 
double pole 1 /e?. 
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Let us now verify this explicitly. In order to carry out the a integrals we introduce 
the following useful formula, 


n bi—1 n —b n 5 2 
cr Tis da; a"! [Ta dei S) ai PO) vite b= by. (4.20) 
i=l 


T (b) r 
i=1 
Applying this to Eq. (4.19), for bı = —€, b2 = 1, b3 = —e, we find 


B piel (+ 6)? (-€) 
F3 = (—s — i0) Fade (4.21) 


We wish to expand this formula for small e. To do so, we need to familiarise us 
with the properties of the J” function. 


Important Properties of the 7” Function 
In the calculation above we encountered a first special function, the I” 
function. It is defined as 


r(x) = f j det en. (4.22) 
0 


This formula converges for x > 0. To define T(x) for complex x, one uses 
analytic continuation. Here we collect several important properties of the T 
function. It satisfies the recurrence 


r(x+1)=xT (x). (4.23) 
It has the expansion 
CO 
—1)" x” 
log P(L+x) =-yex + > * (4.24) 
n=? n 


for |x| < 1. Here, Euler’s constant is 
ye = —I" (1) = 0.57721... , (4.25) 


and Riemann’s zeta constants appear, 
Al 
B= S Vn>2. (4.26) 


For even n, these evaluate to powers of 7, e.g. G = 17/6 and ¢4 = 14/90. 
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Using the expansion (4.24), as well as Eq. (4.23), we find 


1 x? 7 47x’ , 4 
27% 3 $36 zane TOEO (4.27) 


ec VE F3 = (=s)! | 


Here we multiplied F3 by a factor of ef% (in general, one takes one such factor 
per loop order), in order to avoid the explicit appearance of yg in the expansion. 


Exercise 4.3 (Taylor Series of the Log-Gamma Function) In this guided 
exercise we prove the Taylor series of the Log-Gamma function in Eq. (4.24). 
The Taylor series of log I (1 + x) around x = 0 is given by 


log r (1 +x) = `X - (£ log (1 + ») (4.28) 


n=l 


y=0 


The first-order derivative by definition gives Euler’s constant yg (4.25). In 
order to compute the higher-order derivatives, we derive a series represen- 
tation for the digamma function Y (x), i.e. the logarithmic derivative of the 
gamma function, 


dlog rœ) _ I(x) 


= = : 4.29 
(x) T Fo) (4.29) 
(a) Prove the following recurrence relation for the digamma function, 
n—-1 
x+n)=w(x)+ =, neN. 4.30 
W(x +n) = ya) 2 aT (4.30) 


(b) Prove the following series representation of the digamma function, 


= 1 1 
vo D(a <a) (4.31) 
=0 


Hint: study the limit of Y (x +n) — WU +n) for n —> œ using Stirling’s 
formula, 


P(x +1) = VJ 20x x*e* [1 + O(1/x)] : (4.32) 
(c) Use Eq. (4.31) to prove the Taylor series in Eq. (4.24). 


For the solution see Chap. 5. 
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Example: Ultraviolet Divergent Bubble Integral — 
An important example throughout this chapter will be the one-loop massive 
bubble integral. The integral is defined as 


dk 1 
in P/2 (—k2 + m? — i0)[—(k — p)? + m? — i0] ` 


Fo(s,m*; D) = / (4.33) 


The integrated function depends on the external momentum p via the Lorentz 
invariant s = p?. This is a special case of Eq. (4.11) with n = 2, with uniform 
internal masses mı = m2 = m, with unit propagator powers aj = a = 1, 
and with the single kinematic variable i = p°. In slight abuse of notation, 
we denote this integral by the same letter Fz as we did for the massless bubble 
integral above. 

Applying Eq. (4.14), we find 


D 
F(s,m?; D) =T (2 = ) 
F dæ doz (a1 + @2)P 
o GLA) [aja2(—s) + (a + &2)?m? — i0}? ` 


(4.34) 


Just as in the triangle example above, we see that the integrand in this formula is 
positive definite in the Euclidean region s < 0,m > 0, and that we can absorb 
the i0 prescription into s. We see that I’ (2 — D/2) is divergent for D — 4, and 
requires D < 4 for convergence. The parameter integral is instead well-defined 
for D = 4. Therefore we can compute the integral for D = 4 — 2e, with € > 0. 
In the limit € — 0, we find 


Fy(s,m?; D) = . +O(e°). (4.35) 


This divergence is of ultraviolet origin. As we discussed in Chap.3, we can 
understand it by doing power counting in the momentum-space representa- 
tion (4.33). Consider the integrand for large loop momentum k. Switching to 
radial coordinates, the integration measure becomes dP? k = r?-? dr d2, where 
r is the radial direction, and §2 represents the angular integrations. At large r, the 
integrand goes as dr/r?~*. This converges for D < 4, but leads to a logarithmic 
divergence at D = 4. This is exactly what Eq. (4.35) encodes. With the same 
power counting, we see that the integral in Eq. (4.33) is finite in D = 2. 
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Exercise 4.4 (Finite Two-Dimensional Bubble Integral) Starting from the 
Feynman parametrisation in Eq. (4.34), carry out the remaining integration for 
D = 2, for the kinematic region s < 0, m2 > 0, to find 


2 J1—4m?/s — 1 
1 : 4.36 
sJ/1—4m2/s ce( at) a 


Hint: employ the change of variables —s/m? = (1 — x)? /x, with 0 < x < 1. 
For the solution see Chap. 5. 


Fy(s, m?; D= 2) = 


We will also be interested in the dimensionally-regularised version of Eq. (4.33), 
i.e. the deformation where D = 2—2e. This is interesting for several reasons. Firstly, 
we have seen in Chap. 3 that integrals in dimensions D and D + 2 are related by 
certain recurrence relations, see Eq. (3.184) at one-loop order [6]. Secondly, this 
integral for D = 2 — 2e will serve as a main example for understanding integration 
techniques in this chapter. 

Before closing this section, let us mention the L-loop generalisation of Eq. (4.14). 


Feynman Parametrisation for a Scalar L-Loop Feynman Diagram 
Consider now an L-loop scalar Feynman integral with n denominator factors. 
The graph may be planar or non-planar. As before, we label the i-th factor 
(which may have a generic mass m? and is raised to a power a;) by the 
Feynman parameter a;. Then, the generalisation of Eq. (4.14) is given by 


TG UD?) fle do; a7 pC 
Meare Jo GLO) (V+ U J}; mPa; — i0)4-EP/2 ` 
(4.37) 


Here a = )°,a;, and the Symanzik polynomials U and V have the same 
graph theoretical definition mentioned above. They have been implemented 
in various useful computer programs, for example [6]. 


4.2.5 Summary 


In this section, we introduced conventions and notations for Feynman integrals. The 
integrals are initially defined as space-time integrals, but other representations are 
also useful. We showed how Feynman representations are obtained. We discussed 
a number of sample one-loop integrals, and showed how ultraviolet and infrared 
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Fig. 4.4 Integration contour for Mellin-Barnes representation in Eq. (4.38). The integration 
contour (dashed line) goes parallel to the vertical axis, with Re(z) = c, with —a < c < 0, i.e. 
to the right of the poles of I (—z), and to the left of the poles of F(z + a) (shaded area) 


divergences are treated in dimensional regularisation. We also saw first examples 
of special functions appearing in the integrated answers, namely the I” function 
and the logarithm. In the next sections, we introduce the Mellin-Barnes method, 
which will allow us to go beyond the cases treated so far, and see first examples 
of polylogarithms. After that we discuss more systematically special functions 
appearing in Feynman integrals, and propose a useful way for thinking about them 
in terms of their defining differential equations. 


4.3 Mellin-Barnes Techniques 


In the previous section we saw how to derive parameter-integral formulae for 
Feynman integrals. For a triangle diagram we derived the complete analytic answer 
by carrying out the parameter integrals, and we did the same for the finite 
two-dimensional massive bubble integral. In general, it is difficult to carry out 
the Feynman parameter integrals directly (see however interesting work in this 
direction, together with powerful algorithms [7]). 

Another useful representation trades the Feynman parameter integrals for Mellin- 
Barnes integrals, as we describe presently. The resulting Mellin-Barnes represen- 
tations makes certain properties of the integrals easier to see as compared to the 
Feynman parameter integrals. In particular, useful algorithms have been developed 
to resolve singularities in € and to provide representations of the terms in the Laurent 
expansion of the Feynman integrals. The key formula is the following, 


oP E pretax (4.38) 
FI F@) Jei Qi STE 


where the integration contour is parallel to the imaginary axis, with real part c in the 
interval —a < c < 0. See Fig. 4.4. In general, the integration contour is chosen such 
that the poles of T” functions of the type F(z + ...) lie to its left, and the poles of 
I (—z + ...) lie to its right. 
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One can verify the validity of Eq. (4.38) by checking that the series expansions 
of its LHS and RHS agree. Let us see this in detail. Assume x < y. Then the LHS 
of Eq. (4.38) has the following series representation, 


1 Hid nit Fata) x\" 
eae OY oa re) we EPS 


Let us see how this arises from the RHS of Eq. (4.38). If x < y we can close 
the integration contour in Eq. (4.38) on the right, because the contribution from the 
semicircle at infinity vanishes. By complex analysis, we get a contribution from 
(minus) all poles of l (—z) situated at zn = n, with n = 0,1,.... Taking into 
account that the corresponding residues are Res[J°(—z), z = n] = (<1) ja! 
(see Exercise 4.5), one readily reproduces Eq. (4.39). One may verify similarly the 
validity of Eq. (4.38) for y < x. In this case, one closes the integration contour on 
the left. 

Equation (4.38) can be used to factorise expressions, e.g. the denominator factors 
appearing in Feynman parametrisation. Once factorised, Eq. (4.20) allows one to 
carry out the Feynman parameter integrals. In some sense, the Mellin-Barnes rep- 
resentation can therefore be considered the inverse of the Feynman parametrisation. 
Of course, this means that one is just trading one kind of integral representation 
for another. However, the Mellin-Barnes representation is very flexible, and has a 
number of useful features, as we will see shortly. 


Exercise 4.5 (Laurent Expansion of the Gamma Function) The Gamma 
function I (z) is holomorphic in the whole complex plane except for the non- 
positive integers, z = 0, — 1, —2, ..., where it has simple poles. 


(a) Compute the Laurent expansion of I (z) around z = 0 up to order z, 


re) = ; =y - (vé 4 ča) +0 (2) ! (4.40) 


(b) Using Eq. (4.40), show that the Laurent expansion of I (z) around z = 
—n, with n € No, is given by 


w 
To= [+ n— Ye 
1 2 
+E +n) |G -m + io + Hna) AD 


(continued) 
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Fig. 4.5 Massless one-loop 
four-point Feynman integral 
considered in the main text 


P2 P3 


Pı 


where the ellipsis denotes terms of order (z + n)? or higher. Here, Hn,r is 
the n-th harmonic number of order r, 


HA = Ay = Hy i. (4.42) 


For the solution see Chap. 5. 


4.3.1 Mellin-Barnes Representation of the One-Loop Box Integral 


Let us apply the above procedure to the massless one-loop box integral, cf. Fig. 4.5: 


F. =f = (4.43) 
+o J i PP REF pry + pi + pk + pi + pot ps)’ ' 


with D = 4 — 2e. The i0 prescription is understood. The external momenta are 
taken to be on-shell and massless, i.e. p? = 0. It is a function of s = (pı + p2)*, 
t = (p2 + p3)’, and e. Power counting shows that this integral is ultraviolet finite, 
but it has soft and collinear divergences. Therefore we expect the leading term to be 
a double pole in €, just as for the massless triangle integral computed above. 

We start by writing down a Feynman parametrisation, using Eq. (4.14), 


© TTL, dai r(2+e6) 


iis GL(1) = -DPH (Sy i) | 
0 [103 (—s) + a24 (—t)] + (Xi ai) 


(4.44) 


Here we absorbed the i0 prescription into s and f¢. In the following we take the 
kinematics to be in the Euclidean region s < 0,t < 0. We can factorise the first 
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Fig. 4.6 Poles of the T functions involved in the Mellin-Barnes parameterisation of the one-loop 
box integral (4.46) assuming —1 < e < 0. For the integration in Eq. (4.45) to be well defined, the 
real part of z must lie in the shaded area, between the right-most pole of the I” functions of the 
type I (z +...) and the left-most pole of those of the type [(—z +...) 


factor of the integrand of Eq. (4.44) at the cost of introducing one Mellin-Barnes 
parameter integral, using Eq. (4.38). Then, the integral over the œ parameters can be 
done with the help of Eq. (4.20). We find 


d 
r= |$ Menz 6), (4.45) 
2xi 


with 


r? +z)r?(—1-— e-z) 


M(s,t, z; €) = (S8 (CA TEET (z) (2+ e +2) T (—26) 


(4.46) 


For the integrations leading to this expression to be well defined, the real part of the 
arguments of each I” function must be positive. The pole structure of the relevant 
I functions is shown in Fig. 4.6. We see that this implies in particular that € < 0, 
which is expected since the integral is infrared divergent. We can choose e.g. 


Re(z) = = p gs55 (4.47) 


We will now explain how to analytically continue to € > 0. 


4.3.2 Resolution of Singularities in < 


Here we follow ref. [8] and references therein. We saw that the integral in Eq. (4.45) 
is ill-defined for € = 0. This can be traced back to the presence of the Gamma 
functions I (1 + z) and F (—1 — e — z). The contour for the z integration has to 
pass between the poles of these Gamma functions, which is only possible for € < 0. 
In other words, as € goes to 0, the shaded area in Fig. 4.6 is pinched between the 
right-most pole of (1 + z) and the left-most pole of r (—1 — e — z). Before we 
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can take the limit € — 0, we must therefore deform the integration contour for z, so 
that it does not become pinched when taking the limit. Let us deform the contour to 


the right. This leads to a contribution of the residue at z = —1 — e. In other words, 
dz dz 

F4 = — — M(s,t,z;6) + — M(s,t,z;€), (4.48) 
z=—1—e 271 Re(z)=c 271 


where —1 — e < c < 0. The value of this residue is 


_ (-sy7* r?(-e) Fe + 1) 
st I’ (—2e) 


A [2w ©) Wwe +1) +1og(*) + ye] 


(4.49) 
where y(z) is the digamma function, defined in Eq. (4.29) of Exercise 4.3. 
In the second term, we can safely Taylor expand in e. We see that it is of O(e), 


due to the presence of the factor T (—2e) in the denominator. Here we keep only 
this leading term, 


dz 1 z 
B= -z f L E reore+ard+or-l-)+0@), 
Re(z)=c 271i t 


t 
(4.50) 


where —1 < c < 0. Therefore, remembering that the residue A in Eq. (4.49) 
contributes with a minus sign, we find 


eve 
A st e? PF 3 


__4)-€ 2 
ete E Se +00]. (4.51) 


In Exercise 4.6 we compute also the O(e) term. 


The Full — — ++ Helicity QCD Amplitude 

In Chap.3, the one-loop four-gluon amplitude in the + + —— helicity 
configuration was given in Eq. (3.253) in terms of box and bubble Feynman 
integrals. Let us denote the ratio of the one-loop and the tree amplitude by 


-eyg YM ne 2 AD 211 OO ATS 
(47m)? Sr A (1-,2-,3+, 4+) 


(4.52) 


Using the results for the integrals from Eqs. (4.51) and (4.16), we find 


a) 4 1 11 S t 
Me Sy =7 t 2l = a A ae (4.53) 
ae HR HR 


(continued) 
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Here we have reinstated the dimensional regularisation scale Ne. We can 
rewrite this in the following instructive form, 


=E E 
2 s 2 t s 4r? 
d) a) 
Go = = = l (*) eee 
ia A =] A z) e 


1 n t 64 
-— +=log|--—~]-— +00). (4.54) 
3e 3 u2 9 


The special form of the poles in € in Eq. (4.54) is related to the structure of 
ultraviolet and infrared divergences in Yang-Mills theories. It is due to the 
fact that ultraviolet and infrared effects come from separate regions. For an 
introduction to infrared divergences in Yang-Mills theories, see e.g. ref. [5]. 


Exercise 4.6 (Massless One-Loop Box with Mellin-Barnes Parametrisa- 
tion) Compute the order-e term of the function B in Eq. (4.50). Putting the 
latter together with the Laurent expansion of the residue A in Eq. (4.49) gives 
the analytic expression of the massless one-loop box integral F4 up to order 
€: 


ws) f4 2 An? 
F4 = È iss) | ed log) = 
St € € 3 


are 2 Lis (-) + 2log(x) Liz (-) 


Tx? 34 
+ log? (x) + — log(x) — (log(x)? + z?) log(1 + x) — Žel 


+0(e)] l (4.55) 


where x = t/s > 0. In this result we see for the first time the polylogarithm 
Li, (x), a special function which arises frequently in the computation of 
Feynman integrals. For |x| < 1, the n-th polylogarithm Li, (x) is defined 


(continued) 
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as the power series 


k 
Lip (x) Do a= Daes (4.56) 
k>1 


The definition can be extended to the rest the complex plane by analytic 
continuation, e.g. by viewing the polylogarithms as solutions to differential 
equations. We will take this viewpoint in Sect.4.4. Note that the first 
polylogarithm is just a logarithm: Lij(x) = —log(1 — x). The second 
polylogarithm, Lig, is typically referred to as dilogarithm. At unit argument, 
the polylogarithms with n > 2 evaluate to Riemann’s zeta constants: Li, (1) = 
Cn. For the solution see Chap. 5. 


4.4 Special Functions, Differential Equations, and 
Transcendental Weight 


4.4.1 A First Look at Special Functions in Feynman Integrals 


In the previous section, we have already seen a few examples of special functions 
appearing in Feynman integrals, namely the logarithm and the polylogarithm. We 
have also encountered special numbers: powers of 7 , as well as other transcendental 
constants such as ¢3. The latter appear on their own, or arise as special values of the 
special functions, as we see presently. 

These transcendental numbers and functions are ubiquitous in quantum field 
theory. For example, they may appear in anomalous dimensions of local operators, 
in the 6 function governing the renormalisation group flow, or in scattering ampli- 
tudes. From a structural viewpoint it is very interesting to ask: what transcendental 
numbers may arise in a given computation? Some of the techniques discussed later 
in this chapter came together from insights into this and related questions. 

A first useful concept is the notion of transcendental weight, or “transcenden- 
tality”. Roughly speaking, it describes the complexity of an expression. Rational 
numbers are assigned weight zero, while z is assigned weight one, and more 
generally ¢, is assigned weight n. Likewise, the logarithm is assigned weight 
one, while the polylogarithm Li, is assigned weight n. The first interest in this 
definition came from two observations. Firstly, in the special N = 4 super Yang- 
Mills theory, quantities appear to always have a fixed, uniform weight. Secondly, 
for certain anomalous dimensions in QCD, which are not uniform in weight, the 
highest-weight piece agrees with the one computed in N = 4 super Yang-Mills 
theory [9]. These first observations stimulated more research that eventually led to a 
better understanding of transcendental weight, which allows one to predict which 
Feynman integrals have the maximal weight property. This insight is useful for 
computing Feynman integrals, as we will discuss below. 
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Fig. 4.7 Integration contour Im(x) 
to extend the definition of the 
logarithm to the complex 
plane with the branch cut 
along the negative real axis 
removed, as indicated by the 


a : 5 
zig-zag line | 0 1 Re (x) 


We have seen a definition of the polylogarithm in Eq. (4.56). There are many 
examples of special functions in physics, and usually there exist several equivalent 
definitions. The same is the case here. In many cases, a definition in terms of 
a defining differential equation is convenient. We will follow this approach in 
this section, and will discover that it is very useful in the context of Feynman 
integrals. Therefore let us first review the functions we encountered so far from this 
perspective, which is closely related to integral representations, and discuss some of 
their key properties. 

The logarithm can be defined as a single integral: 


x dt 
logx =] —. (4.57) 
1 


This equation is defined for real positive x. To extend the definition to complex 
argument, one places a branch cut along the negative real axis, and defines the 
answer in the cut complex plane by analytic continuation, i.e. by integrating along 
a contour from the base point x = 1 to the argument x € C \ {x < 0}, as shown in 
Fig. 4.7. 

From Eq. (4.57) we can simply read off the derivative, 


1 
d,logx = —, (4.58) 
x 


and we have log | = 0. Dilogarithms can be defined in a similar way, but with two 
integrals instead of one: 


. * dt 
Liz (x) = -f z log(1 — t). (4.59) 


One may verify that this agrees with the series representation (4.56) by Taylor 
expanding the integrand in t. From this we can read off the derivatives, 


0, Lig (x) = = log(1 — x), (4.60) 
x 


dyLig(1 — x) = 


log(x) , (4.61) 


1-x 


as well as the special value Li2(0) = 0. Like the logarithm, the dilogarithm Liz (x) 
is a multi-valued function. Its branch points are at x = 1 and infinity. Following the 
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convention of the logarithm, the branch cut is along the positive real axis between 
x = | and infinity (see Exercise 4.7). For more information about the dilogarithm, 
see [10]. 

We have seen that this, as well as the trilogarithm encountered above, are part 
of a larger class of polylogarithms, defined in terms of series in Eq. (4.56). In the 
following, it will be useful to think of these functions in terms of iterated integrals. 
To establish the connection, we note that 


x OeLi, (x) =Lin_i(x), for n> 2, (4.62) 


which follows straightforwardly from Eq. (4.56). Therefore we can write 
oe dy 
Li, (x) = Li,-1Q7)—, for n>2. (4.63) 
0 y. 


All polylogarithms Lin(x) are multi-valued functions, with a branch cut along the 
positive real axis between x = 1 and infinity. Note that we can think of all those 
functions as iterated integrals over certain logarithmic integration kernels: dx/x 
and dx/(x — 1). This leads to another way to think about transcendental weight: it 
corresponds to the number of integrations in such an iterated-integral representation. 


Exercise 4.7 (Discontinuities) The discontinuity of a univariate function 
f(x) across the real x axis is defined as 


Discs [f(x)] = Aa Lf (x +in) — fœ —in)] . (4.64) 


(a) Prove that the discontinuity of the logarithm is given by 
Disc, [log(x) | = 271 O (—x), (4.65) 
where © denotes the Heaviside step function. 
(b) The dilogarithm Li(x) has a branch cut along the real x axis for x > 1. 
Prove that the discontinuity is given by 
Disc, [Li2(x)] = 277i log(x) © (x — 1). (4.66) 
Hint: use the identity 
Lig(x) = —Li2(1 — x) — log(1 — x) log(x) + &, (4.67) 
which we shall prove in Exercise 4.9. 


For the solution see Chap. 5. 
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4.4.2 Special Functions from Differential Equations: The 
Dilogarithm 


Let us now see how we can think of these functions conveniently from a differential 
equations approach. Say we are interested in the function Li2(1 — x), perhaps 
because we know that it can appear in a certain calculation. Our goal is to find a 
defining set of differential equations for this function. Inspecting Eq. (4.61), we see 
that log(x) appears in its derivative, so we consider this function also, as well as the 
constant 1, which is required to write the derivative of log(x). Let us put these key 
functions into a vector, 


Lin(1 — x) 
f(x) =| log(x) |. (4.68) 
1 


A short calculation then shows that the following differential equation is satisfied, 


A A 
a,f(x) = (= + ) fœ). (4.69) 
x x-—1 
with the matrices 
000 0-10 
Ao=|001], Ar;=|{00 01. (4.70) 
000 00 0 


The first-order differential equations (4.69), together with the boundary condition 
f(x = 1) = (0,0, 1), uniquely fix the answer. 

Equation (4.69) encodes the singular points x = 0, 1, œo of the functions. As we 
will see later, the leading behaviour of f(x) is governed by the coefficient matrices 
of those singular points, which are Ao, A1, Ano = —Ao — Aj, respectively. The 
last point can be understood by changing variables to y = 1/x, and inspecting the 
singularity at y = 0. 

Let us now see how this connects to the concept of transcendental weight. 
Recall that, when referring to iterated integrals, the weight counts the number of 
integrations. So the rational constant has weight zero, a logarithm has weight one, 
the dilogarithm has weight two, and so on. Looking at Eq. (4.68), we see that 
the different components of f have different weight. In order to remedy this, we 
introduce a weight-counting factor €, to which we assign the weight —1 [11]. For 
the moment, this is a purely formal definition. However, later we will see that this 
is natural in the context of dimensional regularisation.* With the weight-counting 


4Tn particular, poles 1/e in dimensional regularisation correspond to log A terms in cutoff 
regularisations, so it is natural that 1 /e has the same weight as a logarithm. 
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parameter € at our disposal, we can define 


€*Lio(1 — x) 
g(x; €) = € log(x) ; (4.71) 
1 


This vector has uniform weight zero by definition. We find that it satisfies the 
following differential equations: 


Ao A 
Oxg(x; €) =€ (= + ) - g(x; €). (4.72) 


x—-1 
It is instructive to rewrite this in differential form, as 


dg(x; €) = €[ Ao dlog(x) + A; dlog(1 — x)]- g(x; €), (4.73) 


where d = dx È. We can see that the weights in this equation are consistent: d and 
€ have weight —1, log has weight +1, and the constant matrices Ag and A, have 
weight zero. Therefore g has weight zero. Since g depends on e, this means that 
when expanding in a series around € = 0, the weight of the coefficients increases 
with the order in €, starting with weight zero at order €°. This is of course exactly 
what is expected from Eq. (4.71). 

Let us now see how this arises from solving Eq. (4.73). Plugging the ansatz 


g(x) = Deg (x) (4.74) 


k20 


into the DE, and looking at the different orders in €, we see that the equations 
decouple. The first few orders read 


aga) =0, (4.75) 
ag) (x) = A(x) -gV x), (4.76) 
deg (x) = A(x) g(x), (4.77) 


at order €9,€!, €*, respectively, and so on. Recalling the boundary condition 


g(l, <€) = (0,0, 1!, the equations are readily solved, giving 


0 0 Lig(1 — x) 
gw = fo], gw = |logx|, g@ = 0 . (4.78) 
1 0 0 


The higher-order equations read ag (x) = A(x) - g? (x) = 0, which lead to 
g© (x) = (0, 0, 0)! , and similarly at higher orders. In other words, the € expansion 
stops at €?. The reason is that, in this specific case, A(x) is a nilpotent matrix, i.e., 
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A(x)? = 0. This will be different for general Feynman integrals in D = 4 — 2e 
dimensions, but it will not limit the usefulness of the method. 


It Is Useful to Think About Special Functions in Terms of Their Defining 
Differential Equations Just as in familiar textbook examples from 
quantum mechanics, differential equations turn out to be a useful way 
of defining classes of special functions. We shall see later in this chapter 
that this strategy is particularly effective for Feynman integrals. 


4.4.3 Comments on Properties of the Defining Differential 
Equations 


Let us make a number of important comments on the differential equations (4.73) 
discussed in the last subsection. 


1. Fuchsian nature of the singularities. Equation (4.73) has several special features. 
One of them is the nature of its singularities. We see that the matrices on its 
RHS have only simple poles at each singular point. It implies that the asymptotic 
solution near any singular limit, say x — 0, can be expressed in terms of powers 
of x and logarithms of x. This type of singularity is called Fuchsian. In contrast, 
consider differential equations with a non-Fuchsian singularity, e.g. 


a 
dx f(x) = P f(x). (4.79) 
The solution to Eq. (4.79) reads 


f@=e "fa, (4.80) 


for some boundary constant fp. This has non-analytic behaviour at x = 0, which 
is not expected from individual Feynman integrals. 

We will see in Sect. 4.5 that the Fuchsian property is useful in several regards. 
Firstly, it may help in finding simple forms of the differential equations. Secondly, 
analysing the behaviour of the equations near singular points provides crucial 
information for fixing integration constants based on physical principles, without 
additional calculations [12]. Thirdly, the asymptotic expansion of an integral in a 
certain limit can be read off easily from the differential equations. 

2. “Gauge dependence” of the differential equations. The differential equations 


0,f(x, €) = A(x, €) - f(x, €) (4.81) 


are not unique in the following sense. Consider an invertible matrix T (x, €), such 
that we can define the following change of basis, 


f=T-g. (4.82) 
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Then the new basis g satisfies similar differential equations, 0,.g = B - g, witha 
different matrix 


B=T!.A.-T-T!. 3T. (4.83) 


Note that the “connection matrix” A transforms to B as under a gauge transfor- 
mation. 

For this reason, even if a simple form of the differential equations such as 
Eq. (4.73) exists, this fact might be obscured if an unfortunate choice of basis 
is made. In particular, the Fuchsian property mentioned above may be obscured 
in this way. However, a judicious basis choice can reveal the simplicity of the 
answer. 

For example, consider the following matrix, 


Lae 01 m 0 -6 
: —1 1 1 
Tefa aro); with Pts) 2) -ts) (4.84) 
0 01 0 0 1 


Applying this to A = Ag/x + A;/(x — 1) with (4.70), we find that Eq. (4.83) 
evaluates to 


l—e—x Ex 0 
Q@-D@+l @-Det+l) 


= l—e—x l+ex—x? € 
B= @-D@+Dx @-DatDx x2 7° (4.85) 


0 0 0 


This new form of the DE is far worse compared to the original one, for three 
reasons. First, the factorised €-dependence is lost. Second, there is a spurious 
divergence at x = —1. Third, the Fuchsian property at x = 0 is no longer 
manifest, due to the 1/x* term. This example underlines the importance of good 
guiding principles when dealing with this type of differential equations. 

3. Solution as a path-ordered exponential. The analogy with gauge transformations 
mentioned in point 2 above allows us to write down the solution to the general 
differential equations (4.81). The latter is given by the following expression 


f(x) = Pexp | L Aahar | - f(x0) - (4.86) 


Here C is a path connecting the base point xo to the function argument x, P 
stands for path ordering along this path, and f (xo) is the value of the function at 
the base point. 

In the formal expansion of the matrix exponential appearing in Eq. (4.86), the 
arguments are evaluated at different points x’ along the path C. In practice, one 
may consider the pull-back of the form A(x’)dx’ to the unit interval, parametrised 
by a parameter t € [0, 1]. The path-ordering then dictates that the matrices are 
ordered according to the ordering on the unit interval. 
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Equation (4.86) may be familiar to readers. On the one hand, the path ordering 
also shows up as time-ordering in the evolution operator in quantum mechanics. 
On the other hand, somewhat more advanced, it shows up in gauge theory: given a 
gauge field A, the matrix P exp[ Je A(x’)dx’ ] represents a Wilson line connecting 
two points xo and x, along a contour C. 

This second analogy also makes it clear that Eq. (4.86) enjoys a manifest 
homotopy invariance: two contours C and C’ (connecting x and x9) give the same 
value, as long as they can be smoothly deformed into each other, without crossing 
poles of A. 

For general A, the RHS of Eq. (4.86) is somewhat formal. However, in the 
cases considered in these lectures, it can be made very explicit. Firstly, in the 
dilogarithm example of Sect.4.4.2, A is nilpotent, and hence the path-ordered 
exponential has a finite number of terms (and hence number of iterated integrals) 
only. Secondly, in a later section we propose a method that achieves that A ~ e€, 
which allows us to write the path-ordered exponential as a Taylor series in e€. 
This is analogous to a perturbative expansion in the Yang-Mills coupling in gauge 
theory. 

4. Discontinuities (see Exercise 4.7) are also solutions to the differential equations. 
This is obvious from the form (4.86) of the general solution. Indeed, consider 
two contours C and C” that differ by a contour encircling a pole of A. Since both 
C and C’ are solutions to Eq. (4.81), so is their difference. The latter corresponds 
to taking a discontinuity of f. For instance, in our example above (Eq. (4.69)), we 
may consider two contours C and C” as in Fig. 4.8, with C’ crossing the branch 
cut starting from x = 0. In this case, for x € C \ {x < 0}, we find that 


Disc,—0 f(x) = [P exp [f agnar | — Pexp m aaa |} - f(xo) 


— log(1 — x) 
= 2ri 1 ; 
0 
(4.87) 
Im(x) x 
C 
x 
i ue ai 1 Re) 
Cc! 


Fig. 4.8 Integration contours for solving the defining DE of the dilogarithm Liz (1 —x), Eq. (4.69). 
The zig-zag line denotes the branch cut, and the crosses the poles of the connection matrix. The 
difference between integrating the DE along the two contours gives the discontinuity of the solution 
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which is equally a solution to Eq. (4.69). This way of defining the discontinuity is 
more general than the one we have seen in Exercise 4.7 and Chap. 3—which was 
restricted to the real axis—and is more suitable to functions involving multiple 
branch points.” For this reason we indicate the branch point in the subscript of 
the discontinuity in Eq. (4.87). This property of the discontinuity will be useful 
when analysing Feynman integrals. 

5. Relation to Picard-Fuchs equation. The issue raised in the previous point can be 
addressed in part in the following way. We can trade the first-order system of 
differential equations for higher-order equations for one of the integrals, called 
Picard-Fuchs equations [13]. Let us illustrate this for the Li2(1 — x), which is the 
first component of f in Eq. (4.68). Differentiating f multiple times with the help 
of Eq. (4.69)), one obtains a system of equations, from which one eliminates all 
functions except fı and its derivatives. In the present case we get 


Əxxðx (1 — x)ƏðxLi2 (1 — x) = 0. (4.88) 


An advantage of this representation as compared to Eq. (4.73) is that it depends 
only on one function, Liz (1 — x), and not on the other elements in the vector f. 
As such it does not suffer from the gauge dependence mentioned above. 

6. Dependence on the weight-counting parameter €. Recall that we assigned to 
e transcendental weight —1. We saw that when each w-fold iterated integral 
appearing in the basis f was multiplied by a factor €”, then the differential equa- 
tions had a simple, factorised dependence on €, cf. Eq. (4.73). Conversely, had we 
considered linear combinations of mixed weight, or had we not normalised the 
integrals appropriately, the dependence on € would have been more complicated. 
This is important to bear in mind when applying the above philosophy to 
Feynman integrals. 

7. Uniform weight functions and pure functions. It turns out that the simplicity of 
the differential equations considered in this chapter can be easily understood. For 
this it is useful to introduce the following concepts. A uniform weight function 
is a linear combination of functions of some uniform weight w, with coefficients 
that may be rational or algebraic functions. An example is 


1 x 
Lin(1 log?(1 f 4. 
EF i2( 2 og’ (1 + x) (4.89) 


Such a function does not satisfy particularly nice differential equations. The 
reason is that a derivative 0, can act either on one of the prefactors, or on 
the transcendental functions. As a result, one obtains a function of mixed 
transcendental weight. In contrast, consider a pure function, which is a Q-linear 


5 In fact, note that the connection matrix in the DE (4.69) has a pole also at x = 1. This branch 
point is “hidden” in the principal branch of Liz (1 — x), but comes to light when we cross the branch 
cut starting from x = 0. Indeed, we see in Eq. (4.87) that the discontinuity of Liz? (1 — x) has itself 
a branch point at x = 1. 
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combination of functions of some uniform weight w. An example for w = 2 is 


Liz(1 — x) + log?(1 +x). (4.90) 
Its derivative is 
l + á log(1 + x) (4.91) 
ogx o x), : 
1-x g l+x 8 


which has weight one, i.e. one less than the original function. It is built from 
two new pure functions, for which we could iterate the differential procedure. 
In this way one can construct a system of differential equations similar to the 
one considered above for any pure function. This also generalises naturally to 
multi-variable functions. 


4.4.4 Functional Identities and Symbol Method 


We will see that the key properties of the special functions can be encoded in 
so-called symbols. Roughly speaking, symbols preserve the information on the 
integration kernels but disregard the integration constants. In this context, the 
integration kernels are called letters, and their ensemble alphabet. For example, the 
alphabet associated with the DE (4.73) has two letters: dlog(x) and dlog(1 — x)” 
Concatenating different alphabet letters into words corresponds to specific iterated 
integrals. Leveraging the basic addition identity of the logarithm, the symbol 
technique allows one to detect function identities by simple algebra. 
Consider as an example the following function, 


: è 1 1 2 x? 
g(x) = Liz (x) + Lig (<) +5 log*(—x) + 6 (4.92) 


Let us consider this for x < 0, such that we stay away from branch cuts, and all 
summands are real-valued. We now wish to show that g(x) = 0. It is instructive to 
do this in the most elementary way, namely to show that g'(x) = 0, and that the 
identity is true at some value of x. Using Eq. (4.61) we have 


x dxg(x) = —log(1 — x) + log (1 Z 2) + log(—x) = 0. (4.93) 
K: 


In the last step, we have assumed x < 0, so that we can use log(ab) = log(a) + 
log(b) fora, b > 0. Moreover, using Liz (—1) = =? (12, one verifies that g(—1) = 
0. This completes the proof of the dilogarithm inversion identity g(x) = 0. 


6 Whenever the alphabet contains only d log-type integration kernels, it is sufficient to keep track of 
their arguments. In the case of Eq. (4.73), for instance, one would say that the alphabet is {x, 1 —.x}. 
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The symbol method can streamline finding avatars of such identities, i.e. 
identities up to possibly integration constants. It leverages the fact that we are 
dealing with iterated integrals, whose integration kernels satisfy the basic logarithm 
identity 


dlog(ab) = dlog(a) + dlog(b). (4.94) 


Unlike the analogous identity for the logarithm, Eq. (4.94) holds for any non- 
vanishing a and b, as d log c = 0 for any constant c. Let us now see this in practice, 
first giving an intuitive explanation, and then a formal definition. Given an iterated 
integral, say 


Lig(x) = — fe dlog(y) [ dlog(1 — z), (4.95) 


we read off its logarithmic integration kernels, which are dlog(1 — z) and dlog(y), 
respectively, and record their arguments in the symbol, denoted by square brackets, 


S(Liz(x)) = — [1 — x, x]. (4.96) 


An alternative notation in the literature is —(1 — x) ® x. We prefer the bracket 
notation to make it clear that the minus sign in Eq. (4.96) multiplies the symbol, 
rather than being one of its entries. 

Note that the order of integration kernels in the symbol [. . .] is opposite to that in 
the integral representation, Eq. (4.95). Readers might find confusing why the entries 
of the symbol in Eq. (4.96) depend on x, while in Eq. (4.95) they depend on the 
(mute) integration variables. To clarify this, we find it best to give the following 
formal definition of the symbol. 


Recursive Symbol Definition for Iterated Integrals Let f) be a uniform weight-w 
function whose derivative is given by 


df™ = > Ci fer dlog a; ; (4.97) 


i 


where c; are kinematic-independent constants, le are uniform weight-(w — 1) 
functions, and œ; are algebraic expressions depending on the kinematic variables. 
Then we define the symbol S of f% iteratively to be 


SF) = J a [S UT), ai]. pan 


i 


The iterative definition starts at weight O with the “empty” symbol [] := S(1). 
Applying this definition to the logarithm gives 


S(logx) = [x], (4.99) 


while for the dilogarithm we readily recover Eq. (4.96). 
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Exercise 4.8 (The Symbol of a Transcendental Function) Compute the 
symbol of log(x) log(1 — x). For the solution see Chap. 5. 


Note that Eq. (4.97), and hence the definition of the symbol (4.98), does not 
know about integration constants. In particular, constants such as 27/6 in Eq. (4.92) 
are set to zero by the symbol map. Moreover, since the definition is recursive, at 
weight w the symbol in principle misses w integration constants. Nevertheless, the 
symbol is very useful: it provides a shortcut to discovering that an identity between 
transcendental functions exists. Let us now see how this works. 


Basic Symbol Properties It follows from the basic identity (4.94) that the symbol 
satisfies 


(4.100) 
[pated ges] SC leer g Hace 
Moreover, [...,c,...] = 0 if c is a constant. 
Let us see how this works on g(x) of Eq. (4.92). We have 
S(Liz(x)) = —[l-x,x], (4.101) 
1 1 l-x 
s) pE 
X X x 
(4.102) 
s(; log” (— »)=1 =x, —x] = [x, x], (4.103) 
T 
s(=) =0. (4.104) 


From this we readily conclude that the symbol identity S (g(x)) = 0 holds. What 
this means is the following. 


Symbols Allow Us to Effortlessly Find “Avatars” of Identities Between 
Transcendental Functions Finding a symbol identity implies a corre- 
sponding functional identity, with integration constants yet to be fixed. 
This can be done systematically. The “beyond-the-symbol terms” may 
in general involve constants times lower-weight functions. 


Connection Between First and Last Entries to Discontinuities and Differentiation, 
Respectively By definition (4.97), the last entry tells us how a symbol behaves 
under differentiation. Interestingly, the first entry also has an important meaning: 
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it is related to discontinuities. Both these properties can be understood by thinking 
about symbols as iterated integrals. 

For a logarithm log x, the symbol is just [x]. Taking the discontinuity (normalised 
by 1/(2xi)) across the negative real axis corresponds to replacing [x] — 1. 
Higher-weight functions are more interesting. For example, taking a discontinuity of 
—[x, 1 — x], which is the symbol of Li2(1 — x), yields —[1 — x] = S(- log(1 —x)). 
For more details, see Exercise 4.7. In summary, we have that 


d[a1,...,4n—1, an] = dlog(an) x [a1,..-,4n—1], 
(4.105) 
Disc[a1, a2, . . . , an] = Disc(log a1) x [a2,..., an]. 


We thus see that, on top of providing a short-cut to finding functional relations, 
the symbol also encodes manifestly the branch-cut structure and the derivatives of 
the functions. 


Function Basis at Weight Two The symbol method is very useful when looking for 
simplifications, or when comparing results of different calculations. In fact, for a 
given symbol alphabet (i.e., a given set of integration kernels), and up to a given 
weight, it is possible to classify the full space of possible functions. 

Let us discuss this in more detail for the alphabet consisting of {x, 1 — x} that we 
are already familiar with. At weight two, there are four symbols we can build from 
these letters, namely 


{[x, x], x, 1 — x], [1 — x, x], [1 — x, 1 — x]}. (4.106) 


Once we write down a basis for this space, we can then rewrite any other weight-two 
function with those integration kernels in terms of that basis. 


Exercise 4.9 (Symbol Basis and Weight-Two Identities) 
(a) Verify that 
{log*(x), log?(1 — x), log(x) log(1 — x), Liz(1 — x)} (4.107) 


provides a basis for Eq. (4.106). 
(b) Compute the symbols of 


Lig(x), Lig(1/x), Lig A/(1 — x)) , Lig (x/@ — 1)) , Ling (@ — 1)/x) , 
(4.108) 


(continued) 
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and show that they “live” in the space spanned by the symbols in 
Eq. (4.106). 

(c) Derive the identities (at symbol level) for rewriting the functions in point 
b in terms of the basis given in point a. 


For the solution see Chap. 5. 


Knowledge of the Symbol Alphabet Dramatically Restricts the Answer If 
the symbol alphabet is known (or conjectured) for a given scattering 
amplitude, this places strong constraints on the answer. Combined 
with additional information, such as for example the behaviour of the 
amplitudes in certain limits, this can sometimes be used to entirely 
“bootstrap” the answer, i.e. to obtain it without actually performing 
a Feynman-diagram calculation. For more information, see [14] and 
references therein. 


So far we have discussed how to obtain the symbol of a given function, and used 
this for finding identities. A related application can be to find simplifications. This 
is relevant if the symbols of individual terms in an expression are more complicated 
than the symbol of their sum. It may even be that individual terms contain spurious 
symbol letters, i.e. letters that cancel in the sum. In such cases the symbol is a 
good starting point for finding a simplified answer. Given the simplified symbol, the 
task is then to come up with a (simple) function representation. At weight two, it 
turns out that only dilogarithms and products of logarithms are needed, for suitable 
arguments. It is easy to make an ansatz for such arguments: given that the symbol of 
Li2(z) contains both z and 1 — z, these two expressions should be part of the symbol 
alphabet. We can see this explicitly for the example considered above. For example, 
both z = x/(x— 1) and 1—z = 1/(1—x) have factors within the {x, 1— x} alphabet, 
and therefore z is a suitable dilogarithm argument for this alphabet. Conversely, 
z = —x would lead to a new letter 1 — z = 1 + x. For further reading, cf. [15]. 


Multi-Variable Example The definitions (4.97) and (4.98)) apply also to the multi- 
variable case. To illustrate this, let us consider the following function, which appears 
in the six-dimensional one-loop box integral (or, equivalently, it appears in the finite 
part of the corresponding four-dimensional box), 


í E = — = 
fu, ») = 7 Lin(- z) t (7 t) er (E), 
6 4 u uv 


(4.109) 
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Looking at the symbols of the individual summands, one notices that the following 
symbol letters appear, 


{u,v,l—u,l—v,l—u-—v}. (4.110) 
However, the full symbol is much simpler, 
S(fiu, v)) = [u, 1 — u] + [v, 1 — v] — [u, v] — [v, u]. (4.111) 


It only requires four of the five symbol letters. Moreover, the first entry is either u or 
v, which tells us that fı has branch cuts only along the negative real u and v axes. In 
contrast, the individual terms in Eq. (4.109) have a (spurious) cut also at u + v = 1. 
All of this tells us that a simpler function representation exists. Readers who worked 
through the exercise above might be able to guess one, e.g. 


2 
Alu.» == Lip (1 — u) — Lip (1 — v) — log u log v . (4.112) 


The full identity can be verified as was done for Eq. (4.92). In Eq. (4.112), real- 
valuedness for u > 0, v > 0 is manifest. 


Exercise 4.10 (Simplifying Functions Using the Symbol) Prove that the 
symbol of fı(u, v) is given by Eq. (4.111), and verify that S(fo(u, v)) = 
S(fı(u, v)). For the solution see Chap. 5. 


For further interesting applications of the symbol method, interested readers can 
find how a twenty-page expression for a six-particle amplitude in N = 4 super 
Yang-Mills theory was famously simplified to just a few lines [15], applications to 
Higgs boson amplitudes [16], and an example for simplifying functions appearing 
in the anomalous magnetic moment [14]. 


4.4.5 What Differential Equations Do Feynman Integrals Satisfy? 


In the previous subsection, we analysed defining differential equations for the 
logarithm and dilogarithm. These functions are sufficient to describe one-loop 
Feynman integrals in four dimensions. We have already seen that at higher orders 
in the dimensional regulator, further functions, such as the trilogarithm Liz, make 
an appearance, and more complicated functions are expected at higher loops. 
Furthermore, Feynman integrals depend in general on multiple kinematic or mass 


202 4 Loop Integration Techniques and Special Functions 


variables, so a generalisation to this case is needed as well. It turns out that there are 
natural extensions in both directions. 


How could the most general differential equations that Feynman integrals satisfy 


look like? Inspired by the dilogarithm toy example above, we start by making a few 
observations that are helpful in guiding us. 


One important guiding principle when looking for suitable more general dif- 
ferential equations are the general properties that are expected for Feynman 
integrals. A property is the behaviour in asymptotic limits, which implies that the 
differential equations are Fuchsian. Let us consider some N-vector of functions 
f(x) (generalising Eq. (4.68)) that satisfies a set of differential equations of the 
form’ 


a, f(x) = A(x) - f(x), (4.113) 


for some N x N matrix A(x). A(x) will in general have singularities at certain 
locations x. In view of the gauge dependence discussed in the preceding 
subsection, the exact form of A(x) depends on the basis choice for f. For this 
reason, A(x) may have higher poles at any of the xg. However, the Fuchsian 
property guarantees that for each singular point xg, a gauge transformation exists 
such that A(x) has only a single pole 1/(x — xz) as x — xg. We will assume 
in the following that this is possible to achieve simultaneously for all singular 
points, although mathematical counterexamples exist.’ 

As far as we are aware, in all cases known in the literature, the special functions 
needed to express Feynman integrals in are iterated integrals (defined over a 
certain set of integration kernels). In line with the previous point, we assume that 
the latter can be chosen such that they make the Fuchsian property manifest. The 
simplest examples of such integration kernels are dx /(x —x,) = dlog(x —x,) for 
a single variable x; in the case of multiple variables x, it could be dlog a(x), for 
some algebraic function œ. However, the literature knows also elliptic integration 
kernels (which locally behave as dx /x). 

We use the fact that iterated integrals have a natural notion of transcendental 
weight. While a Feynman integral could have terms of mixed weight, we can 
imagine a “gauge transformation” that disentangles such admixtures, so that each 
term is a pure function of uniform weight. If we then further normalise such 
pure functions by a weight-counting parameter €, one may expect €-factorised 
differential equations, as e.g. Eq. (4.73). 


These considerations lead us to natural generalisations of the dilogarithm example. 


7 For simplicity of notation, we suppress the dependence on € for the moment. 


8 See [4, 17] and references therein. 
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Generalisation of the Differential Equations to Multiple Singular Points The 
simplest form of A(x) that achieves the above properties is the following: 


A= >> a (4.114) 


X—X, 
k k 


with constant rational matrices Ag. The associated class of special functions, 
sometimes called multiple polylogarithms, Goncharov polylogarithms, or hyperlog- 
arithms, are important in the Feynman integrals literature. Since they go beyond 
the scope of these lecture notes, we refer interested readers to [18] and references 
therein. Being iterated integrals with logarithmic integration kernels, these functions 
admit the notion of transcendental weight discussed above. Let us therefore 
normalise the functions of weight w with e”, and arrange them into the vector 
f(x; €). This leads to a natural generalisation of Eq. (4.73), namely 


. — Ak n . 
A,f(x; e) =€ £ om =| f(x; €), (4.115) 


where f is a vector with N components, and A; are constant N x N matrices. 


Examples All presently known four-point box integrals satisfy this equation with 
xk = {0, 1}. The number N depends on the specific Feynman integrals, and is 3 for 
a one-loop box integral, 8 for a two-loop double-box integral, and for non-planar 
three-loop integrals the number can be in the hundreds, see [12]. 


Generalisation to Multiple Variables It is instructive to rewrite Eq. (4.115) in 
differential form, using d = dx 0,, similarly to Eq. (4.73). Then it becomes 


df(x; €) = € p Axdlog(x — J ‘f(x; €). (4.116) 


k 


This form is suitable for generalisation to multiple variables. Indeed, if in 
Eq. (4.116) the positions x, depend on some other variables, then one may consider 
partial derivatives in those variables as well. However, there are also Feynman 
integrals with more complicated dependence on the arguments. For example, in 
the case of a bubble diagram with an internal mass m, we found the following 
logarithm, see Eq. (4.36), 


(4.117) 


(5 — Am2/s — ) 


1—4m?/s+1 


Although it is possible to perform a change of variables that removes the square 
root and allows one to treat this integral in terms of the differential equations 
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Table 4.1 Examples of sets of variables x and integration kernels a(x) appearing in the 
canonical differential Eq. (4.118) for several one-loop Feynman integrals 


One-loop Feynman integral Variables x Integration kernels a; (x) 
On-shell box integral (cf. S,t {s,t,s +t} 
Exercise 4.16) 
Box-integral with one off-shell leg Sit, p {s,t,s+t,s p°, t p°, s+t põ 
(cf. Eq. (4.110) and Exercise 4.10) ) 
Bubble integral with internal mass s, m? fre, s—4m?, yea) 
—4m“js 


(cf. Exercise 4.12) 


written above (see Exercise 4.4), it is a harbinger of more general structures. 
Equation (4.117) motivates a further generalisation where one keeps the dlog(...) 
structure of the integration kernels, but allows for more general arguments than 
x — xx. In particular, it is natural to allow arbitrary algebraic expressions. Let 
us therefore denote by x a set of variables, and let a(x) be a set of algebraic 
expressions. Then a generalisation of Eq. (4.116) is 


df(x; €) =e Py Ax dlog[a,z (x)] - f(x; €). (4.118) 
k 


This is what is called canonical form of the differential equations in the case of 
logarithmic integration kernels. See Table 4.1 for examples of integration kernels 
{ax} of one-loop integrals. 


Generalisation Beyond dlog Integation Kernels Equation (4.118) covers a large 
class of cases. As we hinted at above, even more general cases exist, where the 
connection matrix is not written as a sum of logarithms: 


df(x; €) = € dA(x) - f(x; €). (4.119) 


Here the assumed iterative structure of the special functions is realised by having 
€ as a book-keeping variable for the complexity. It is not yet understood what the 
most general form of the connection matrix A is. The Fuchsian property restricts the 
form of the integration kernels. Say A(x) is singular at xg. Parametrising the limit 
X = Xọ + Ty for generic y, we have the requirement 


lim A(xo +ty)~ Blog(t), (4.120) 
tT>0 


for some matrix B. In other words A(x) locally behaves as a logarithm. This 
however leaves open the possibility that globally A(x) is more complicated. 

The first example of such integration kernels occurs in the so-called sunrise 
integral, see [19] and references therein. The special functions one finds are 
multiple elliptic polylogarithms and generalisations thereof. It is an active topic of 
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research how to best think about these functions, in particular in terms of canonical 
differential Eq. (4.119) with specific differential forms. An open question is what 
form such equations take, generalising Eq. (4.118), but being more specific than the 
very general form (4.119). 


Canonical Differential Equations Are a Useful Language for Describing 
the Invariant Information Content of Feynman Integrals Providing the 
alphabet of integration kernels, together with the corresponding con- 
stant matrices, i.e. the sets a, and Ag of Eq. (4.118), is arguably 
the neatest way of encoding what the Feynman integral actually is. 
This is also very flexible, thanks to the homotopy invariance of the 
solution (4.86). The latter is completely analytic, and can be a good 
starting point for the numerical evaluation as well, see e.g. [20]. 


We conclude this survey of special functions relevant for Feynman integrals. 
Readers may wonder how these “thought experiments” are actually operationalised 
for Feynman integrals. This question will be answered in Sect.4.5. Here we 
just satisfy a first curiosity: what is the weight-counting parameter for Feynman 
diagrams, and does it have anything to do with the € in dimensional regularisation? 
And if so, how could this possibly make any sense? The answer is yes, and it actually 
turns out that the dimensional regularisation parameter can naturally be thought of 
as having transcendental weight —1. The reason is that a pole 1/e in dimensional 
regularisation could equivalently be described by log A, where A is some cutoff. 
For this reason it is natural to identify € from our toy example above with the 
dimensional regularisation parameter! 


4.5 Differential Equations for Feynman Integrals 


In this section we explain the differential equations method for computing Feynman 
integrals. The main steps are to obtain the relevant differential equations, and then to 
put them into a convenient form that makes it easy to solve for them—the canonical 
form we encountered in the previous section. For the first step algorithms have 
existed for a long time, and we follow here the strategy introduced by Laporta [21]. 
Novel ideas stemming from the experience with loop integrals in supersymmetric 
theories have streamlined the second step. 

The upcoming subsections will delve into the method’s details, but let us 
anticipate here the main steps: 


1. Define a “family” of Feynman graphs of interest (cf. Sect. 4.5.1). 
2. Write down the integration by parts identities (cf. Sect. 4.5.1). 

3. Find a basis of so-called master integrals (cf. Sect. 4.5.1). 

4. Set up differential equations for the basis integrals (cf. Sect. 4.5.2). 
5. Perform consistency checks (cf. Sect. 4.5.3). 
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6. Choose a good integral basis (cf. sections 4.5.4 and 4.6). 

7. Transform the differential equations to canonical form (cf. Sect. 4.5.4). 
8. Fix the boundary values (cf. Sect. 4.5.5). 

9. Solve the differential equations (cf. Sect. 4.5.5). 


4.5.1 Organisation of the Calculation in Terms of Integral Families 


Let us illustrate how to organise a general calculation using the massive bubble 
integrals (cf. Fig.4.3a) as an example. As explained in Chap. 3, it is sufficient to 
consider scalar integrals. Given a Feynman diagram, it turns out to be useful to 
define an integral family, where the propagators are raised to arbitrary (integer) 
powers: 


d?k 1 
i P/2 [—k2 + m2]% [—(k + p}? + m2]2 


Gaia (8s, m; D) = f l (4.121) 


where we omitted the i0 prescription, and we recall that s = p°. It turns out that 
integrals with different values of propagator powers (a1, a2) satisfy linear relations. 
One can define a (finite-dimensional) basis in this space. The basis elements are 
called master integrals. 


Integration-by-Parts Identities in Momentum Space We have that 


/ LRAT l =0 (4.122) 
in DP oe |" [= Eme pe emo fo 


for any four-vector v”. This follows simply from integrating by parts the total 
derivative. The boundary terms at infinity vanish, at least for some range of 
a\, a2, D, and, by analytic continuation, everywhere. Writing this equation for 
v” = k” yields the following integration-by-parts (IBP) relation: 


0 = (D — 2a) — a2) Gay ay — 42 Gay—1an 41 
j > (4.123) 
+ 2m*ay Ga+a + (2m* — 8) a2 Gay anti - 
A second relation follows from v = k + p or, equivalently, from noticing that 
Gaia = Gay,ay » (4.124) 


by symmetry. 


Master Integrals and Basis Choice From the IBP relation (4.123) and its symmetric 
version it follows that there are two master integrals (MIs). In practice, one generates 
a system of identities for a range of values (a1, a2), and then performs a Gauss 
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elimination procedure (with some ranking, e.g. preferring integrals with lower 
indices a;, or with lower a, + a2) [21]. 
The master integrals can be chosen for example as 


{G11, Goi}. (4.125) 


The statement that these two integrals are master integrals, or basis integrals, means 
that for any a1, a2 there exist some c1, c2, such that 


Gaia = c1 G1,1 +02 Gol. (4.126) 


The c; are rational functions in m2, s, D. 
For example, we have (setting D = 2 — 2e without loss of generality) 


€ 
G2,0 = — Go, (4.127) 
m 
€ 1+2e 
G21 = —— Giı. 4.128 
a A o1 + n23 1,1 ( ) 


A number of comments are due. 


e There exist several computer algebra implementations and publicly available 
codes for generating and solving IBP relations. See Exercises 4.12 and 4.16 for 
examples. 

e The number of master integrals can be determined in various ways [22,23]. Note 
however that what is counted exactly, i.e. what is meant by the number of master 
integrals, may differ depending on the reference. In general it is advisable to 
compute this number, and then compare with the result obtained from analysing 
the IBP relations. 

e Itis useful to organise master integrals according to their number of propagators. 
One speaks of integral “sectors”. One useful feature is that integral sectors 
correspond to certain blocks in the differential equations satisfied by the integrals. 
For example, the “tadpole” integrals form a subsector within the bubble integral 
family. We will see this explicitly in Sect. 4.5.2. 

e The choice of master integrals is important, and can significantly impact how 
easy or complicated a calculation is. In Sect.4.6 we introduce a method for 
choosing the master integrals wisely, motivated by the properties of transcen- 
dental functions discussed in Sect. 4.4. 
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Exercise 4.11 (The Massless Two-Loop Kite Integral) Consider the fol- 
lowing massless two-loop Feynman integral, 


P 
Fķite (s; D) = 


(4.129) 


All propagators are massless, and s = p?. Define the corresponding integral 
family. Write down the integration by parts identities for one of the triangle 
sub-integrals, and use them to express Fite (s; D) in terms of one-loop bubble 
integrals. Use the formula (4.16) to rewrite the latter in terms of I” functions, 
and show that 


643 


Fite (8; 4 — 2€) = — 
=y 


+0 (e6). (4.130) 


For the solution see Chap. 5. 


4.5.2 Obtaining the Differential Equations 

We know that for the bubble integral family (4.121) there are two master integrals, 
which can be chosen as in Eq. (4.125). We wish to know the derivatives of 
these integrals, as this would amount to knowing the derivative of any integral in 
the family. 


For any integral of the form (4.121), it is straightforward to compute the 
derivative w.r.t. m°. For example, we have 


Om2 Gay ao = —a1Gay+1,a = a2Ga,a+1 G (4.131) 


Applying this for the two master integrals, we simply have 


Go,1 — G20 
ð “j= : F 4.132 
m bi i i i i 


Then, using the IBP relations (4.127), we find 


G 0 0 = 0 G 
Iya? eA i e J +e( m3 aa ieee (4.133) 
1,1 4m? =s m?(4m2—s) 4m?2—s 11 


Similarly, one can obtain the differential equations w.r.t. s by using ðs = 
1/(2s) p* dx. One finds 
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G 0 0 0 0 G 
Os i) = 0 s—2m2 +e 2 1 i (2) P (4.134) 
1,1 s(4m2—s) s(4m2—s) 4m?2—s 1,1 


4.5.3 Dimensional Analysis and Integrability Check 


There are two simple consistency checks we can perform of the differential equation 
matrices just obtained. 


1. Scaling relation. The integral Gg, a, (S, m°”; D) has overall (mass) dimension D— 
2a, — 2a. In other words, one can write 


Gaia ($, M; D) Sm g(s/m?; D), (4.135) 
for some function g. This implies the differential equation (dilatation relation) 
[s aa manz] Gaa = (D/2 — a — a) Ga, a. (4.136) 


Indeed, applying this differential operator to the massive bubble example, and 
using Eqs. (4.133) and (4.134), we find 


2 Go,1 —e 0 Go,1 
da i= . : 4.137 
| arm dne i) ( == > a en 


Equation (4.137) is as expected. It is a diagonal matrix, with the diagonal entries 
corresponding to the scaling dimensions, measured in units of the dimension of 
m?, cf. Eq. (4.135). The latter can be verified by dimensional analysis of the 
original definition in terms of loop integrals. 

We remark that one could modify the definition of the master integrals, by 
simply rescaling them with a dimensional prefactor, to set their overall scaling 
dimension to zero. In our case (m”)£ and (m?)!*€ would achieve this. This would 
allow us to talk about single-variable differential equations in the variable s/m7, 
as in Eq. (4.135). However, in general we prefer not to include fractional terms 
such as (m7)€ in the definition, as this may obscure physical properties, e.g. when 
considering a limit m — 0 or m — oo. Moreover, as we shall see, within the 
setup proposed here, dealing with multiple variables is not substantially more 
complicated as acompared to one variable. 

2. Integrability conditions. A second check follows from the commutativity of 
partial derivatives, in our case 0;0,,2 — 0,,20; = 0. Applying this to our basis 
of master integrals, we get 


(3s Am2 — 3m2 As + Ag? «As — As > Am2) ° i) =0. (4.138) 
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One can verify indeed that the matrix appearing in Eq. (4.138) vanishes identi- 
cally. 


We close this subsection with a comment. Whenever one of the two checks 
discussed here fails, e.g. when one gets a non-vanishing matrix on the RHS of 
Eq. (4.138), this most likely points to some mistake in a calculation or implemen- 
tation step. However, note that Eq. (4.138) also admits solutions for non-vanishing 
matrices on the right-hand side if the master integrals are not linearly independent. 
It can indeed happen in practice that there are “hidden” IBP relations (that would 
e.g. be discovered by considering a larger set of IBP relations). In this case these 
checks may give hints for such missing relations. Note however that the converse 
is not true: successful scaling and integrability tests do not guarantee that one has 
found all IBP relations. 


4.5.4 Canonical Differential Equations 


The differential equations (4.133) and (4.134) are already rather simple, however 
by comparing to Eq. (4.118) we see that they are not yet quite in canonical form. 
In particular, they contain a €? term. We will see in Sect. 4.6 how to directly find 
canonical differential equations but, for now, let us proceed in a more pedestrian 
way. We may attempt to “integrate out” the unwanted €° term, by changing basis 
from 


7) 
= { 25. (4.139) 
8 
to 
f=T-g, (4.140) 


for some suitable invertible matrix T. The differential equations for the new basis f 
are governed by Eq. (4.83). Demanding that this matrix is free of €° terms leads us 
to the following auxiliary problem: 


0 0 0 0 
Bm2T =—-T- (9) 2 |. BTT pam) (4.141) 
4m2—s s(4m2—s) 


This leads to the transformation matrix 


1 0 
T= ( =a z) ! (4.142) 
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and hence to the following new basis” 


= Go 
f= ( E Seu) . (4.143) 


Assuming s < 0, m? > 0, one finds 


= 0 
Af = € ( my 4 E (4.144) 
m24/1—4m2/s 4m?—s 


There is a similar equation for 0,. 
So, structurally we have two differential equations 


aof=€A,2-f, af=eAy-f. (4.145) 


The two partial derivative equations can be combined in a single equation using the 
total differential d = ds ðs + dm? 3,2. Then we have 


df =e (dA)-f, (4.146) 
provided that A satisfies 
ðm Å = Am2, da Å= As. (4.147) 


We find the following A solves these equations, 


7 — log m? 0 
A= aes 4.148 
2log (Se) log(4m? — s) is) 


Equations (4.146) and (4.148) are an example of canonical differential equations 
for Feynman integrals [11]. The specific form (4.148) is an instance of the general 
case (4.118), with N = 2. There are three alphabet letters, namely 


[x,y r | 
mî‘, 4m Set. 


(4.149) 
1—4m2/s +1 


° In Sect. 4.6 we will see that this basis can be motivated in an entirely different way, without the 
need to analyse differential equations. 
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4.5.5 Solving the Differential Equations 


General Solution to the Differential Equations Here we discuss how to solve the 
canonical differential equations. We had already seen in Sect. 4.4.2 that the general 
solution takes the form of a path-ordered exponential, cf. (4.86). Adopting this 
equation to the present case, we have 


f(x; €) = Pexp [e L aitx)| - f(xo; €), (4.150) 


with A from Eq. (4.148), and where x refers collectively to the set of kinematic 
variables x = (s, m7), and xo is an arbitrary base point for the integral, which takes 
the value f(xo; €) there. This corresponds to the fact that the system of first-order 
equations uniquely fixes the answer up to a boundary condition. We will discuss this 
presently. 

There are simplifications thanks to the fact that the matrix in the exponent 
on the RHS of Eq. (4.150) is proportional to e. Therefore we can expand the 
exponential perturbatively in €. Moreover, due to the fact that the matrix on the 
RHS (cf. Eq. (4.148)) contains only logarithmic integration kernels, the answer are 
iterated integrals with the alphabet of Eq. (4.149). In fact, we shall see presently 
that the answer up to the finite part is written in terms of much simpler functions. 
But this is not essential. The main message is that the class of special functions 
at our disposal is large enough to express the general solution to Eq. (4.146) with 
Eq. (4.148). 

In Eq. (4.150), f(xo; €) is a boundary vector at a given base point xo. As such, 
Eq. (4.150) expresses the general solution to the differential equations. In most 
cases, one is interested in the specific solution that corresponds to the Feynman 
integrals at hand. This means that it is necessary to provide a boundary condition. In 
other words, for a Feynman integral depending on multiple variables x, one needs 
to know its value at one specific point xo. 


Fixing the Boundary Conditions from Physical Consistency Conditions 
One might naively think that a completely separate calculation is 
needed for this. However, experience shows that one can obtain 
the boundary information from physical consistency conditions. 
This approach is well known in the literature, but turns out to be 
especially easy within the canonical differential equations approach, 
which moreover offers additional insights [12]. As a result, in most 
calculations this allows one to fix all integration constants, up to an 
overall normalisation. 


The key is to consider the behaviour near singular points (or rather singular 
kinematic subvarieties) of the differential equations. The singular points are easily 
identified from the alphabet (4.148). They correspond to kinematic configurations 
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where alphabet letters tend to zero or infinity. In our case, this corresponds to 
s = 0, s = m?, s = œ, m? = 0, m? = oo. 

In the present case, it turns out that s = 0 is a suitable boundary configuration. 
The reason is that, physically, one knows that this limit is non-singular (due to 
the presence of the internal mass). In other words, we can simply set p = O in 
Eq. (4.33). This reduces the bubble integral to a tadpole integral. However, since its 
normalisation factor in Eq. (4.143) vanishes, we do not even need to know its value. 
This fixes the boundary constant at s = 0, up to the value of the tadpole integral. 
The calculation of the latter is elementary, with the result 


Go, = r(e) (m), (4.151) 
which follows from Eq. (4.6) with a = 1 and D = 2 — 2e. Therefore the boundary 


condition is 


2)\-€ 
f(s =0,m?; D =2 — 2€) = es ) ) (4.152) 


This fixes the answer of the differential equation to all orders in €. 


Solution in Terms of Multiple Polylogarithms The alphabet Eq. (4.149) can be 


rationalised using a simple change of variables. Indeed, setting s = =m? (1 — x)? /x, 
and assuming 0 < x < 1, Eq. (4.149) becomes 
1 2 
[mx m EE i (4.153) 
x 


i.e. the alphabet, written in the independent variables m? and x is simply 
[mx 1+}. (4.154) 


This means that the answer can be written in terms of a special subclass of iterated 
integrals, called harmonic polylogarithms.!° Moreover, the dependence on m°? in the 
new alphabet becomes trivial, as it corresponds to the overall scale. We can therefore 
setm? = 1 without loss of generality, and solve the equations as a function of x only. 
Equivalently, we could multiply all integrals by (m7)~€. 

With this in mind, let us make the following final basis choice (the normalisation 
is motivated by Eq. (4.152)): 


ee 1 Go,1 
ORE (m?)=T (€) (oe Seu) ` ee 


10 For more information on particular classes of special functions, and how to handle them 
efficiently, we refer interested readers to [18] and references therein. 
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It satisfies the differential equations 


0 0 
df(x;«) =ed -f(x; €), 4.156 
(x; €) en log R (x; €) ( ) 
with the boundary condition 
fd; €) = (o) . (4.157) 


More explicitly, Eq. (4.156) is 


[10 0 I/O 05] gn. 
de f(x; o=: o I+ <= (? l fx; €). (4.158) 


We can now solve this equation, together with the boundary condition (4.157), order 
by order in €. To do so, we set 


f(x; €) = D eto), (4.159) 


k>0 


up to some order in e. The key point is that the equations (4.156) decouple order 
by order in €, when expressed in terms of f(x). For the first few orders, we 
straightforwardly find 


Ogy — (1 Den 0 
f” (x) = (3) , and f(x) = oe f (4.160) 
and 
2) _ 0 
f2) (x) = aes + 4log x log(1 + x) — log? x + ap) . (4.161) 


Recalling the definition (4.155), this gives 


_ PU +e6)(m)-< 


Fy(s, m?; D=2 2€) = amt os) 
= 2/o— 
x l 21s (2 Lam ) +00] _ (4.162) 


JV1—4m?2/s +1 
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This agrees with Eq. (4.36). Furthermore, Eq. (4.161) provides the next term in the 
€ expansion, and higher-order terms can be straightforwardly generated. 


Exercise 4.12 (The Massive Bubble Integrals with the Differential Equa- 
tions Method) Write aMathematica notebook for computing the massive 
bubble integrals (4.121) with D = 2—2e following step by step the discussion 
in Sect. 4.5. Use the package LITERED [6] to perform the IBP reductions and 
differentiate the integrals. For the solution see the Mathematica notebook 
Ex4.12 BubbleDE.w1l [24]. 


4.6 Feynman Integrals of Uniform Transcendental Weight 


In the previous subsections, we have discussed special functions appearing in 
Feynman diagrams. We have seen in the preceding chapters that they satisfy simple, 
canonical differential equations. However, we have also seen that the equations have 
a gauge degree of freedom, which corresponds to making a basis choice for the 
coupled system of N equations. This freedom implies that the DE may be written 
in an equivalent, albeit unnecessarily complicated form. Therefore an important 
question is: how can we make sure that the equations we get for Feynman integrals 
will have the desired simple, canonical form? 

We address this problem in this section. This builds on the observations of 
Sect. 4.4.3 that pure uniform weight functions satisfy canonical differential equa- 
tions. In this section we present a conjecture that gives a criterium for when a 
Feynman integral evaluates to such functions. Taken together, this provides the 
information for how to choose a set of Feynman integrals that satisfy canonical 
differential equations. 


4.6.1 Connection to Differential Equations and (Unitarity) Cuts 


We have already seen in Sect. 4.4.3 that, in the context of the differential equations 
satisfied by Feynman integrals, it is natural to consider discontinuities. It turns out 
that there is a useful connection to (generalised) unitarity methods. 

This is based on the important observation that unitarity cuts of an integral satisfy 
the same differential equations, albeit with different boundary conditions. We can 
see this in the following way [25]. When we “cut” a propagator, we effectively 
replace 1/(—k* + m?) by 6(—k* + m?). As was discussed in Sect. 3.3 of Chap. 3, 
the cut can be written as a difference of propagators with different i0 prescriptions. 
However, this prescription does not affect the derivation of the IBP relations, and 
hence one gets the same differential equations. Of course, the boundary values of 
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the cut integrals differ from the original ones, and in particular one could put to 
zero integrals that obviously vanish on a cut because the relevant cut propagators 
are absent. 

Consider the one-loop massive bubble integrals G1; and G1, of Eq. (4.33) as an 
example. Applying an s-channel unitarity cut, and setting'' D = 2 we obtain 


i f Ekale +m?) 5(— e+ p? +m?) a ee 
(—s)(4m?2 — s) 


(4.163) 


This is exactly the factor we introduced in Eq. (4.143) to remove the € = 0 part 
of the differential equation. Performing the same cut on the tadpole integral G19 
vanishes, simply because it is missing one propagator that was cut. Indeed, by 
cutting all propagators—whose number happens to coincide here with the space- 
time dimension D = 2—we are taking a so-called maximal cut. This allows us to 
focus on a given integral sector. In terms of the differential equations, this means 
that this cut describes a block of the differential equations, whose size corresponds 
to the number of relevant master integrals. In the present case, there is just one 
master integral with two propagators, so the block corresponds of one element of 
the differential equations. 

We can also learn something about the tadpole integral, by considering gener- 
alised unitarity cuts. The most obvious is to cut the one propagator that is present. 
It is instructive to do this: 


Gio — f Pral +m). (4.164) 


It is convenient to introduce two light-like vectors pı and p2, with Pr = p3 = 0, 
such that p = pı + p2, and 2 pı - p2 = s. This allows us to parametrise k = 
61 pi + B2p2. Taking into account the Jacobian from the change of variables, and 
using the delta function to fix one integration, we find 


dB 


; 4.165 
B ( ) 


Gio — [arabes 5(—s616> +m’) = 


Unlike Eq. (4.163), here the integrations are not fully fixed. Moreover, the first 
integration has produced a new singularity, 1/62, that was not present initially. This 
is a typical situation in generalised unitarity. We can define a further cut and localise 


11 One key feature of the canonical differential equations is that their RHS vanishes for € = 0. It 
is therefore interesting to ask whether we can solve for the € = 0 part of the differential equations. 
However, it is also interesting (albeit more involved) to study cut integrals for general D. 
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the integral at one of its singularities, either B2 = 0 or 2 = oo. The result is just 
+1, which confirms the normalisation choice in Eq. (4.143). 


4.6.2 Integrals with Constant Leading Singularities and Uniform 
Weight Conjecture 


The calculations above provided useful insight about diagonal blocks of the 
differential equations (in the present case, the diagonal elements, since the block 
size happened to be one). Can one also learn something about the off-diagonal terms 
with this method? The answer—conjecturally—is yes. The idea is first to think of 
the above calculations not of changing the integrand, but instead of changing the 
integration contour. The original integration is over two-dimensional Minkowski 
space. In the calculations above, we have effectively replaced this by certain residue 
calculations. The idea then is to generalise this to arbitrary residues we can take for 
a given loop integrand. In the case where those residues completely localise the loop 
integrations, one speaks specifically of leading singularities. We know that leading 
singularities that correspond to maximal cuts inform us about diagonal blocks of the 
differential equations. The assumption is that the other residues “know about” the 
off-diagonal parts, even though we do not know the precise mapping. However, for 
the present purposes, this precise map is not relevant: if we can normalise all leading 
singularities to constants, then their derivatives will obviously be trivial. This gives 
us a useful tool for obtaining differential equations whose RHS is proportional to e. 

How does one see that all leading singularities are kinematic-independent 
constants? Let us review the tadpole and bubble integrands from this viewpoint. 
As explained, we now focus on the integrand, 


o= dk dBi dfo s 
ae er cae 2? 
+m SB, Bo +m 


(4.166) 


1,0 


where we have used the same loop parametrisation as above. Integrating one 
variable at a time, we can write this in the following way, 


1,9 X dlog(—sB1B2 + m”) dlog(B2) . (4.167) 


Here d = df; 0g, + dB2 g,. The differential forms satisfy d;d; = —df;d£;, 
and hence e.g. d2df2 = 0. In other words, upon further changing variables, the 
form reads 

dt dt2 


1,0 X ——. (4.168) 
T «12 


This makes it clear that any leading singularity of this integral evaluates to a 
constant, and hence that any of its derivatives vanishes, as desired. 
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Repeating this analysis for the bubble is slightly more interesting. We leave it as 
an exercise to readers. The result can be written as 
B ak 
(=K? + m)[-(k + p)? + m?) ’ 
—k? +m? —(k+ p)* +m? 
dlog | —————__—__ |. 


1 
dl 
* JCIE — s) = | (k — k+)? (k — k+)? 


%1,1 


(4.169) 


Here k+ is any of the two solutions to the cut equations —k? + m? = —(k + 
p)? +m? = 0. This expression makes it manifest that @ ,1 has only logarithmic 
singularities (i.e., of type dx /x), and its maximal residue (i.e., its leading singularity) 
is 


fon x Co ; (4.170) 
J (=s) (4m? — s) 


Therefore we conclude that the integral ./(—s)(4m2 — s) f @1,1 is a good basis 
integral that may lead to canonical differential equations. Indeed, note that this is 


consistent with Eq. (4.36). 


Exercise 4.13 (“d log” form of the Massive Bubble Integrand with D = 2) 
Use the parameterisation introduced above (k = 6, pı + 2p2) to prove that 
the integrand of the massive bubble in D = 2 dimensions can be expressed 
as a “d log” form. Show that the latter is equivalent to the momentum-space 
dlog form in Eq. (4.169). For the solution see Chap. 5. 


Interestingly, the question of which Feynman integrals evaluate to uniform 
weight functions was previously studied independently from the differential equa- 
tions. Understanding initially came from studies of scattering amplitudes in N = 4 
super Yang-Mills theory, but it turned out that the observations made there were 
applicable more generally [11,26]. This led to the following conjecture. A Feynman 
integral integrates to a pure function if 


1. its integrand, and iterated residues thereof, only contains simple poles, 
2. the maximal residues are normalised to constants. 


These two criteria are in one-to-one correspondence to the properties discussed 
above. The first requirement is intended to remove less than maximal weight 
functions, and therefore lead to integrals with uniform and maximal weight. See 
Exercise 4.14 for an example of an integrand with a double pole, which is a 
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sign for a weight-drop. As computed explicitly in Exercise 4.11, the answer has 
weight three, which is less than the maximal weight four expected for two-loop 
integrals in four dimensions. The second requirement addresses another potential 
problem: if an integral is a sum of maximal weight functions with different algebraic 
prefactors, this spoils the desired simple structure under differentiation. Normalising 
all prefactors to kinematic-independent constants solves this issue. 


Integrand Conjecture as a Practical Tool for Finding Canonical Differential 
Equations The above integrand conjecture has proven preciously 
useful for choosing bases of Feynman integrals that satisfy canonical 
differential equations. What renders this method particularly powerful 
is that the method can be used at the level of the loop integrand, 
independently of questions about IBP identities, and without knowledge 
of the differential equations. 


Exercise 4.14 (An Integrand with Double Poles: The Two-Loop Kite in 
D = 4) Compute the four-dimensional maximal cut of the two-loop kite 
integral defined in Exercise 4.11, and show that—on the maximal cut—its 
integrand has a double pole. Hint: introduce two auxiliary light-like momenta 
pı and p2 (p? = 0) such that p = pı + p2, and use the spinors associated 
with them to construct a basis in which to expand the loop momenta. For the 
solution see Chap. 5. 


Exercise 4.15 (Computing Leading Singularities with DLOGBASIS) The 
Mathematica package DLOGBASIS [12] provides a suite of tools for 
computing leading singularities and checking whether a given integrand can 
be cast into d log form, based on the partial fractioning procedure we used to 
solve Exercise 4.13. Use DLOGBASIS to do the following. 


(a) Verify the leading singularities of the massive tadpole and bubble integrals 
given in Eqs. (4.168) and (4.170). 

(b) Verify that the integrand of the two-loop kite integral with D = 4 studied 
in Exercise 4.14 has a double pole. 

(c) Consider the integrands of the following massless box and triangle 
integrals, 


(continued) 
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P2 P3 P3 p2 P3 
p2 
fom = , fe = , fe = ; 
Pi 
Pi P4 P4 Pı P4 
(4.171) 


with p? = 0. Show that their leading singularities in D = 4 dimensions 


are 
1 1 1 
f a= e, f ares, f oe, (4.172) 
St S t 


where s = 2 pı - p2 and t = 2 p: p3. Parametrise the integrands 
using DLOGBASIS’ utilities to expand the loop momentum in a four- 
dimensional basis constructed from the spinors associated with pı and 
p2. 


For the solution see the Mathematica notebook 
Ex4.15 LeadingSingularities.wl [24]. 


Exercise 4.16 (The Box Integrals with the Differential Equations 
Method) Write a Mathematica notebook to compute the massless one- 
loop box integrals, 


box d?k 1 
Ga, ,a2,03,04 = iD? DY D2 DS DA 5 (4.173) 


where 
Dı =-k — i0, D3 = —(k + pı + pr) — i0, 
(4.174) 
Dz = —(k + pı) — i0, D4 = —(k — pa)* — i0, 


with p? = Oand pı+p2+p3+ p4 = 0, using the method of DEs. Parameterise 
the kinematics in terms of s = 2 pı - p2 and t = 2 p? - p3, and assume that 
s < Oandt < 0. In this domain, called Euclidean region, the integrals are 
real valued, and we may thus neglect the i0’s. Use the package LITERED [6] 
to perform the IBP reductions and differentiate the integrals. 


(continued) 
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(a) Define the family and solve the IBP relations to find a basis of master 
integrals. 

(b) Compute the DEs satisfied by the master integrals as functions of s and t. 
Check the scaling relation and the integrability conditions. 

(c) Change basis of master integrals to 


st Cuan 
f(s, t; €) = cle) |e ay |> (4.175) 
b 
trot 


where c(€) = e? e°, From Exercise 4.15 we know that, for D = 4, the 
integrals in f contain only simple poles at the integrand level, and have 
constant leading singularities. Compute the transformation matrix and the 
DEs satisfied by f. Verify that the latter are in canonical form. 

(d) Change variables from (s, t) to (s, x), with x = t/s. 

(e) Determine the weight-0 boundary values. Use the results of Exercise 4.1 
for the master integrals of bubble type. Fix the remaining value by 
imposing that the solution to the DEs is finite at u = —s—t = 0 (x = —1). 
Write a function which produces the symbol of the solution up to a given 
order in €. 

(£) Determine the boundary values at the basepoint x9 = 1 order by order 
in €. Write a function which produces the analytic solution up to a given 
order in €. 

(g) Verify that the solution for the box integral Gr 1,1 agrees with the result 
obtained through the Mellin-Barnes method in Eq. (4.55). 


For the solution see Chap.5 and the Mathematica notebook 
Ex4.16 BoxDE.wl [24]. 
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Exercise 1.1: Manipulating Spinor Indices 


The sigma-matrix four-vector is defined as (aha = (1,—0)', where 
o = (61,,62,63) is the list of the Pauli matrices 6;.! We rewrite (o“)yy = 
Exh (a) PB €ßa in matrix notation, as 


O1\ - 01 
o” = -(2 3) ot. e i) i (5.1) 


Substituting the explicit expressions for õ# gives o = 1 anda! = 6;, hence o” = 
(1, o)! . Multiplying the latter by the metric tensor proves the second identity, 


10 0 0 1 
0-10 0 ôi 

w=” =15 9 19 | la =(i,—-o)'. (5.2) 
00 0-1) \ôs 


To prove the third identity, Tr(a“a") = 2n”, we consider it for fixed values 
of u and v. The facts that the Pauli matrices have vanishing trace and obey the 
anti-commutation relation {6;, 6;} = 26;; imply that 


Tr (o?) =Tr(1)=2, Tr(o%s') = —Tr(6;) =0, 


7 (5.3) 
Tr (o'6°) = Tr (ôi) =0, Tr(o'a/) = —Tr (6;6;) = —2ô;j , 
fori, j = 1, 2, 3. Putting these together gives the third identity. 
l For the sake of clarity, here we use 6; (with i = 1, 2,3) for the ith Pauli matrix. This way, 
the symbol o unambiguously refers to the sigma-matrix four-vectors and their components. This 
distinction is necessary, as Eq. (5.2) implies that o; = —6;. 
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226 5 Solutions to the Exercises 


The Pauli matrices and the identity matrix form a basis of all 2 x 2 matrices. Any 
2 x 2 matrix May can thus be expressed as 


Maa = myo oa ` (5.4) 
By contracting both sides by (5”)ĊÊ and computing the trace using the third 
identity, we can express the coefficients of the expansion in terms of M as m” = 
Tr (Mo*) /2. Substituting this into the expansion of Mya gives 
2 Mad = Mpg (Gu)? (0 aa - (5.5) 
Since this holds for any matrix M, it follows that 
("Jas Ep) f = 28885 . (5.6) 


Contracting both sides with suitable Levi-Civita symbols gives the fourth identity. 


Exercise 1.2: Massless Dirac Equation and Weyl Spinors 


(a) Any Dirac spinor € can be decomposed as £ = é} + &_, where & satisfy the 
helicity relations 


PYés = Ek; P+ = 0, (5.7) 
with Ps = (1 + y>)/2. Using the Dirac representation of the y matrices in 
Eq. (1.24) we have that 

Io +12 
P4 = : 5.8 
E ( 12 ) (5.8) 
The helicity relations then constrain the form of £+ to have only two independent 
components: 
T T 
sa (s. eves) , ga (80E 0) 69) 


Indeed, u and v_ (u— and u+) have the form of Et (£7). We now focus 
on £. We change variables from k” to k* and e'f, which have the benefit of 
implementing k? = 0. Then we have that 


kt 4k7 k7—kt = = 
cE 0 f ze a 
0 CA eit JAR E 


ky = (5.10) 


He giver =e 0 
i = k7—kt kt ke 
eS kth EE 0 es 
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(b 


wm 


Plugging the generic form of 4 into the Dirac equation y“k,,é* = 0 gives one 
equation, which fixes £! in terms of £°, 


fk 
1_ ,i¢ 0 

E =e x Ea (5.11) 

Since the equation is homogeneous, the overall normalisation is arbitrary. 


Choosing £° = Vk* /vV/2 gives the expressions for £; = u+ = v_ given above. 
For any Dirac spinor € we have 


Eps = ety Ps = EPpy = (Y° P3), (5.12) 


where we used that (y5) = y5 and {y>, y°} = 0. From this it follows that 


ū4PŁ=0, i4Pp=iiz, tePe=t2, d4Pe=0. (5.13) 


Through matrix multiplication we obtain the explicit expression of U, 


1 12 a) 
U = — ; 5.14 
V2 G 12 2) 


which is indeed a unitary matrix. The Dirac matrices in the chiral basis then are 


o 77,0777 f 0 tx ior irt f0 o 
=UyU'= : =Uy'U'= f 3 
Ych y Pia 0 ) Yoh yY E 
(5.15) 


with i = 1, 2, 3. Putting these together gives 
0 o” 
apn 
Yoh = a o) . (5.16) 


Similarly, we obtain the expression of y>, which in this basis is diagonal, 


—12 0 
5 57t 2 
Yo = Uy?U! = ; 5.17 
= ( 0 i) RER 


Finally, the solutions to the Dirac equation in the chiral basis are given by 


Uu, = (0. 0, VKF, eV) | > Uu= (Vere, —~Vk*,0, o) À 
(5.18) 


and similarly for v+. 
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(d) The product of four Dirac matrices in the chiral representation (5.16) is given 
by 


yey’yey? = aa ae) (5.19) 
Multiplying to the right by 
5 (ly) = e o) (5.20) 
selects the top left entry, 
Lyuy”yPy" (l — ys) = wn J (5.21) 


Taking the trace of both sides of this equation finally gives Eq. (1.29). Note 
that this result does not depend on the representation of the Dirac matrices, as 
the unitarity matrices relating different representations drop out from the trace. 
Using 1 + ys instead gives a relation for Tr (5o "0? o"). 


Exercise 1.3: SU(N.) Identities 
(a) The Jacobi identity for the generators (1.49) can be proven directly by expanding 


all commutators. We recall that the commutator is bilinear. The first term on the 
left-hand side gives 


[r (T?, ry] = T TPT? — Terr? — ToT T4 +T TPT. (5.22) 
Summing both sides of this equation over the cyclic permutations of the indices 
({a, b, c}, {b, c, a}, {c, a, b}) gives Eq. (1.49). 


(b) We substitute the commutation relations (1.46) into the Jacobi identity for the 
generators (1.49). The first term gives 


ka (T?, ry] = 2 pbee pace ps | (5.23) 


By summing over the cyclic permutations of the indices and removing the 
overall constant factor we obtain 


ieee ie ae ge pee Ae Ge) Ti =0. (5.24) 
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(c) 


We recall that repeated indices are summed over. Since the generators TE are 
linearly independent, their coefficients in Eq. (5.24) have to vanish separately. 
This gives the Jacobi identity (1.50). 

Any Ne x Nc complex matrix M can be decomposed into the identity 1y, and 
the su(N,.) generators T! (witha = 1,..., N2 — 1), 


M = mo ly, + ma T, (5.25) 
As usual, the repeated indices are summed over. The coefficients of the 
expansion can be obtained by multiplying both sides by 1y and T°, and taking 


the trace. Using the tracelessness of T¢ and TrT¢T’ = 5% we obtain that 
mo = Tr(M)/Nc and mg = Tr(MT“). We then rewrite the expansion as 


a J2 


J J JsJ Jis J2 2 
ee (T*) — 88g + ra 8, Ju; =0. (5.26) 


Since this equation holds for any complex matrix M, it follows that the 
coefficient of M A vanishes. This yields the desired relation. 


Exercise 1.4: Casimir Operators 


(a) 


(b) 


The commutator of T¢T¢ with the generators T? is given by 


haw T°] =T’ ke 7°] 4 & 7°] T’ 
(5.27) 
— in fe (rere a TI} , 


which vanishes because of the anti-symmetry of f°. In the first line we used 
that [AB, C] = A[B, C]+[A, C]B, which can be proven by expanding all com- 
mutators, and in the second line we applied the commutation relations (1.46). 
The Casimir invariant of the fundamental representation follows directly from 
the completeness relation (1.51), 


; : 1 ; 

(TAE TEE = 8/8 — ga 
wai (5.28) 

= T (Lae); ; 


from which we read off that Cr = (N 2 — 1)/Ne. For the adjoint representation, 
we use Eq. (1.56) to express the generators in terms of structure constants, 


(TETS) = 2 fP fe, (5.29) 
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We express one of the structure constants in terms of generators through 
Eq. (1.48), 


(riti) =—iov21e (Te rgrk) fo, (5.30) 


where we also used the anti-symmetry of f°“ to remove the commutator from 
the trace. Next, we move f°“ into the trace and rewrite f°“ T$ in terms of a 
commutator, 


(TAT) = 2Tr (TÈTRITE, Tél) - (5.31) 
Applying the completeness relation (1.51) finally gives 
(TETA = INA , (5.32) 
from which we see that C4 = 2 Ne. 
Note that in many QCD contexts it is customary to normalise the generators 
so that Tr(T“T”) = 5% /2, as opposed to Tr(T“ T?) = 6” as we do here. This 
different normalisation results in C4 = Nec and Cr = (N 2 — 1)/(2No). 


Exercise 1.5: Spinor Identities 


The identities (a) and (b) follow straightforwardly from the definition of the bra-ket 
notation and from the expression of y” in terms of Pauli matrices, 


= H P n i 
lily") = (04) (i r ) : (2) = Aa EH Opa, (5.33) 
H Load 
(ily"1f1 = (M: 0) - & [ ) , G) = (Mal (5.34) 
J 


Setting j = i in the previous identities and using that (o”)gg = €pa€gy (ety 
gives the relation (c), 


lily“ li) = apit E) cupa} = alo) gpd? = (ily “lil. (5.35) 


We obtain the relation (d) by substituting the identities 222 = p” Ga" and 
tr(o“a") = 2n"” into (b) with j = i, 


Gly" li] = (oaa (pi (EŻ = 2p? (5.36) 
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In order to prove the Schouten identity, we recall that a spinor A; is a two- 
dimensional object. We can therefore expand à; in a basis constructed from A; and 
A2, 

23 = CAT + c2A5. (5.37) 
Contracting both sides of this equation by A; and Az gives a linear system of 
equations for the coefficients cı and c2, 


(5.38) 


Substituting the solution of this system into Eq. (5.37) and rearranging the terms 
gives the Schouten identity. Finally, the identity a) and (Gh )eB (6,)°* = 2¢%P efa 
give the Fierz rearrangement, 


Liy IDE Yal) = ADENA De On) p GaP? Ada 
= 2A ge”? Ox) paj)per* Ane (5.39) 
= [ik] (Ij) . 


Exercise 1.6: Lorentz Generators in the Spinor-Helicity Formalism 


(a) The Lorentz generators in the scalar representation are obtained by setting to 
zero the x-independent representation matrices S“” in Eq. (1.10): 


MY? =i (x" i — x” =) ; (5.40) 


We act with M”” on a generic function f(x), which we express in terms of its 


Fourier transform as f(x) = f dtp eP f (p). By integrating by parts and using 
x e!?’* we obtain 


xt = 1,9 
u 


M” f(x) = fairer i fo, (5.41) 
where 
M” =i (r = P=) (5.42) 
ðPpv ðPu 
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is the momentum-space realisation of the Lorentz generators. Indeed, one can 
verify that this form of the generators satisfies the commutation relations of the 
Poincaré algebra in Eqs. (1.8) and (1.9). 

(b) We begin with mag. It is instructive to spell out the indices of SË 2 


i ites ae 
(Stag = 7607 [Caa C -Oa EP] 6 
Contracting it with M uv and doing a little spinor algebra gives 


1 24 Seana ð 
mop = 546 (0")ui tp (ory “YB api” a 


We now need to express the derivatives with respect to p” in terms of derivatives 


with respect to à” and A*. For this purpose, we use the identity p” = 
AP (o )uġ /2 (see Exercise 1.5), which allows us to use the chain rule, 


0 dp" a 1 ~ 3 
T P o”) aà Me. 
dp’ 


= = 5.45 
dA” AA® ApH 2 | oe 


This takes care of the first term on the RHS of Eq. (5.44). For the second term, 
we do the same but with the equivalent identity p” = AgAg (a")** /2. Using 
that a = €ßa We obtain 


ð ls s- 6, 0 
— = _); (Gg 2 
a 548 (a)?! ega ape” (5.46) 
Substituting Eqs. (5.45) and (5.46) into Eq. (5.44) finally gives the desired 
expression Of mag. The computation of m; $ is analogous. 
(c) The n-particle generators are given by 


n 


(2 ae =) m T E 
Map = ka 7p keza |> Mab T ka -zh kBaza | > 
k=1 OA, any k dag 


n 4 3 
wo E (ot). 
3 Pk ðPkv Pr 


kel OPku 
(5.47) 


We act with mag and Mah on (ij) = A Ajy and [ij] = gh. (ij) (ij) 
depends only on the A; (A;) spinors, and is thus trivially annihilated by Map 
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(mag). With a bit more of spinor algebra we can show that (ij) is annihilated 
also by mag, 


n 


Map ij) = >. [sind 7, dear y + Syke yBAkaAt +(a<o p)| = 
k=1 (5.48) 


= Kiarjp—Aiprjat@ < Bp) =0. 


Similarly we can show that m, [7] = 0. The Lorentz generators are first-order 
differential operators. As a result, any function of a Lorentz-invariant object is 
Lorentz invariant as well. We can thus immediately conclude that s;; = (ij)[ji] 
is annihilated by mag and maż. Alternatively, we can show that 


Muvsij = 2i[pipPjv + PivPju — (uo v)] =0. (5.49) 


Exercise 1.7: Gluon Polarisations 


(a) In order to construct an explicit expression for the polarisation vectors we will 
write a general ansatz and apply constraints to fix all free coefficients. The 
polarisation vector €”° is a four-dimensional object which satisfies constraints 
involving the corresponding external momentum pe = Aone and reference 
vector r% = afu“. For generic kinematics, i.e. for p; - ri + O (and thus 
(Aji) Æ 0 and [À; ñi] 4 0), one can show that cree Rut, it ue and a$ag 
are linearly independent, and thus form a basis in which we can expand e?%. 
Our ansatz for €? therefore is 


en = či ee +o Riu? +3 Xê ul + c4 [exe : (5.50) 


L 


The transversality and the gauge choice, 


E$ (Pi)aw = Co(midi) aii] = 0, 


i (5.51) 
E Toa = C1(Ai Mi) [Midi] = 0, 
imply that cj = c2 = 0. The light-like condition, 
ef” (Eig = 2c3c4 (Aimi) Ai Ri] = 0, (5.52) 


has two solutions: c3 = 0 and c4 = 0. We parametrise the two solutions as 


i= naint, eff = naia. (553) 
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Next, we normalise the two solutions such that €4 ; -€g,; = —1 and eà i = €B,i. 
This implies that 


-v2 V2 


(Aili) ETA i 


nang = ny =npB. (5.54) 


There is now some freedom in fixing n 4 and ng, which we must use to ensure 
that the two solutions have the correct helicity scaling. We may parametrise 
na =ne andng = ne? with real n and g, and fix the phase ¢ by requiring 
that the solutions are eigenvectors of the helicity operator. It is however simpler 
to follow a heuristic approach. Recalling that (A;u;)* = =n |. we notice 
that a particularly simple solution to the constraints (5.54) is given by n4 = 
—J/2/ (di Wi) and ng = J/2/[ri Ñi]. Following this guess, we have two fully 
determined vectors which satisfy all constraints of the polarisation vectors: 


i sA pene 
Ai =~ a = V2 ai (5.55) 
, mre Li)’ [Ai ul 


Finally, we need to check that a ; and ee are indeed eigenvectors of the 
helicity generator h in Eq. (1.122), bichi in ‘this case takes the form 


1 ð ð za ð ð 
h= -= | -17 ? ag fie |. 5.56 
l iga i aua * oat ote a | pea 


l 


The explicit computation yields that 
het% = +$% , heft, = e$% (5.57) 


We can therefore identify = = «@ 
derivation. 

(b) We rewrite the spinor expressions for the polarisation vectors as Lorentz vectors 
using the identities of Exercise 1.5, 


ve, and ee = e, which completes the 


‘i 1 UF O)aadit yp _ 1 Mo aait 
— y E. —— as a N. 
i /2 (Aj Mi) 5 2 [Ai ki] 


Plugging these expressions into the polarisation sum gives 


€ 


(5.58) 


noan LOO aah 28 (0) 5 pit ue + (wo v) 
€n ith 7 ; (5.59) 
h4 2 (Aim) [Ai fei] 
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Next, we rewrite the numerator in terms of traces as 


ye ev = aia ril + (u ev) 
h=+ mt hi (Aju) [Ai fi] 


(5.60) 


We then use the identity (1.29) to rewrite the trace of Pauli matrices in terms of 
Dirac matrices. Finally, by using 


Tr (v4 y” yP y") = 4 (n nP — n”? + nn) , 


(5.61) 
Tr(y“y?y?y" ys) = —4iel Pt, 
we obtain 
Koy vH 
r; + per: 
D ett, = nt + PE (5.62) 
h=+ Pi i i 


Exercise 1.8: Colour-Ordered Feynman Rules 


We start from the full Feynman rule four-point vertex (1.66) contracted with dummy 
polarisation vectors €;, 


Va = ~ig f” f° [e - €3)(€2- €4) — (€1- €2)(€3 - €4)] + cyclic, (5.63) 
and use fbe fede = —Tr([T4, T?][T°, T1])/2, which is obtained from 
Eqs. (1.48) and (1.51). Note that the U(1) piece cancels out here. Expanding 


out the commutators in the traces and collecting terms of identical colour ordering 
gives 


2 
1 
V4 = = Tr (rer [2(e1 - €2)(€3 - €4) — (€1 - €3)(€2 - €4) 
— (€1 + €4)(€2 - €3)| + cyclic, (5.64) 
which is the result quoted in Eq. (1.149). 
Exercise 1.9: Independent Gluon Partial Amplitudes 


(a) Taking parity and cyclicity into account we have the following independent four- 
gluon tree-level amplitudes: 


Ag 2°53" 


AK 


Je APP 2” 3 as 


A 2 274s. AU .2°,3 4"). 
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The last two are related via the U(1) decoupling theorem as 


ASU, 24,37, 4t) = -And 24, 4, 37) — API, at, 27, 37) 


= — A1 31.2.4 =A 1 4",2"); 
(5.65) 


Hence only the three amplitudes AY°(1T, 2+, 3+, 47), AȚ (17, 27, 37, 47) 
and AY**(1~,2~,3*,4*) are independent. In fact the first two of this list 
vanish, so there is only one independent four-gluon amplitude at tree-level to 
be computed. 

(b) Moving on to the five-gluon case, we have the four cyclic and parity independent 
amplitudes 


ABI" 2° 37 94 


Nn 


Pe ig ee ee 5t), 


Nn 


Am 2 34s, AP 2 3 4") 


Looking at the following U(1) decoupling relation we may again relate the last 
amplitude in the above list to the third one 


ate(o+,3-, 4+, 5+, 17) = 


= —AN(3 ,2t,4 5 1 ) — AE® (37, 47,27, 57,17) 
APG AT 6 21) (5.66) 


= —Ag(1 3 ;2 ,4 5) — Ae 34,28) 
= Ar 3-467 2"), 


Hence also for the five-gluon case there are only three independent ampli- 
tudes: AZET 2, 3+, 4+, 57), AS ya ye 
4*, 5+). The first two in this list vanish, leaving us with one independent and 
non-trivial five-gluon tree-level amplitude, of the MHV type. 


Exercise 1.10: The MHV3 Amplitude 
Using the three-point vertex in Eq. (1.149) we obtain 


Attee (+, JE 37) = ig (€+,1 -€4,2) (P1 — p2) -€~3 
J= (5.67) 


+ (€4,2 + €—,3) (P2 — p3) €4,1 + (€—,3 - €+,1) (P3 — p1) €4,2}. 
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Choosing the same reference momentum for all polarisations, r°* = ~*~", we 
have 


[ki] (mi) 


(ku) 
(5.68) 


AE, (pi — pj) ek = V2 


’ 


where we used that p; + pj + px = 0. Substituting these into Eq. (5.67) yields 


— (n1)[12] 
_ ; (u3) ZDU 
ae: (1+, 24,37) = ig (OAU 2u) — [u] (3) 132 
a ) eaa U Jiu2](24) — [u] (u3) i) 
(3)[12] —[u3] (3u) 
=i8 a un Me DI 
ig gog (PAC + wia) 
ERE 
(1u) (2u) ` 


(5.69) 


Since the left-handed spinors are collinear, we may set A2 = adj and A3 = bài. 
Momentum conservation à; (1 + aA2 + bA3) = 0 then implies that a = [31]/[23] 
and b = [12]/[23]. Substituting these into Eq. (5.69) finally gives 


[12]? 


tree + + =A 
A5% (17,2*,37) = U ia (5.70) 


Exercise 1.11: Four-Point Quark-Gluon Scattering 


There are two colour-ordered diagrams contributing to Aaa 07> ai 3-47): 


27 3- at 3- 


t -= 45+ 2- AH 
A 28 A= + 


q q 


(I) (II) 
(5.71) 
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The first graph (1) is proportional to [2|¢3 _(p, + P.)¢4,4/1), which vanishes for 
the reference-vector choice u4 [44 = p1. This is so as 


V2 v2 U4=à1 

= ——— (|4 4 > 1) = ———|4 1) "=" 0. 
f44 ya) (| J(u4| + |ua) (41) 4,411) mag ](u41) 

(5.72) 


Evaluating the second graph (II) with the colour-ordered Feynman rules we obtain 


Coe?) 
1g 
m=% [21vul1)| (3, + 44) Phy + ehy (Pag 3, Fe (pa a) | 
ni ae ee o Saa 


d) (2) (3) 
(5.73) 


where q = pı + p2 and p;i; = pi — pj. The term (2) vanishes for our choice 
M4 4 = Pi, 


(2) œ [2l¢4 411) HAMT Ph iy (5.74) 


For the term (3), we note that f3- = 2 13) [u3] + |3] (3| )/[B u3] to find 
2 
(3) x [2|¢3 |1) = a [2u3] (31), (5.75) 
[33] 


which is killed by the choice 43/43 = p2. Hence, for this choice of reference vectors 
only the term (1) in Eq. (5.73) contributes. One has 


(H43) [u3 4] ws=do.ma=ar (13) [24] 


_- =— —_____ , 5.76 
SAS Ga) Bu] (41) [32] cakes 

and, using momentum conservation, 
[2|(p3 — p4)l1) = 2[23](31). (5.77) 


Inserting these into the term (1) of Eq. (5.73) and using q? = (12)[21] yields 


~1214(13) 
Auee az 2+ 37 At) = sd (13)? [24] (43) _ 3,2 (13)3(23) 
ee ee I5 TIE SE 742) (23) (34) (41) ° 


(12)(41) [21](43) 
(5.78) 
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as claimed. The helicity count of our result is straightforward and correct: 


1 i l ' 

hı [ daze] = 53 1 1) = 7> h 2[Azggg] = xd —1-1) = 5% 
A =-} = 1 

hal gage) = 7(4—1—1) 1, h alAGaee! = -4(0-1-1)=+41. 


Exercise 2.1: The Vanishing Splitting Function Splitt (x, at, bt) 


We parametrise the collinear limit 5* || 67 by 


Salk Ae As =VX Ap, àg =VIL-xAp, As =V1—xAp, 
(5.79) 


with P =ApAp = ps + po. Substituting this into the Parke-Taylor formula (1.192) 
for Ag**(1~, 27, 3+, 4+, 5+, 6+) gives 


516 g ig3(12)* 


/x(I — x) (56) (12) (23) (34) (4P) (P1) ` 
(5.80) 


Ate(i—,2-, 3+, 4+, 5+, 6+) 


Comparing this to the expected collinear behaviour from Eq. (2.5), 


Are, 2-, 3+, 4+, 5+, 6+) “3 spiit™(, st, ot) alec, 2-,3+, 4+, Pt) 


+ Split} (x, 5+, 6%) AS (17, 27,37, 47, PT), 
(5.81) 


and using Eq.(1.192) for the 5-gluon amplitudes, we see that the term with 
Splitt. (x, 5+, 6*) is absent. Since A¥® (17, 27, 3+, 4+, PT) Æ 0, we deduce that 


Split (x, 5t,6t)=0, (5.82) 
as claimed. 


Exercise 2.2: Soft Functions in the Spinor-Helicity Formalism 


The leading soft function for a positive-helicity gluon with colour-ordered neigh- 
bours a and b is given by Eq. (2.19) with n = a and 1 = b, 


es * Et- 
sll (a, q7, b) = s (e s Pe) (5.83) 
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Using Eq. (1.124) for the polarisation vector with u as reference spinor, we have 
that 
€ Š x 7 
cue a Ld (5.84) 
Pi-4 (qi) (uq) 


Substituting this with i = a, b into Eq. (5.83) and using the Schouten identity give 
SO lag" b) = 8 ————, (5.85) 


as claimed. We can obtain the negative-helicity soft function by acting with 
spacetime parity on the positive-helicity one. Parity exchanges A% and åĉ, which 
amounts to swapping (ij) with [ji]. 

We now turn to a positive-helicity graviton. The starting point is again Eq. (2.19), 


0 ei papy 
v a 
Sox (at bon) =d A (5.86) 
a=1 


We parametrise the graviton’s polarisation vector by two copies of the gauge- 
field one, 


Ek (o) = ekla, ney), (5.87) 


where we spelled out the arbitrary reference vectors x and y. Substituting this into 
Eq. (5.86) and using Eq. (1.124) for the polarisation vectors gives the desired result: 


0 (xa) (ya) laq] 
SE (att. 1, n) = Y E, (5.88) 
As above, the negative-helicity result can by obtained through parity conjugation. 


Exercise 2.3: A qq ggg Amplitude from Collinear and Soft Limits 


Let us consider the collinear limit 3~ || 4" of the quark-gluon amplitude 
Abaeee lg» 27, 37, 4t, 5+). We parametrise the limit with 


3 > JSxdp, hg > V1l—xdp, 
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where P = p3 + p4. The collinear factorisation theorem implies that 


tree = at go “tet, SIA . tree = aty ate A= nd pm aF 
Ate rat S A Spi, 3-4 ARS Pt) 


+ Split! (x, 37, 4+) AG lp 27, PH, 5+) 


gx? —ig?(1P)3(2P) 
Jx(1 — x) (34) (12) (2P)(P5) (51) , 


(5.89) 


where we inserted Eq. (2.7) for the splitting functions, and Eqs. (2.36) and (2.37) for 
the amplitudes. The limiting form of Eq. (5.89) suggests that the amplitude before 
the limit takes the form 

5 (13)3(23) 


tree — n+ 2- yt «ty — ; 
gazes (lg %43 14°59") = 18" 055) (3a) (45) (51) (220) 


The form above leads us to conjecture the following n-particle generalisation: 


tree i i By eS (13)3(23) 
PN NRE Ve (12) (23) (34)... (nl) ` Coe 


By analogy with Eq. (5.89), we see that the conjectured form of the n-particle 
amplitude Eq. (5.91) is consistent with the collinear limits 37 || 4* andit || (+1)* 
fori = 4,...,n — 1. Let us also study two soft limits. First we take 13 — 0. Then 
we immediately see that 


3->0 


tree } } ; 
Azggag lg g3 A on) Ie O. (5.92) 
Since the expected behaviour in the limit is 
, , L 370 = 
Agee e7 27,37.4t,...,0t) 3 SMa, 37,4) 
tree + 4 } 
Api eas 2g 4 >on), (5.93) 


and the relevant soft function is not zero, this implies that 


Ta pesat" ) 0, (5.94) 


tree 

Ajgg...g Mg 2 
which is thus the conjectured n-particle generalisation of Eq. (2.36). Taking the soft 
limit 4* — 0 (or any other positive-helicity gluon leg) on the other hand again 
allows us to check the self-consistency of Eq. (5.91), 
ties 1, 4430 (35) 
Asge..g(lg12qg23 1475-0") => 8 Ga (45) (45) 

ee 

S'3,44,5) 


tree | ; 
Agag 7> a>? oE 


(5.95) 
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Exercise 2.4: The Six-Gluon Split-Helicity NMHV Amplitude 


We want to determine the NMHV six-gluon amplitude A¥® (1, 2+, 3+, 47,57, 
67). The [67 17) shift leads to the BCFW recursion relation 


Att, 2+, 3t, 47,57,67) = 


5 


3 y ate (Ea n i 1,-P-*@p)) (5.96) 


i=3 h=+ 


i : : 
za AS (Pea )6 


L 


Since the all-plus/minus and single-plus/minus tree amplitudes vanish, only two 
contributions are non-zero. Diagrammatically, they are given by 


where we used the short-hand notation P;; = pi + pj. The first diagram is given by 


A 


~ig [i233 OE —ig’[Ê123] 
[2 ÊD] (Pia) i] (12)[21] [34] [45] [56] [6 Ê12] ` 


A) = (5.97) 


The corresponding z-pole is at zj = Pe (6| P12|1] = (12)/(62). Hence we have 


- i= = 6) = 16] + 2 
Î = gy), ÍSI, 1 =16. I=l+ Ei, 699 


where we used the Schouten identity to simplify |i), and, for Piz = ĵi + p, 


Pp} = 12 Py] = |2] ia 1] (5.99) 
|Pi2) = |2), |Pi2] = | + @)| ; ; 
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By combining the above we obtain 


pial = aie a) — [SIP1s12) 
[2Pi2] = (62) [21], [P121] = [21], [56]= on 
(6| P1213] P2 4 P2 4 P? (5.100) 
P = MW RI] Pas) — 26 12 16 
[P123] = 6 [6P12] = 


The expression for [ô Êi2] can be further simplified by noting that P3 + P? + 
Pi, = (po + pi + p2). Substituting all these into Eq. (5.97), with the sign 
convention (1.113), gives our final expression for diagram (I): 


D= (6| P1213]? 1 (5.101) 
(61) (12)[34][45][5| P162) (pe + pi + p2)? ` l 
For the second diagram we start with 
. 3 ta 3 . . » 3 
mas V y A 8 
(P56 1)(12)(23)(34)  (S6)165]  (6(— Ps6)) ((— Ps6)5) 
Now the shift parameter takes the value zy = [65]/[51], which implies 
fail. deco. eet el 
[1) = |1) + py’ 16) = |6), | Ps6) = |5) + [15] 16), (5.103) 
and hence 
P 4| Ps6|1 Poe + ps + pe)” ` 
(4Ês6) = — , (Psi) = RE , (56) = (56), 
[16] [51 P1612) oe 
A — a a EMI 74, __ 16 
(6P56) = (65), (P565) = [15] (65), (12) = Bi 
Plugging these into Eq. (5.102) yields 
3 
D = ig* (41 P5611] ! 5: (5.105) 
(23) (34)[16][65][5| Pi6|2) (pı + ps + po) 
Finally, by combining the two diagrams we obtain 
3 
amet ot at 4 526 ) =ie*( (6| P1213] 1 
(61) (12)[34][45][5|Pi6|2) (po + pi + p2)? 
į (4| P5611]? 1 ) 
(23) (34) [16][65][5] P1612) (pi + ps + po)? J” 


(5.106) 
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Exercise 2.5: Soft Limit of the Six-Gluon Split-Helicity Amplitude 


In the soft limit ps — 0 we have the reduced momentum-conservation condition 
Pi + p2 + p3 + p4 + po = 0, which implies that (pe + pı + p2)? = (34)[43] and 
(pı + ps + p6)? = (16)[61]. Using these in Eq. (2.67) and pulling out the pole term 
([45][56])~! gives 


APP 2t, 3t, 47,57,67) = 


ig“ ( (6| P12131°[56] (4| Ps6 l 11° [54] ) 
[5| P1612) [45][56] \ (61) (12)[34]?(43) (23) (34)[16]?(61) 7 | 
(5.107) 


We use the reduced momentum conservation and the Dirac equation to simplify 


(6| Pi2|3] = —(6|(p3 + p4 + po)|3] 
= —(64)[43], (5.108) 


and the soft limit for (4| P56|1] = (46)[61], obtaining 


Ate (+ 2+ 3+ 4-57.67) 43 
igt (46)? 


34][56](23 16][45](12)). 
[5] P16|2) [45][56] TOES a a 


(5.109) 


The two terms in the parentheses may be simplified using a Schouten identity as 
—[45][36]—[53][46] —pa 
oo o_ 
[34][56] (23) + [16][45](12) = [54][6] Pi3 |2) + [35][46](23) 
= [46][5| P5412) 
= —[46][5| P1612) . (5.110) 


By plugging this into the above we find 


[46] ig? (46)3 
[45][56] : (12) (23) (34) (61) f 
(5.111) 


Att 2+ 3+, 47,57,67) —> —g 


which indeed matches the expected factorisation, 


ARPT, 2+, 3+, 47, 5-67) SS? SYA, 57,6) x AE*(*, 2+, 3%, 4°, 67), 


(5.112) 


with the soft function given in Eq. (2.25). 
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Exercise 2.6: Mixed-Helicity Four-Point Scalar-Gluon Amplitude 
The [47 1*) shift leads to the BCFW recursion 


26 34 


ji 
Miaa D 
X P 


= A3 (Ps, 12y) ras As (35:47, Ps) 


= | i eei) i [ i pe) 

(il) | Pan? [4r4] (5.113) 
where we used Eqs. (2.78) and (2.79) for the three-point scalar-gluon amplitudes 
(with g = 1), P = pı + p2, and rı (r4) denotes the reference momentum of the 
gluon leg 1 (4). With the gauge choice rı = p4 and r4 = pı along with the identities 
|4) = |4) and |1] = |1] for the [47 17) shift one has 


A 


(ri) = (41), (4rq) = [41], (ni [PU] =- (lps), 4lpsiral = (4 p311]. 
(5.114) 


Plugging these into the above yields the final compact result 


(4| p311]? 
(pi + pa)? [(p1 + p2) — m?] ` 


Aa(1*, 24,33,47) =i (5.115) 


Exercise 2.7: Conformal Algebra 
The commutation relations with the dilatation operator d, 

|a, p| =p", Id kal = koa, [d,map]=0=|d, gg]. 5.116) 
are manifest from dimensional analysis. We recall in fact that d measures the mass 
dimension, i.e. [d, f] = [f]f where [f ] denotes the dimension of f in units of 


mass, and that the helicity spinors A; and A; have mass dimension 1/2. It remains 
for us to compute the commutator [køġ, p?*], which is given by 


[Kaas pP’ | = [au ARË] aie + du fae, APIP] = 88, 7 Ba + 8f, Aau + 08 88. 
(5.117) 
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By using Eq. (2.102) for a single particle with raised index, 


1 
AP Ay = EP Nepo) + T Epa Bay (5.118) 
— 95, 
and the analogous equation with dotted indices, we obtain 
s IP . š 1 1 oe 
[eas phe | = 8h, PP A pik) + 5M EPP Acpôm + 34,54, ( SAY ay + 5H? ay +1 ) l 
-— — 
=M bà =Mpa =d 


(5.119) 


which concludes the proof of Eq. (2.107). 


Exercise 2.8: Inversion and Special Conformal Transformations 


(a) Using the inversion transformation J x“ = x”/x? and the translation transfor- 
mation P“ x = x” — a” we have 


xl xt — a” z5 =a" x” — a! x? 
I PY Tx = 1 PH =I = = , 
x? (x — a)? (>u). 1— 2a -x +a? x? 
x2 
(5.120) 


which equals the finite special conformal transformation in Eq. (2.111). 

(b) We begin by computing the Jacobian factor |0x’/dx|, i.e. the absolute value of 
the determinant of the matrix with entries dx/"/dx” for u, v = 0, 1, 2, 3. It is 
convenient to decompose the special conformal transformation x — x’ as in 


point a): 
I x” pH I z” 
u Bo BH yh _ ob mu 
x => y= 2 => wey a = PS = 
(5.121) 


The Jacobian factor for x — x’ then factorises into the product of the Jacobian 
factors for the three separate transformations: 

ax! 
Ox 


dy 
Ox 


(5.122) 


ax’ 
az 


0z 
dy 


For the first inversion, x“ —> y”, we have that 


dye 1 u 
~ = (m, Ze z) (5.123) 


ox” x? x? 
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so that the Jacobian factor takes the form 


m 
det (r =) — ) (5.124) 


We use the representation of the determinant in terms of Levi-Civita symbols: 


2\-4 
dy = (x ) € eV12"3 v4 n”! at An 
ax A! M1234 Vv} x2 
H4 
(a =o" =) (5.125) 
X 


The contractions involving two, one, or no factors of n“‘,, vanish because of the 
anti-symmetry of the Levi-Civita symbol. The contractions with three factors of 
ni, are equal. This leads us to 


—4 
dy (x?) pas Ko Xo 
al> a Caio” +A Gane? | =2 a . (5.126) 
Using the identities €,yp¢€""P° = —4! and €pvpo € = —3! ies gives 
dy 2\-4 
|= ; 5.127 
al (5.127) 


(5.128) 


_ 1—2a-x+a*x? = 
= -z 


The Jacobian factor of the translation y“ —> z4 = y — ař is simply 1, as 
the translation parameter a“ does not depend on y“. Putting the above together 
gives 


—4 


0 / 
3 = (1-2a-x +472") (5.129) 


ax 


2 We can derive this identity by tensor decomposition (see Sect. 3.4.1). We write €yvpo,€4? = 
c n°? o, and fix c = —3! by contracting both sides by n”! o, and solving for c. 
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We now consider the transformation rule for the scalar field ® in Eq. (2.112), 
2..2\4 
(x!) =(1-2a-x+a x*) D(x), (5.130) 


and expand both sides in a Taylor series around a” = 0. For the LHS we obtain 


P' (x') = @'(x) +a" (=) 


= @'(x) +a" (=x? + 2xux”) 0B’ (x) + O(a’) ; 


3D (x) + O(a’) 
=0 


a 


(5.131) 


Since ®'(x) — d(x) = O(a), we can replace 3p ®'(x) by 0,®(x) in the above. 
Plugging this into Eq. (5.130) and expanding also the RHS gives 


®' (x) + a" (=m? +2xu a) dP (x) = B(x) —2A(a-x) P(x) + O(a’) F 


(5.132) 
By comparing this to the defining equation of the generators (2.113), 
(x) = |1- ia" Ku + O(a?)| 20), (5.133) 
we can read off the explicit form of the generator, 
Ky =1[x? a, — 2x, (x"& + A)|, (5.134) 


as claimed. 


Exercise 2.9: Kinematical Jacobi Identity 


We start from the expression of ns given in Eq. (2.119). We choose the reference 
momenta r; for the polarisation vectors €; so as to kill as many terms as possible. 
We recall that €; - r; = 0. Choosing rı = p2, r2 = p1, r3 = pa, and r4 = p3 yields 


Ns = (pi - p2) [(€1 > €2)(€3 - €4) — (€1 - €3) (€2 > €4) + (€2- €3)(€1 - €4)] 


+ 2 (p2: p3)(€1 - €2)(€3 + €4). 
(5.135) 


The other factors are obtained from ns by replacing the particles’ labels as 


Nt =Msl1_,9.9-533-51° Nu = Ms|)_.3.9-51,3-52° (5.136) 
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Adding the three factors gives 


ns +n: + nu = [(€1 - €4)(€2 - €3) + (€1 + €3)(€2 - €4) + (€1 - €2) (63 - €4) | 


x (pı : P2 + p2- P3 + P3: Pi), 
(5.137) 


which vanishes because of momentum conservation. 


Exercise 2.10: Five-Point KLT Relation 
The squaring relation (2.139) in the five-point case reads 


M$(1,2,3,4,5)= J. A5™®(, 0,4,5) Siole] AS*(1, p,5,4), (5.138) 


o, pES2 


where S2 is the set of permutations of {2, 3}, namely S2 = 112, 3}, {3, 2} }. We recall 
that the KLT kernels S[o |] are given by Eq. (2.140) with n = 5, 


3 


S[o|p] = I] 2 Pi- Po; + X2 po; ` Po; O (0j, ao f (5.139) 


i=2 j=2 


where 0 (0j, oi) = 1 if øj is before o; in the permutation p, and zero otherwise. 
We then have 


=l 
re 
S[(2, 3), 3)] = 2 pı - p2 [2 pi: P3 +2 p3: p2 (2, 3)2,3) | (5.140) 


= $12(813 + 823) , 
where s;; = 2 pi - pj, and similarly 


S[G, DI, 3)] = s12 513 = S[Q, 3)1G, 2)] , 
S[G, DIG, 2)] = sı3(s12 + 523). 


(5.141) 


Plugging the above into the squaring relation (5.138) gives 


M! (1, 2,3, 4,5) = 
si2A¥°(1, 2, 3, 4, 5)[s1g AS (1, 3, 2, 5, 4) + (s13 + 523) AZ(L, 2, 3, 5, 4)] 


+ 513A5°°(1, 3, 2, 4, 5)[s12A5 (1, 2, 3, 5, 4) + (s12 + 523) AS (1, 3, 2,5, 4)]. 
(5.142) 
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The terms in the square brackets can be simplified using the BCJ relations (2.133). 
For instance, for the first term we use 


p3- pı As (1, 3, 2,5, 4) + ps- (pi + p2) AS (A, 2, 3, 5, 4) 


(5.143) 
+ P3: (pı F P2 F ps) AS (1, 2, 5, 3, 4) = 0, 


which is obtained by replacing 1 > 3,2 > 1,3 — 2,4 > 5and5 —> 4in 
Eq. (2.133) with n = 5. Substituting 


s13 AS (1, 3, 2, 5, 4) + (s13 + 523) AS (1, 2, 3, 5, 4) = 534 AS™(1, 2, 5, 3, 4), 
si AB(1, 2, 3, 5, 4) + (s12 + s23) A¥®(1, 3, 2, 5, 4) = s24 ABP (1, 3, 5, 2, 4), 


(5.144) 
into Eq. (5.142) finally gives 
Ms (1, 2, 3, 4, 5) = s12 534 AS (1, 2, 3, 4, 5) A5°(1, 2, 5, 3, 4) 
(5.145) 


+ 513 524 AS*°(1, 3, 2, 4, 5) A5°® (1, 3, 5, 2, 4), 


as claimed. 


Exercise 3.1: The Four-Gluon Amplitude in N = 4 
Super-Symmetric Yang-Mills Theory 


We begin with the s12 channel. The cut integrand is given by the following product 
of tree amplitudes: 


CNS = pm as a 4*)) 


— > 4 AO (ny, 17,27, d'2) 4A (Ch), 3h 4t, a) 


hı,h2 


-4 Y AO (yg 17,27, 0R) AO (yg! 3t, 4*, yt) 
hy,h2 


+ 61A® ((—11)g, 17, 27, (ag) i A® (h)g, 37, 47, dg) - 
(5.146) 


The constant factors multiplying the amplitudes deserve a few remarks. First, we 
have a factor counting each field’s multiplicity in the N = 4 super-multiplet: 1 
gluon (g), 4 gluinos (A), and 6 scalars (@). Next, the factors of imaginary unit 
“i” follow from the factorisation properties of tree-level amplitudes as discussed 
below Eq. (2.3). In particular, note that the factorisation of the fermion line does 
not require any factors of “i”, as opposed to gluons and scalars. Finally, the gluino’s 
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contribution comes with a further factor of — 1 coming from the Feynman rule for the 
closed fermion loop. The only non-vanishing contribution comes from the product 
of purely gluonic amplitudes with hy = — and h2 = +, 


Css =i A ((-A)t, 17, 27, )*) 1A (Ch), 3.47, 7). 
(5.147) 


This is the same as in the non-supersymmetric YM theory computed in Sect. 3.2 
(see Eq. 3.34), hence we can immediately see that 


Ciapa (18,07, 27, 3, 44) = Cinsa (P07, 27.34.44), (5.148) 


as claimed. 
In contrast to the s12 channel, all fields contribute to the s23-channel cut: 


Ga = C3 cma 27,3%, 4*)) 
= 1A (=t, 27, 3+, (b)~) i A® ((—b)t, 47, 17, 7) 
+i A® ((=1)7, 27, 3+, (2)*) i A® (=b), 4+, 17, )*) 
~ 4A ((—4)y, 27,37, 04) A® ((—n)9, 47, 17, D$) 
= 4A (CDi 27, 3%, (2)g) AC (CD 47, 17, Ga) 


+ 61 A (l)p 27, 37, (og) 1A (h)g, 47, 17, 9) - 
(5.149) 


The second and fourth terms can be obtained by swapping 1 < 2 and 3 <> 4 in the 
first and the third ones, respectively. We put all terms over a common denominator: 


D = (141) (l2) (124) (41) (12) (23) (3la) (l2l1) . (5.150) 


Factoring it out we have 


DCNat = (11)* (2) + (214 (Uay* = 4 (h1 1) (12)? (22) 021) 
23/41 (5.151) 
— 4 (112) (111)? (121) (122)? + 6 (111)? (121) (12)? (022). 


Here the “magic” of N = 4 super Yang-Mills theory comes into play: the five terms 
above conspire together to form the fourth power of a binomial, 


12h) — 1) 2b)" 
Nat = (C12) (211) a 1)(2l2)) (5.152) 
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which can be further simplified using a Schouten identity, obtaining 


Naa _ (lilo)*(12)* 


C = 
23|41 D 
_ (ila)? (12)4 sia 
(L1 1) (11.2) (123) (124) (23) (14) 
This matches Cia , (see Eq. (3.46)), and we can thus conclude that 
Cam (102, 3+, 4t)) = (OU, 3+,4+)) (5.154) 


Exercise 3.2: Quadruple Cuts of Five-Gluon MHV Scattering 
Amplitudes 


(a) We parametrise the loop momentum /; using the spinors of the external 
momenta as in Eq. (3.58). We then rewrite the quadruple cut equations, 


R =0, 
Ż = (h — p) =0, 
2 (l — p2) : (5.155) 
lz = (h — p2 — p3) =0, 
} = (h +p)? =0, 
in terms of the parameters a;, as 
wsi =0, 
=0, 
nein (5.156) 


(aj a2 — a304)512 = 0, 
0f1813 + 2823 + 13 (13)[32] + æ4(23)[31] = 523. 


For generic kinematics this system has two solutions: 


wy“ _ (23) 1 ayy alt 
(1 ) = ay pty", (1 ) = jpj“. (5.157) 
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The spinors of the on-shell loop momenta on the first solution can be chosen as 


a, _ (23) (Dy 
lL) = q3 L ]= 12], 
1) = al), SY) = |2], 
21) (5.158) 
D (1) 
13°) = 13), L ]= GEA |3], 
Gir (Dy (23) 
lo) = 1), ly l=] + Gay PI. 


12 


The spinors for the second solution, /;"’, are obtained by swapping () <> [] in 


the first one. For each solution / T the quadruple cut is obtained by summing 
over all internal helicity configurations h = (h1, h2, h3, h4) (with h; = +) the 
product of four tree-level amplitudes, 


C1213145 t Ya, 2°, 37,4", *)) 


w= 2, 
i h 


(5.159) 


Consider A4. The only non-vanishing four-gluon tree-level amplitude with two 
positive-helicity gluons is the MHV one, namely h4 = —h3 = —.A3 is thus 
MHV, and h? = +. Since MHV/MHV three-point vertices cannot be adjacent, 
Az must be MHV, and A; MHV. This fixes the remaining helicity, hı = +. The 
quadruple cuts therefore receive contribution from one helicity configuration 
only, which we represent using the black/white notation as 


Cipgys (2 17,27, 3%, 4", 5*)) = 


(5.160) 
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Recall that the trivalent vertices impose constraints on the momenta. The MHV 
vertex attached to pı and the MHV vertex attached to p2 imply that |41) œ |1) 
and |l] œ |2], or equivalently that 1 œ (1|y”|2]. Only the solution pa 
is compatible with this constraint. Indeed, we can show explicitly that the 
contribution from the second solution vanishes, for instance 


Pi 
wj oes [4 (-4)]? = 
12) [di (-l4)] [(-4) 1] 12) 


-ij (5.161) 


where we used |/\”] = ({23]/[13])|1] and |/,”] = |1]. We assign spinors to — p 
according to the convention (1.113), namely | — p) = i| p) and | — p] = ilp]. 
We thus have that 


C1123145 (wis, e ae Ge 5*)) =0. (5.162) 


@) 
L 


On the first solution, the quadruple cut is given by 


[nla (h BBP (Ial3)? 


j (5.163) 
[1 ]L41] (202) (211) H3l2l]ll23] (134) (45) (5/4) 


a) 
L 


Cipysias| 0 = 


where we omitted the argument of C for the sake of compactness. Plugging in 
the spinors from Eq. (5.169) and simplifying gives 


D= 2 3+ 4+ s+ —; i (12)? 
Capas (107,27, 3+, 4*, 5+) Jo eel : 


(5.164) 


where in the parentheses we recognise the tree-level amplitude. Averaging over 
the two cut solutions (as in Eq. (3.73) for the four-gluon case) gives the four- 
dimensional coefficient of the scalar box integral, 


2 
1 
cois (17, 27,37, 4+, St) = 5 Y Cias Con 34, s+) 


s=1 


®© 
L 


= zsa AOU, 27,3t, 4t, 5+), 
(5.165) 


as claimed. 
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(b) The solution of the quadruple cut can be obtained as in part (a) of this exercise. 
Alternatively, we can take a more direct route by exploiting the black/white 


formalism for the trivalent vertices. On each of the two solutions qe the 
quadruple cut is given by 


Ci )2314)5 (OUa 37,4*, 57)) 


w= 
i h 


(5.166) 


The only non-vanishing tree-level four-point amplitude is the MHV (or equiv- 
alently MHV) one, so we have either hy = họ = — or hy = h = +. 
Specifying hy, and h2 and excluding adjacent black/white vertices fixes all the 
other helicities, so that the quadruple cut receives contribution from two helicity 
configurations: 


af 
P3 


(a) 
Chpsiais = 


(5.167) 


In both cases the trivalent vertices constrain |/4) œ |1) and |/4] « |5]. The two 
configurations are thus non-vanishing only on one solution of the quadruple cut, 


say | which we parametrise starting from l4 as 


(i?) = Lapsi . (5.168) 
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The value of a is fixed by requiring that Su = D + p4 + ps is on shell (i.e. 


(P) = 0), which gives a = (45) /(14). The spinors for the internal momenta 
on this solution can then be chosen as 


D ao 45) a 
H) =l), h l= yg 1], 
15 
P=, P= a+ Es, 
(15) (5.169) 
D a 3 
L) = 14), B= Gah 
Onis a _ (45) 
In) =|1), 4 l= Gabi. 
The first contribution to the quadruple cut is given by 
co a [141]? Bh)’ [4A (547 
PSH |i) ELLs Wada] (Pad) (112) (23) [403 Ula] (1413) (035) |9 
(5.170) 


ee) ( i (35)4 ) 
= 1845815 ; 
(14) (35) (12) (23) (34) (45) (51) 


where in the right-most parentheses of the second line we recognise the tree- 
level amplitude AW (1+, 2+, 37, 4+, 57). The computation of the second term 
is analogous. Summing up the two contributions finally gives 


4 4 
C1123415 10 = 1545515 A) (a) + (es) l 3 (5.171) 


(14) (35) (14) (35) 
where we omitted the argument of C1)23)4)5 and A® for compactness. The 
second solution, / ae is the complex conjugate of the first one. The quadruple 


cut vanishes on it by the argument above, 


C1123415 (an RE 55)) 


0. (5.172) 


o 7 
L 


Finally, we obtain the coefficient of the scalar box function at order €° by 
averaging over the two solutions: 


co; 1/23/4151 tT, 27, 37, 47, 57) 


; 4 4 
= sassis AO) | (ae) fe (ae) l , (5.173) 
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Exercise 3.3: Tensor Decomposition of the Bubble Integral 


(a) We contract both sides of the form-factor decomposition in Eq. (3.81) by the 
basis tensors 112 and pi‘! p°, obtaining 


ee [k7] = a200 D + a2,11 pj, (5.174) 


FP! [(k - p1)*] = a2,00 p? + a211 (p. 
For the sake of simplicity we omit the dependence of the bubble integrals on pj, 


and we introduce the short-hand notations Dı = k? and D = (k — p)? for the 
inverse propagators. Solving the linear system (5.174) for the form factors gives 


1 1 
w= gi (AP [e] r [e m]), 
1 


i D (5.175) 
ai= appr? |e P| - 2 [#])- 
1 1 


The contraction of the rank-2 bubble with 7“!"2 is given by a scaleless integral 
and thus vanishes in dimensional regularisation, 


(D1, ,2] OES 
ame] -f eae (5.176) 


The contraction with p{' p{? is instead given by 


4 Dı D2 D? Dı 2 Dı 
(5.177) 


FPI fk. pp?) = (2 pgp 2+2% Lj; 


where we used that 2k - pi = Dı — D2 + pî. All terms but the first one 
vanish in dimensional regularisation. To see this explicitly, consider for instance 
the second term. By shifting the loop momentum by pı we can rewrite it as a 
combination of manifestly scaleless integrals, 


fig pfs f 17 
kk- p) Jr EP eT Pi k kZ’ ne) 


which vanish in dimensional regularisation (see Sect. 4.2.1 in Chap. 4). Equa- 
tion (5.177) thus reduces to 


2)2 
AMT: pi] = PO" in, (5.179) 
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Substituting Eqs. (5.176) and (5.179) into Eq. (5.175) finally gives 


Pi D 
2,00 = ae F! 1i, 
(5.180) 
D 
FIP! 
= 1]. 
a211 = DD Fy (1) 
(b) We proceed as we did in part (a). For compactness, we define 
Ce = tite Pr ae n”2*3 pi + lait pi? , 
LIH2U3 M2 3 (5.181) 
T, = pi pr pi 


Note that FIP! [kV k#2k¥3] is symmetric under permutations of the Lorentz 
indices. While 7> enjoys this symmetry, the three separate terms of Tı do not. 
That is why they appear together in 7; rather than with distinct form factors. 
The symmetry property would in fact constrain the latter to be equal. We then 
contract both sides of the tensor decomposition (3.82) with the basis tensors, and 
solve the ensuing 2 x 2 linear system for the form factors, Using the following 
contractions, 


[D] 
Fy [AM krek] (Tuim = 9> 


[D] (PD? iD] 
Fy [K Kk] (T) pmu = gz %2 H, 
TEP (T) aiun = 3P? (D +2), coil?) 
GO aon = 3P, 
ea) > 
we obtain 
42,001 = "e FIP! [1], 
(5.183) 
a2,111 oo A [1] 


Exercise 3.4: Spurious Loop-Momentum Space for the Box 
Integral 


(a) The physical space is 3-dimensional, and may be spanned by {p1, p2, p3}. The 
spurious space is |-dimensional. In order to construct a vector w spanning the 
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spurious space, we start from a generic ansatz made from the spinors associated 
with pı and p2, 


1 1 
ot = a py + apy + 35 (1ly" 12] + oa 5 (21 |1] , (5.184) 
and constrain it by imposing the orthogonality to the external momenta and the 
normalisation (a = 1). While w - pı = 0 and ø - p2 = 0 fix a; = a2 = 0, the 
orthogonality to p3 and the normalisation imply 


o3(13)[32] + «4(23)[31] = 0, a304512 = —1, (5.185) 


where sj; = (pi + py. The solution is given by 


1 
Me — | (]Jy"|2](2 1] — (21y#1111 21]. 1 
7 Maras |v" |21(23)[31] — (21y “111(13)[32]] (5.186) 


(b) We rewrite the spinor chains in Eq. (5.186) in terms of traces of Pauli matrices, 


Ye 


1 
of = zg lT (06? 07”) — Tr(o¥a"o*S*) |p Pappa - 
(5.187) 


We trade the Pauli matrices for Dirac matrices through Eq. (1.29). The terms 
free of ys cancel out thanks to the cyclicity of the trace and the identity 
Tr (yty”y’ y") = Triv'y’y’y"). We rewrite the traces with ys in terms of 
the Levi-Civita symbol using Tr (y“y"y?y* ys) = —4ie“”?", obtaining 


2i 
w" = —— el" piv 0p P3r - (5.188) 


512523513 


Exercise 3.5: Reducibility of the Pentagon in Four Dimensions 


(a) We rewrite the triangle integral as 


1 
[D] 
F; (pı, p2) = ‘ (5.189) 
3 APE PL Ie (Dy) CD) CDs) 
with inverse propagators 
Di=k’, Dy =(k— pi)’, D3=(k—pi— pr)’. (5.190) 


The 10 is irrelevant here, and we thus omit it. We introduce a two-dimensional 
parametrisation of the loop momentum k” by expanding it in a basis formed by 
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(b) 
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two independent external momenta, say py and A. , as 
k“ =a, pf +a p}. (5.191) 


Since there are only two degrees of freedom, parametrised by a, and ap, 
the three inverse propagators of the triangle integral cannot be algebraically 
independent (over the field of the rational functions of s). In order to find the 
relation among them, we express them in terms of a; and ap, 

Dı = sai (ai — a2), 

D2 =s (1 —aı)\(1 +a — a1), (5.192) 

D3 = s (1 — aı)(a2 — a1), 


with s = ce We then solve two of these equations to express a, and az in terms 
of inverse propagators. Choosing Dı and D3 we obtain 


Dı (Dı — D3)? — s Dy 
d? = 


= ——_ , (5.193) 
Dı — D3 s (D3 — Dj) 


ai 


Plugging these into the expression of Dz in Eq. (5.192) gives a relation among 
the three inverse propagators, 


1 Dı D2 
1 = - | Dı + D2 — D3 — . (5.194) 
S D3 


Inserting this into the numerator of the triangle integral, expanding, and 
removing the scaleless integrals which integrate to zero finally gives 


Fe) Cpi, py) = f gout o + terms missed in 2D 
g s Jg (k= pi)? (5.195) 


1 = 
=L F? 2€ (p1) + terms missed in 2D . 
s 


Up to terms which are missed by the two-dimensional analysis, the triangle 
integral in D = 2—2e dimensions can be expressed in terms of a bubble integral, 
and is thus reducible. 

In D = 2 dimensions, any three momenta are linearly dependent. The Gram 
matrix G(k, pı, p2) therefore has vanishing determinant, 


ee E A k- po) —s (k+ p) =0 5.196 
z pi)(k - p2) — s (k; p) =0, (5.196) 


which can be verified using a two-dimensional parametrisation of k” such as 
Eq. (5.191). In order to convert it into a relation among the inverse propagators, 


(c) 
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we express the scalar products of the loop momentum in terms of inverse 
propagators, 


_ Dı — D +8 


_ D2 — D3 -s 
2 i 7 


k =D), k- 
1 P\ 2 


k- p . 
(5.197) 


Expressing the determinant of G(k, pı, p2) in terms of inverse propagators 
gives the relation (5.194). 

The steps are the same as for the previous point, but the algebraic manipula- 
tions are cumbersome. We implement them in the Mathematica notebook 
Ex3.5 Reducibility.wl [l]. In D = 4 dimensions the following Gram 
determinant vanishes: 


det G (k, pı, p2, P3, pa) = 9. (5.198) 


We aim to rewrite this in terms of the inverse propagators of the pentagon: 


Di=k, D4 = (k — pi — p - ps)’, 
Dy = (k — pi)’, Ds = (k — pı — p2 — p3 — p4)?. (5.199) 
D3 = (k — pı — p2}, 


The first step is to parametrise the kinematics in terms of independent 
invariants sj; = (pi + pir. It is instructive to count the latter for a generic 
number of particles n. There are n(n + 1)/2 distinct scalar products p; - pj 
with i,j = 1,...,n. Momentum conservation gives n constraints, as we 
may contract )~_, pë = 0 by p} for any j = 1,...,n. Moreover, we 
have n on-shell constraints: p? = 0 fori = 1,...,n. We are thus left with 
mnt) — 2n = n(n — 3)/2 independent invariants. For n = 4 that gives 2 
independent invariants—the familiar s and t Mandelstam invariants—while for 
n = 5 we have 5. It is convenient to choose them as s := {812, 523, 534, 545, 551}. 
We now need to express all scalar products p;- p j in terms of s. We may do so by 
solving the linear system of equations obtained from momentum conservation 
as discussed above: 


5 
X pi pj=0,Yj=1,...,5. (5.200) 


i=l 


We rewrite the latter in terms of s;;’s and solve. We do this in the 
Mathematica notebook, obtaining—for example—that pı - pa = (s23 — 
845 — $51)/2. 

We now turn our attention to the scalar products involving the loop momen- 
tum: k?, and k - p; fori = 1,..., 4 (k - ps is related to the others by momentum 
conservation). Having parametrised the kinematics in terms of independent 
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invariants s, we may solve the system (5.199) to express them in terms of inverse 
propagators and s. For example, we obtain that k - p3 = (D3 — D4 + s45 —512)/2. 
Using this result, we can rewrite the Gram-determinant condition (5.198) as 


5 5 
1=9_A:Di+ >> BijDiD}j, (5.201) 
i=l 


i<j=1 


where A; and B;j are rational functions of the invariants s. Plugging this into 
the numerator of the pentagon integral and expanding finally gives the reduction 
into integrals with fewer propagators, up to terms missed in D = 4. 


Exercise 3.6: Parametrising the Bubble Integrand 


(a) We parametrise the loop momentum as in Eq. (3.159). We recall that pı -œ; = 0 


and wi -wj = 4); o. The coefficient a; can be expressed in terms of propagators 
and external invariants by noticing that a; = k - p;/ ae and rewriting k - pı in 
terms of inverse propagators (3.158). This gives 


Dı — D+ p? +m? -m 
= ; (5.202) 
2 pt 


a) 


We thus see that a; does not depend on the loop momentum on the bubble 
cut Dı = D2 = 0. As a result, the loop-momentum parametrisation of the 
bubble numerator Aj\2 depends only on three ISPs: k - wi fori = 1, 2,3. The 
maximum tensor rank for a renormalisable gauge theory is two, hence a general 
parametrisation is 


Ajj2(k - w1, k - w2,k -@3) = cooo 
+ c100(k - @1) + coro(k : 2) + cooi (k - 3) 
+ c110(k - @1)(k - w2) + c101 (k - @1)(K - w3) + co11 (k - @2)(k - w3) 
+ c200(k - @1)” + cor0(k + @2)? + coo2(k - œ3)° . 


(5.203) 


The cut condition Dı = 0 implies one more constraint on the loop-momentum 
dependence: 


3 
Cip (K) + Dk wi)? -m = 0. (5.204) 


i=l 
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(b) 


Since Ciy2(kj) = (m? = ms + py /(4 p?) does not depend on the loop 
momentum on the cut, we may use Eq. (5.204) to eliminate, say, (k - 03) 
from the numerator (5.203). It is however more convenient to implement the 
constraint (5.204) so as to maximise the number of terms which integrate to zero. 
The terms in the second and third line on the RHS of Eq. (5.203) contain odd 
powers of k - @;, and thus vanish upon integration. Using transverse integration 
one can show that 


(Kc)? _ oF f E09)" (5.205) 
k DıD2 œ Je Di Do l l 


We can then use the constraint (5.204) to group (k-@ 1), (k- wp)? and (k- 03y 
into two terms which vanish upon integration. This can be achieved for instance 
as 


A12 (k - w1, k - w2, k - @3) = c0;1)2 
+ c1;112(k - w1) + €2;1;2(k + @2) + ¢3:112(k + @3) 
+ c4:1)2(K - @1)(K - w2) + €5;1)2(K < w1) (k - w3) + €6:1)2(K - w2)(k - 3) 


2 2 2_% 2 
+ ¢7,1)2 | (k + @1)" — (K+ %3)" | + €8:1)2 | (K - @2)" — 4-3)" |, 
3 03 
(5.206) 
such that only the term with coefficient co.|)2 survives upon integration, as 


claimed. 
The bubble cut of the one-loop amplitude AML [4-26] ig by definition given by 


2 
Cip (açma) = f [ooo (—27i) 8) ) . (5.207) 


i=l 


where 7™ (k) denotes the integrand of AP [4-26] We parametrise the latter in 
terms of boxes, triangles, and bubbles. The terms which survive on the bubble 
cut 1|2 are 


= A112 (k - @1, k - œ, k - 3) 
(1),[4-2e]) _ 1|2 1 2 3 
Cue (as ie J (—Di)(—D») 


Aix ( (k. ož, k- ož) 
ps CDDC D) Dy) 


YZ 2 
P 3 Ajpiy|z (k- @”) ss Il (D; (2ra PD) 
Y,Z 


(—D)(—D2)(—Dy)( DA” 


a 


i= 
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(ko, ko) 
—Dy 


Aj)2|x 
= f [Ant onk onko Pi 
k 


X 


aake] : CH 
+ (—27i)d°"’ (Di)) . 
(5.208) 


Here, the ellipsis denotes terms which vanish on the cut. The sum over X 
runs over all triangle configurations which share the propagators 1/(— Dı) and 
1/(— D2), wx and ož are the vectors spanning the corresponding spurious loop- 
momentum space, and 1/(— Dx) is the propagator which completes the triangle. 
Similarly, the sum over Y, Z runs over all box configurations sharing the 
propagators 1/(— D1) and 1/(— D2), œ? spans their spurious-loop momentum 
space, and 1/(—Dy) and 1/(— Dz) are the inverse propagators which complete 
the box. Equating Eqs. (5.207) and (5.208) and solving for Aj\2 gives 


Ajj2 (k - w1, k - w2, k - w3) 


2 
= (wo 
i=l 
+5 Aipix (kof k: 03) y Ariz (k: ~) 


Dx Dy Dz 


D;=0 


D,;=0 
(5.209) 


X Y,Z 


as claimed. 


Exercise 3.7: Dimension-Shifting Relation at One Loop 
We decompose the loop momentum into a four- and a (—2e)-dimensional parts as 
[4], [—2e], 
ksk ttk ae (5.210) 


with K?! . x4] = 0 = ki? . p; and KEI. K? = — pai. Note that pi > 0. 
The loop-integration measure factorises as d?k, = atgl4l dee We rewrite 
the integral on the LHS of Eq. (3.184) as 


= . dk, 
Fu pisses pui = frie we Fa (BM m) « (5.211) 


The integrand F, depends on the loop momentum only through its four-dimensional 
components a “ and u11. In other words, the integrand does not depend on the 
angular coordinates of the (—2¢€)-dimensional subspace. We thus introduce angular 
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and radial coordinates as 
1 
= =) —]— 
de 5122 Wy “dyer , (5.212) 


and carry out the (—2¢€)-dimensional angular integration in Eq. (5.211). We recall 
that the surface area of a unit-radius sphere in m-dimensions is given by 


Dele 
Oe f 2m = F (5.213) 
We obtain 
ate 
FE Cpi, a., Pale] = me fh “dunai 7 ey l wn) - 


(5.214) 


We view the remaining j11; integration as the radial integration in a (2r — 2e)- 
dimensional subspace. The loop-integration measure in the latter is in fact given by 


å 1 
dr-e Pr 2e] _ 5 A226 wi) “dun. (5.215) 


Exploiting again the independence of the integrand on the angular coordinates, we 
rewrite Eq. (5.214) as 


7 T R dék!“ d2r—2e ,2r—2€] 
FE pies Pavey = So f Et R (f an) - 


2a 26 oe 
(5.216) 
Using Eq. (5.213) for the prefactor gives 
"Q_ rere 
E I) (5.217) 


(2272 E r (—e) 
which we simplify using Eq. (3.185). The loop integration on the RHS of Eq. (5.216) 


matches the scalar one-loop integral (i.e., with numerator 1) with loop momentum 
in D = 4 + 2r — 2e dimensions and four-dimensional external momenta, namely 


Bigs te Dela - (Tle -9) 7 i ii E n 
(5.218) 


as claimed. 
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Exercise 3.8: Projecting Out the Triangle Coefficients 


The solution follows from the theory of discrete Fourier transform. Let N be a 
positive integer. The functions 


Zid i 
eN“ ,l=0,..., N- 1}, (5.219) 


with k € Z, form an orthogonal basis of the space of complex-valued functions on 
the set of the N" roots of unity, {e27l/N l = 0,..., N — 1}. In other words, they 
satisfy the orthogonality condition 


N-I 
oer ae Ns (5.220) 
1=0 


This is straightforward for n = k. For n ¥ k, Eq. (5.220) follows from the identity 
N-1 1 ies 4 
Z 


l=0 


(5.221) 


with z = e271@"—)/N and hence z% = 1. 


We can then use the orthogonality condition to project out the triangle coeffi- 
cients dk: 1123. Using Eqs. (3.192) and (3.193) we have that 


> e THK A 11913(01) = = > dn: 11213 € 3(n—k) 2zi ye i(n kyl ; (5.222) 


l=—3 n=—3 


Substituting Eq. (5.220) with N = 7, and solving for dx; 1)2)3 gives 


3 
1 ' 
dk; 1/213 = 7 ` eK A301), (5.223) 
ie 


as claimed. 

We now consider a rank-4 four-dimensional triangle numerator Arora (k-a1,k- 
@2). We parametrise the family of solutions to the triple cut by the angle 0 as in 
Eq. (3.190). Expanding sine and cosine into exponentials gives 


4 
(4) (4) iko 
AiO = do deig. (5.224) 
k=—4 
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The coefficients ae 1213 Can then be projected out using the 9th roots of unity ei, 


with 6; = 2x 1/9, for! = —4,..., 4. By using the orthogonality condition (5.220) 
with N = 9 we obtain 


(4) ike! , (4) 
deg = sÈ eM Atia (81) - (5.225) 


Exercise 3.9: Rank-One Triangle Reduction with Direct Extraction 


(a) After integration, the tensor integral FIP! (P, Q)[k*] can only be a function of 
P” and Q”. We thus expand it as 


FLIP, O)[k#] = ci P” +2 Q". (5.226) 


Contracting both sides by P“ and Q”, and solving for the coefficients gives 


c= 


1 
po TT LP DPMP, Ole O1— TRIPP, Ont PI], 


[(P - 0) FPP, Oik- P1- S FPP, Oik- Ql] . 
(5.227) 


c2 = 


1 
(P-Q0)} -ST 


Next, we need to rewrite the integrals above in terms of scalar integrals. To this 
end, we express the scalar products k- P and k- Q in terms of inverse propagators 
Dj, as 


1 a 1 ; 
k- P = 5(D1 - D2 + 5), k- Q = 5(D2- D3 +), (5.228) 


where 


Di =k°-m]Î, D=(k- P) -m3, D= (k-— P-Q) -— m3, 
(5.229) 


and 


$ := S+ m? - mi, Î =T +m- m? +2(Q- P). (5.230) 
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We thus have that 


APMP. ok a1= 5] f Is f T 
? , ~ 2| Je Dy D2 k Dı D3 k Dı D2 D3 


[FIPIcp) — FPP + 0) + Î FPP, 0] 
(5.231) 


NI = 


while FPP, Q)[k - P] contains no P-channel bubble. We recall that 
FP j= F!PI. --)[1]. Putting the above together gives 


FLV, Ok. Z] = c (P - Z)+ 02 (Q - Z) 


_1- OQ -2Z)-(@-2Z)8 
~ 2 (P. Q0} -ST 


FPP) +... 
(5.232) 
where the ellipsis denotes terms which do not involve P-channel bubbles. 


Finally, we can read off that the coefficient of the P-channel scalar bubble 
integral is given by 


(P-QXP:Z)-(Q-Z)S 
2((P - Q0} — ST) 


CO; P|OR = ; (5.233) 


as claimed. 

We outline here the main steps of the solution, while the computations are per- 
formed in the Mathematica notebook Ex3.9 DirectExtraction.wl 
[1]. Since we are considering a triangle integral, all quadruple cuts vanish. The 
coefficients of the box numerator are thus zero. We parametrise the triangle 
numerator A p|g)R as in Eq. (3.151), 


(b 


wm 


A P|QJR(K - @1 tri, K + ©2,tri) = Co: Pjo|R + C1; Plo[R (K+ @1,tri) 


+ C2; Pjg|R (k + @2, tri) 


2 
wW $ 
+ C3; P|O|R (« WI, tri)” — Hk f on) (5.234) 


O7 tri 


+ C4; PjQJR (K © @1 tri) (K © @2, tri) 


+ c5; PjoJR (k © @1 ri)? + C6; PJojR (kK 01i) (k - 021i), 
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with the spurious vectors as in Eq. (3.220), 


a 
Ol tri = 


r r fa NE 
(PIÉ IÓ] Pui + 5 (QIy“ È] D, (5.235) 


u= Nie 


z m ex oe 
OD i = z (PIV IÓ] Dui — (Oly IP] Be (5.236) 
Here, yj is an arbitrary factor which makes the summands phase-free. E.g. we 
may choose yi = (Q|Z|P], but its expression is irrelevant as it cancels out 
from the result. Moreover, we have the light-like projections 


pu _ Y VP" -5 0") 


pu _ y O" -T P”) 
y? -ST 


; g" LSP 627 


with two projections y+ = (P - Q) + y (P - Q)? — ST. We parametrise the 


loop momentum on the triple cut P|Q|R (Dı = Dz = D3 = 0) in terms of t as 
discussed in Sect. 3.5: 


1 Ytri 1 i 
Cpjojr (k) = By P” + Bo Q“ + (: + m OF ri + > (: — m oh ri» 
(5.238) 


with 


ST-—T(P-Q) ST=—S(P: OY 


2(ST=(P - 0)?) ’ == B(9ST =(F 2 OP) (5.239) 


pi = 


We use ywi in Eq. (5.238) to distinguish it from the y used in Eq. (5.237). Its 
value is fixed by the constraint Dı = 0, and we omit it here for conciseness. We 
now determine the triangle coefficients ci; pjg;r by solving 


Criair (Apiair(k - @1,tri, k- ©2,tri)) = CPjojr (k - Z) . (5.240) 


We recall that the box subtraction terms are zero in this case. In Sect. 3.5 we have 
seen how to extract directly co; pior using the operation “Inf” (see Eq. (3.208)). 
Here however we need all triangle coefficients. The two sides of Eq. (5.240) are 
Laurent polynomials in t, with the loop-momentum parametrisation (5.238). As 
the equation holds for any value of t, we may solve it separately order by order 
in t. This gives enough constraints to fix all triangle coefficients. We find 


Z + OL tri Z -Otri 


zy’ C2} PIOR = ~~: (5.241) 
2P- Q 2P. Q 


C1; P|Q|R = — 


The coefficient of the scalar triangle integral, co; poir, will not contribute to 
the bubble coefficient, and we thus omit it here. The higher-rank coefficients, 
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Ci: P|o|R With i = 3,..., 6 all vanish, as we could have guessed from start by 
noticing that the example integral we are studying has a rank-one numerator. 


We can now move on to the bubble coefficients. We parametrise the bubble 
numerator as in Eq. (3.161), 


Apjor(k - @1,bub, K * ©2,bub, K ` ©3,bub) = C0; P|OR 


+ ¢1;P|OR(K ` @1,bub) + C2; P|OR(K ` @2,bub) + C3; P|OR(K * @3,bub) 


+ C4; PjaR(K + @1,bub)(K + @2, bub) + C5; PIOR (K + O1,bub) (K + 3, bub) 
+ C6; P|OR(K + ©2, bub) (K ` ©3,bub) 
(5.242) 
OF bub 2 
+ C7; PJER | (k + @1,bub)” — =k - @3,bub) 
3 bub 
9 bub 
+ c8; PER | (K ` @2,buo)” — =? (k - ©3,bub)* J, 
3, bub 
with the spurious vectors as in Eq. (3.212), 
ol pp = (PIY In] Pow + = (nly PID 5.243 
l,bub ™ 5 y In] Pub + z (nly |P] bub ° (5. ) 
Mist a 1 bju = 1 Hj pb] @—! 244 
©) bub 7 5 \P ly" In] Soup z nly |P Pau > (5. ) 
of. = P8 — s n", (5.245) 
3,bub JP.n 
where n“ is an arbitrary light-like momentum, and 
b S 
ps = ph n”. (5.246) 
2P-n 


We may choose the phase factor e.g. as ®pub = (n|Z| P?] but—just like },;—this 
will not appear in the result. We parametrise the loop momentum on the double cut 
P|QR (Dı = D2 = 0) in terms of t and y as in Eq. (3.210): 


1 1 a 
Cpjor (k") = a P” + azn” +03 5 (Piy In] Doub + a4 5 nly PP Piw 
(5.247) 
with 


S—Sy y(S—Sy)—m} 
z m= MS Sey 


(5.248) 
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The bubble coefficients c;; pjgr are fixed through Eq. (3.163) with the box subtrac- 
tion term set to zero: 


k-Z n Apyjair (Ck - witri} 
D3 D3 j 


Cpjor(Apjor({k - @i,bub})) = CPJoR ( 
(5.249) 


We can extract the coefficient co; pọ directly using Eq. (3.226), as 


k-Z 1 A ({k - @i,tri}) 
co; P|oR =PInfy Inf; | Cpior (-7)-; » Cron ( oe i, tri ) 
Š Y=V+ : 
(5.250) 
with the operator P defined in Eq. (3.223), 
ký 1 [{ 8? mî 
POD) = Foyt ag az t3 (3-2 Foye (5.251) 


while Inf, expands a rational function around x = oo and keeps only the terms that 
do not vanish in the limit (see Eq. (3.205)). We obtain 


k. ZN] 1 (P’|Z\n] 
= (5.252) 
D3 


PInf,Inf, [eror ( 2 (PÞ]Q]n]’ 


and 


riii bIDT/N E 
Pinfy Inf, [Chior (422% Se) _ _(PIPZQln| + (P1QZP\n| 


—Ds3 4(P- Q)(P°|Q|n] 
(5.253) 
We may simplify the RHS of Eq. (5.253) by rewriting 
(P°|PZQ|n] = (Q|Z|P](PP°)[nQ] 
= Tr (o#a"o"G*) Za Č, VpČ:, (5.254) 


where we introduced the short-hand V” = (P”|y“|n]/2. Using the identity (1.29) 
we can trade the o-matrix trace for a y-matrix trace, obtaining 


fn. 1 vy 
(P’|ŠZĂJn] = 5T (zPvoa — ys) (5.255) 


The trace with y5 is fully anti-symmetric in the four momenta, and thus cancels out 
between (P°|PZQ|n] and (P?|QZP]|n]. The remaining traces can be expressed 
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in terms of scalar products using the familiar rule for the Dirac matrices (see 
Eq. (5.61)). We then obtain 


Apjgir(k - ZeD) | 
— D} 


Pint, Inf; [e PIOR ( 


(5.256) 
_ 1ST +y?)(P-Z)-2yS(Q-Z) | 1 (PP |Z\n] 
2 2yST-(ST+y?)(P-Q)  2(P”lQln]" 
Averaging over the two projections y+ then gives 
1 Apjoir(k - wi trih) 
; X. Pinfy Inf, eror ( a a 
i (5.257) 
_ P QP -Z)-S(Q-Z) 1 (P?|Z|n] 
2((P- OP —S8T) 2 (P?|Q|n] ` 
Substituting this and Eq. (5.252) into Eq. (5.250) finally gives 
(P+ Q)P+Z)—8(Q+2Z) 
CO; P|OR = Q Q ; (5.258) 


2((P- Q)? — ST) 


in agreement with the result of the Passarino- Veltman reduction given in Eq. (5.233). 


Exercise 3.10: Momentum-Twistor Parametrisations 


The matrix Z in Eq. (3.258) has the form 


Z=(Z1ZZ3Z4), with Be (o) l (5.259) 
i 
We can thus read off Aj, and compute all (ij) through (ij) = —hige™Pa jg. Our 
conventions for €% are given in Exercise 5. For instance, we have that 
0-1 (0) 
12) = -(10)- . =1, 5.260 
1=-a0: (7): () s20 


Repeating this for all (ij) we get 


2 
(12) = (13) = (14) =1, (23) =—— QAy=y, B42 ot™, 


y 
(5.261) 
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From these we can see explicitly that the helicity information is obscured, as some 
(ij) are set to constants. Next, we compute the à; through Eq. (3.257). E.g. we have 


(12) u$ + (24) uf + (41) uå 
(41) (12) 


ie = (5.262) 


From Eq. (3.258) we read off uf = u$ = (0,0)' and u% = (0, x)". Substituting 
this and Eq. (5.261) into Eq. (5.262) gives 2% = —u$. The other hi are obtained 
similarly: 


ws 0 mics x ae xy -y aes —x 1 
A% = w= a= Mi = à 
i er í G) i eaten i Ea) 


(5.263) 
These allow us to determine all [ij] through [ij] = Neg gh, 
2,2 2 
[12] = -x?, Mene He 
I1+y l+y 
(5.264) 
ise. pg gee 
~ 1y?’ 14y?’ ~  1l+y? 


We calculate s;; from (ij) and [ij] through s;; = (ij)[ji]. Thanks to momentum 
conservation, only two are independent. We choose 


x2 


2 
Sj2 =x", 523 = ———_ 5.265 
1+y? eee 
The others are determined from these as s513, = S24 = —S12 — $23, S14 = Pakk 
and s34 = s12. We obtain the momenta p” from Ajq and ae through p” = 


—Àia c” (o") B git . See Exercise 5 for our conventions on o”. We obtain 


1 

o o : 

ie ie wu x| Try 
coe , = i =- : ; 5.266 
PI ZI o P2-F1 0 Pao] 0 oa 

-1 1 Iy 

1+y? 
and p4 = — pı — p2 — p3. This parametrisation describes two incoming particles 


with momenta — pı and — p? traveling along the z axis with energy E = x/2 in 
their center-of-mass frame. The outgoing particles, with momenta p3 and p4, lie on 
the xz-plane. The angle 0 between the three-momentum p3 and the z axis is related 
to y through y = tan(@/2). 
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Let us consider the tree-level four-gluon amplitude a (1~, 2+, 37, 47). Using 
the Parke-Taylor formulae (1.192) and (1.193) (with g = 1) it may be written 
either as 


AO (7,2*,37,4t) = "m e (5.267) 
A3 MHV (12) (23) (34) (41) l 
or as 
(0) = T Te SEEN o R 
Amv °? = i TBa ’ mn 


Using the momentum-twistor parametrisation in Eqs. (5.261) and (5.264) it is 
straightforward to see that both expressions evaluate to 
(0) + + y? 

A, (1 ,27,3°,47) =i ; 5.269 

me T (5.269) 


Showing this with the spinor-helicity formalism alone requires some gymnastics 
with momentum conservation. For instance, we may proceed as 


Asim 23TA) [241412 (23) (34) (41) 


AP v7, 2+,37,4)  (13)90121[23]134]141] 
ADBA —(31)[14] —(31)[12] —[23](31) 
oO oe OO ss OOO 
— (12)[24] (32)[24] (34)[42] [24](41) 
(13)4[12][23][34][41] 
=1. (5.270) 


The proof for the adjacent MHV configuration a Ge; 2~,3+, 47) is analogous. 


Exercise 4.1: The Massless Bubble Integral 
(a) Applying the Feynman trick (4.12) to the bubble integral (4.15) gives 


I (ai + a2) dajdaz f d?k ai ! as May + a2) aj—a 
T (a)r (az) GL(1) ie Mm 0 


2 — 
(5.271) 


where 


2 
Mk- p pee p. (5.272) 
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We complete the square in M7, 


2 
an 2 Q12 
WM alk= — 5.273 
( 2») +P (a1 + a2)? € ) 


and shift the loop momentum as k —> k — &œ2/(œ1 + œ2)p. This gives 


rai +a) f dayday f d?k ota?! (a + a) 
< 


~ TaD) GLO) in? a oe 
17T k CEEA 10 


(5.274) 


We can now carry out the integration in k using the formula (4.6), obtaining 


F r (a, +a — a a—1_ a—1 (ay + 2) t2-P 
2 = 


T (a)r a) GLU)! e% aga 
(—aja2 p? — i0) 2 


(5.275) 


This formula is the Feynman parameterisation for the massless bubble integral. 
It matches the one-loop master formula (4.14), with U = a; + œ2 and V = 
—Q1 2 p , 

We use the GL(1) invariance to fix œ +2 = 1, namely we insert ô (œ; +œ2 — 1) 
under the integral sign in Eq. (5.275), and we absorb the i0 prescription into a 
small positive imaginary part of p?. We can carry out the remaining integration 
in terms of Gamma functions, obtaining 


(b 


we 


_D 1 
rra(— pio)? oe tea) f deja? iaj 
rara) Jo i 


(pytala ra- 8) P (B= an) F(R a) 
I (a,)I (a)r (D — ay — az) 


’ 


(5.276) 


as claimed. 


Exercise 4.2: Feynman Parametrisation 


We draw the diagram of the triangle Feynman integral F3 (4.18) in Fig.5.1, with 
both momentum-space and dual-space labelling. We assign the dual coordinate xo 
to the region inside the loop, and relate the other dual coordinates to the external 
momenta according to Eq. (4.10): 


pi =X2— X1, P2 = X3 — X2, p3 = x1 — x3. (5.277) 
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Fig. 5.1 Diagram of the 
triangle Feynman integral F3 
defined in Eq. (4.18). We 
write next to each internal 
edge the corresponding 
momentum. The arrows 
denote the directions of the 
momenta. The edges of the 
graph divide the space into 
four regions, which we label 
by the dual coordinates x; 


Note that momentum conservation (pı + p2 + p3 = 0) is automatically satisfied in 
terms of the dual coordinates. The loop momenta are then given by 


k = x0 — x2, k+ pi =x0- x1, k — p2 = x0 — x3, (5.278) 


so that the integral takes the form of Eq. (4.11), 


dxo 1 1 
F = i; ZN my (5.279) 


The relation between the loop momentum k and the dual variables in Eq. (5.278) 
differs from that given in Eq. (4.10), k = xı — xo. We emphasise that this is just 
a convention, as we are free to redefine the loop integration variables. The dual 
regions, on the other hand, are invariant. This means that once we assign coordinates 
xi to the dual regions, the integral takes the form of Eq. (5.279) (in agreement with 
the general formula (4.11)), regardless of the loop-momentum labelling we started 
from. 
The kinematic constraints p? = p3 = 0 and p3 = s imply that 


xh=pi=0, =p}=0, hes, (5.280) 
as claimed. The Symanzik polynomials are given by 
U = œi +2 + Q3, V=-saja3. (5.281) 


Substituting the above into Eq. (5.279) with D = 4 — 2e gives the following 
Feynman parameterisation: 


da, dazda3 1 


GL(1) (a1 + a2 + &3)!7% (—s 13 — 10)! ` 
(5.282) 


h=ra+o f 
0 
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Exercise 4.3: Taylor Series of the Log-Gamma Function 


(a) The recurrence relation of the digamma function follows from that of the T 
function (4.23). Differentiating the latter, and dividing both sides by xI (x) 
gives 


a+) 1 r'@) 
ra&+D) x T(x)’ 


(5.283) 


where we have used xr (x) = I(x + 1). Comparing to the definition of the 
digamma function in Eq. (4.29), we can rewrite this as 


wx+tl)= + w(x). (5.284) 


We apply Eq. (5.284) recursively starting from w(x + n) withn € N, 


1 
Sa p dla 
id 1 
= o aaa A (5.285) 


Changing the summation index to k = n — s in the last line gives Eq. (4.30). 
Consider the difference w(x +n) — WC + n). Using Eq. (4.30) we can rewrite 
it as 


(b 


wm 


va+m-ya+n=5( l - 7) tv + (5.286) 
= x+k 1+k i ` 


where we recall that Y (1) = —yg. In order to study the limit n —> oo we use 
Stirling’s formula (4.32), which implies the following approximation for 4 (x), 


1 1 
yY +x) = — +log(x)+0 (=) s (5.287) 
2x x 
It follows that 
jim, [w(x +n)—-Wwd+n)]=0. (5.288) 


Taking the limit n — oo of both sides of Eq. (5.286) gives Eq. (4.31). 
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(c) The series representation (4.31) of the digamma function allows us the compute 
the higher-order derivatives in the Taylor expansion (4.28), 


n n—-1 


log r (1 Se 
Ja 108 d +x) a ae 


| 
= 
+4 
3 


(5.289) 
1 


—1])” _ ! aoe en 
(=1)" (n Dae 


for n > 2. By changing the summation index to k’ = k + 1, we recognise in 
the last line the definition of the Riemann zeta constant ¢, given in Eq. (4.26). 
Substituting Eq. (5.289) into Eq. (4.28) and simplifying finally give Eq. (4.24). 


Exercise 4.4: Finite Two-Dimensional Bubble Integral 
We start from the Feynman parameterisation in Eq. (4.34). We set D = 2, fix the 


GL(1) freedom such that a; + @2 = 1, and absorb the i0 prescription in a small 
positive imaginary part of s. We obtain 


1 
day 
F(s,m?; D =2) = , 5.290 
2(s,m ) h a TE a 


In order to carry out the integration, we factor the denominator and decompose the 
integrand into partial fractions w.r.t. a1: 


1 l 1 
F,(s,m?; D =2) = asf da; + — |, (5.291) 
s (&] —a,) Jo ay — Oy ay — ay 


where 


, 1 2 
af = 5 (1+V4), aalst (5.292) 


For s < 0 and m? > 0, we have that ar > | and a, < 0. The integration then 
yields 


Fy(s, m’: D= 2) = 


lL ige| Or =D (5.293) 
sVA "| at@, —) |’ 


We may simplify the expression by changing variables to s and x through 


X 


Ga ; (5.294) 


m? =—SsS 
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with 0 < x < 1. The discriminant A in fact becomes a perfect square, and / A a 
rational function. The choice of the branch of the square root is arbitrary. We choose 


1 
Jac E (5.295) 


1-x 
which is positive for 0 < x < 1. Equation (5.293) then simplifies to 


X 
log(x). (5.296) 


2n n 2l 
Fy(s,m ;D=2)= PER 
Equation (5.296) is very simple, but hides a symmetry property. We said above 
that the choice of the branch of V/A is arbitrary. In other words, F> must be invariant 
under VA —> —/A. Let us work out how x changes under this transformation. 
Solving Eq. (5.294) for x gives two solutions. We choose the one such that 0 < x < 
1 for s < 0 and m? > 0, which is compatible with Eq. (5.295): 


ra1-54(1-va). (5.297) 


One may then verify that 1/x = x | fh J Therefore, when changing the sign of 
A, both the logarithm in Eq. (5.296) and its coefficient gain a factor of —1, so that 
F is indeed invariant. This property is very common in Feynman integrals involving 
square roots. A particularly convenient way to make it manifest is to rewrite the 
argument of the logarithm in the form 


VA-a 
l —— ], 5.298 
oe( 3) € ) 


for some rational function a. In the triangle case, dimensional analysis tells us that 
a must be a constant. Indeed, one may verify with a = 1 we recover log(x). Our 
final expression for the two-dimensional bubble integral therefore is 


2 A-1 
Fy(s, m’; D= 2) = “ik (45) ; (5.299) 


Exercise 4.5: Laurent Expansion of the Gamma Function 


(a) Since T (z) has a simple pole at z = 0, F(z + 1) = zľ (z) admits a Taylor 
expansion around z = 0, 


2 
re+1)=1-z%æ+ SP" +02’). (5.300) 


280 


(b 


wm 
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In order to evaluate the second derivative of I (z), we relate it to the digamma 
function through Eq. (4.29). Then we have that 


rT") = wv’) + vz”. (5.301) 


Finally, we can evaluate y’(1) using the series representation of the digamma 
function (4.31), obtaining 


CO 


1 
VO) =) aa (5.302) 


k=0 


Substituting Eqs. (5.302) and (5.301) into Eq. (5.300), and dividing by z both 
sides of the equation gives the desired Laurent expansion (4.40). 

In order to exploit the Laurent expansion around z = 0 computed in the previous 
part, we apply the recurrence relation (4.23) iteratively until we get 


r 
re) = ia . (5.303) 
z(z+1)...(z+n-— 1) 
The Laurent expansion of F(z + n) around z = —n is then obtained from 
Eq. (4.40) by replacing z with z+n. The remaining factors are regular at z = —n, 


and their Taylor expansion is given in terms of harmonic numbers (4.42) by 


— jy? 2 
I] =a 2? [itatoa EP (#2482) +0 (+m) | . 


(5.304) 


Substituting Eq. (4.40) with z —> z + n and Eq. (5.304) into Eq. (5.303), and 
expanding up to order (z + n) gives Eq. (4.41). 


Exercise 4.6: Massless One-Loop Box with Mellin-Barnes 
Parametrisation 


We begin by rewriting the function B in Eq. (4.50) as 


where 


2 
B= -5 BY + 0(€?), (5.305) 

dz _. rd+zpP 
BY = f z F(=)? s 5.306 
HENI m (=z) iis ( ) 
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Fig. 5.2 Pole structure of the oe 


I functions in Eq. (5.307), Im(z) * 
and integration contour &T(-z) 
(dashed line) AT(1 +2) 


We applied the recurrence relation (4.23) twice—with n = —1 — z and n = 1 + z— 
to simplify the expression w.r.t. Eq. (4.50). The pole structure of B“ is depicted in 
Fig. 5.2. From the latter we see that —1 < c’ < 0. E.g., we may set c’ = —1/2. 


In order to carry out the integration we close the contour at infinity. Assuming that 
x > 1, we close the contour to the right, as shown in Fig. 5.2. The contribution from 
the semi-circle at infinity vanishes, and the integral is given by 


CO 
= ra +z) 
BY Res| z P=} = z= |. 5.307 
D á (=2) 1+z ma ( ) 


The minus sign comes from the clockwise direction of the loop. To compute the 
residues, we make use of the Laurent expansions computed in Exercise 4.5. The 
factor of r (—z)? entails a triple pole at z = n (with n = 0, 1, ...), so that we need 
the expansion of all functions involved around z = n up to the third order. We obtain 
the Laurent expansion of I (—z) around z = n by replacing z > —z in Eq. (4.41), 


r (—z) = 


-D { -1 = 
( 2? | + Hn YE ` £ [ Hn w+ t+ Hna} See 


Z—n 2 
(5.308) 


In order to compute the Taylor expansion of F (1 + z) we leverage what we learnt 
about the digamma function in Exercise 4.3. The first derivative is given by 


or +z)) =P +n)WU. +n) =n! (Ha — ye), (5.309) 


gn 


where we used the recurrence relation (4.30). We recall the definition of the 
harmonic numbers in Eq. (4.42). For the second derivative we use again Eq. (4.30) 
to write (1 + n) = W’(1) — Hn,2, and Eq. (4.31) to evaluate y’(1) = C2. We thus 
obtain 


2 


r +z) 
dz? i 


=n [VA ++ yA +n)] 


z=n 


=n! [(Hn — ye)” + 62 — Hn,2] - (5.310) 
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Putting the above together gives the Taylor expansion of I (1 + z) around z = n: 


(z—n)* 2 
P+ z)=n! į 1+- n)(H, — ye)+ z [(Hn- ye) +4 — Mna] +... 
(5.311) 


Attentive readers may notice that the expansion of I (1 +z)I (—z) is much simpler: 
n 1 
PRHYPU+)=—-C"| —— +i- n) +O((z—n)’). 6.312) 
We could have arrived directly at this result through Euler’s reflection formula, 


JIT 
r(-z) Fd+z=- 


GD” (5.313) 


The Taylor expansions of the other functions in Eq. (5.306) are straightforward. 
Substituting them into Eq. (5.307) and taking the residue gives 


a oo ae | a 
B® = z - (x? + log? z : 
B a Daa g(r" + log OD, 14n 
(5.314) 
The series can be summed in terms of polylogarithms through their definition (4.56): 


nD a ee 
De eae = si ( E), (5.315) 


n=0 


for k = 1,2,... and x > 1. Plugging this into Eq. (5.314), and the latter into 
Eq. (5.305) gives our final expression for B: 


B= Lis (- ~) + log(x) Lig (-) = y + log” (x)) log (: + ) | 
St 2 x 


+ O(c’). (5.316) 


The expression of the massless one-loop box F4 in Eq. (4.55) is obtained by 
subtracting from B in Eq. (5.316) the Laurent expansion of the residue A in 
Eq. (4.49). 
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Exercise 4.7: Discontinuities 


(a) The logarithm of a complex variable z = |z|e!*“8©) is defined as 


(b 


wm 


log(z) = log |z| + iarg(z), (5.317) 


where |z| is the absolute value of z, and the argument of z (arg(z)) is the 
counterclockwise angle from the positive real axis to the line connecting z 
with the origin. log|z| is a continuous function of z, hence the discontinuity 
of log(z) originates from arg(z). As z approaches the negative real axis from 
above (below), arg(z) approaches x (—7 ). In other words, we have that 


lim arg(x in) = +r O(—-x), (5.318) 
n—0Ot 


for x € R. The discontinuity of the logarithm across the real axis is thus given 
by 


Disc, [log(x)] = lim i [arg(x +iņ) — arg(x — in)] 
n—=>0+ 


(5.319) 
= 2int O (—x). 
We rewrite the identity (4.67) here for convenience: 
Liz(x) = —Li2(1 — x) — log(1 — x) log(x) + &. (5.320) 


This equation is well defined for 0 < x < 1. Focusing on the RHS, however, 
we see that all functions are well defined for x > 0 except for log(1 — x). We 
can thus make use of Eq. (5.320) to reduce the analytic continuation of Liz (x) 
to x > | to that of log(1 — x). For x > 1 we have that 


Liz(x+in) — Liz — in) =log(x) [logd — x + in)—log(1 — x — in)]+0(n) . 
(5.321) 


Hence, the discontinuity of the dilogarithm follows from that of the logarithm, 
as 


Disc, [Li2(x)] = log(x) Disc, [log(1 — x)] 
= 2xi log(x) O (x — 1). (5.322) 
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Exercise 4.8: The Symbol of a Transcendental Function 


We make use of the recursive definition of the symbol (4.98). The differential of 
log(x) log(1 — x) is given by 


d [log(x) log(1 — x)] = log(1 — x) dlog(x) + log(x)dlog(1 — x). (5.323) 
Through Eq. (4.98) we then have that 
S(log(x) log(1 — x)) = [Sdog( — x)), x] + [Sdog(x)), 1 — x]. (5.324) 
Since we already know that S(log a) = [a] (Eq. (4.99)), the final result is 
S(log(x) log(1 — x)) =[x,1—x]+[1— x, x]. (5.325) 
Alternatively, one may replace each function in the product by its symbol, 
S(log(x) log(1 — x)) = [x] x [I — x]. (5.326) 
By comparing Eqs. (5.325) and (5.326) we see that 
[x] x [1 — x] = [x, 1 — x] + [1 — x, x]. (5.327) 
This is a very important property of the symbol called shuffle product. It allows us 
to express the product of two symbols of weights nı and n2 as a linear combination 
of symbols of weight nı + n2. For example, at weight three we have 
[a] x [b,c] = [a, b,c] + [b, a,c] + [b, c, a]. (5.328) 


We refer the interested readers to ref. [2]. 


Exercise 4.9: Symbol Basis and Weight-Two Identities 
(a) The symbol method turns finding relations among special functions into a linear 


algebra problem. The first step is to put the symbols of Eq. (4.106) and the 
functions of Eq. (4.107) in two vectors: 


b= (ix, x], [x, 1 — x], [1 — x, x], [1 — x, 1 — x})', (5.329) 


g= (log*(x), log? (1 — x), log(x) log(1 — x), Li2:(1 — x) ; (5.330) 
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The elements of b are a basis of all weight-two symbols in the alphabet {x, 1 — 
x}. We can thus express the symbol of g in the basis b, as 


2[x, x] 2 0 00 
_ 2[l—x,1— x] ue _ {00 02 
Me aaea A ES lo 10 
—[x,1- x] 0-100 

(5.331) 


Since the matrix M has non-zero determinant, we can invert it to express the 
weight-two symbol basis b in terms of the symbols of the functions in g, 


5000 
000-1 
0011 
0500 


b = M™! . S8), with M“! = (5.332) 


Therefore, g is a basis of the weight-two symbols in the alphabet {x, 1 — x} as 
well. 
Let us start from Lig (x/(x — 1)). Using Eq. (4.96), its symbol is given by 


$ x = x x 
s|tia(*,) |= [i al: (5.333) 


The properties (4.100) allow us to express the latter in terms of the letters {x, 1— 
x}: 


(b 


wm 


sti (5) |= x,x]-[l-x,1- x]. (5.334) 


We can then express the symbol of Liz (x/(x — 1)) in the basis b, as 


s|Li 5) = (0,0, 1, —1) +b. (5.335) 


In this sense, Liz (x/(x — 1)) ‘lives’ in the space spanned by Eq. (4.106). We do 
the same for the other dilogarithms in Eq. (4.108): 


S[Lio(x)| = —[1 — x, x] = (0,0, —1,0) - b, (5.336) 


s|Li (5) = [1 — x, x] — [x, x] = (-1,0,1,0)-b, (5.337) 
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s[i ( ~~) |= [l1—x,1—x]+[x,1—x]=(0,1,0,-1)-b, 
(5.338) 


s|Li (=) = [x, 1 — x] — [x, x] = (—1, 1,0,0) - b. (5.339) 


(c) Having expanded the symbols of the dilogarithms in Eq. (4.108) in the basis b, 
we can change basis from b to S(g) as in Eq. (5.332). For example, we have 


s|Li (5) = (0,0, 1, —1) - M7! - S(g) 


=s| = ; log?(1 — x) + log(x) log(1 — x) + Liz(1 — »} 


(5.340) 

Doing the same for the other dilogarithms in Eq. (4.108) gives the following 
identities: 

s[i + Li2(1 — x) + log(x) log(1 — »| =0, (5.341) 


s| Li (=) Lin (1 — x) — log(x) log(1 — x) + 5 og? =0, 
X 


(5.342) 
s|Li (=) + Liz(1 — x) + : log? (1 »| =0, (5.343) 
1-x 2 
| ! ( -1 . oe 
S| Liz =) + Liz(1 — x) + 5 log | =0. (5.344) 


The terms which are missed by the symbol may be fixed as done for Eq. (4.92). 


Exercise 4.10: Simplifying Functions Using the Symbol 


We compute the symbol of fı(u, v) in Eq. (4.109). The general strategy is the 
following: we use the rule in Eq. (4.96) for the dilogarithms; next, we put all 
letters over a common denominator and factor them; finally, we use the symbol 
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properties (4.100) to expand the symbol until all letters are irreducible factors. This 
gives 


s[e (=) |= +e 1, u] — [u +v — 1, 1 — v] + [u, 1 — v] — [u, u], 
u 
(5.345) 


s (=) | = ute 1, u] = [u + v — 1, 1 — u] + [u, 1 — u] 


v 


+ [w, 1 — v] — [u, u] — [u, v]) + (u < v). 
(5.346) 


Li2((1 — u)/v) is obtained from Liz ((1 — v)/u) by exchanging u <> v, and so is its 
symbol. The symbol of 27/6 vanishes. Putting the above together gives 


S[fi(u, v)] = [u, 1 — u] + [v, 1 — v] — [u, v] — [v, u], (5.347) 


as claimed. Note that the letter u + v — 1 drops out in the sum. In other words, 
u +v = lis a branch point for the separate terms in the expression of f(u, v) 
given in Eq. (4.109), but not for fı (u, v). 

On the RHS of Eq. (5.347) we recognise in [u, 1 — u] ([v, 1 — v]) the symbol of 
—Liz (u) (—Li2(v)), and in [u, v]+[v, u] the symbol of log u log v (see Exercise 4.8). 
An alternative and simpler expression for fı(u, v) is thus given by 


S[ fi (u, v)] = S| — Liz (u) — Liz (v) — logu log v] , (5.348) 


which matches—at symbol level—the expression of f2(u, v) in Eq. (4.112). 


Exercise 4.11: The Massless Two-Loop Kite Integral 


We define the integral family as 


ie d?k, d?kz 1 
Gai anisäca = 7 D/2 i D/2 DI DEDE DADI 3 (5.349) 
e E 172 43 H4 Us 


where the inverse propagators D; are given by? 


Z 2 = 2 Z 2 
Seg R as (5.350) 
D4 = —(k2 + p), Ds =—(ki + k2)“. 
3 In Chap. 4 we write the inverse propagators as Da = — (k — qa)? + m2 — i0, which is natural for 
the loop integration (see Sect. 4.2.1), as opposed to Da = +(k — qa)? —m2 + i0. We used the latter 


in Chap. 3 as it is more convenient for the unitarity methods. 
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Feynman’s i0 prescription is dropped, as it plays no part here. The desired integral 
is 


Fyite(s; D) = GFF 11,1- (5.351) 


The IBP relations for the triangle sub-integral with loop momentum k2 are given by 


d?ky dko ð q” 
: ; =0, (5.352) 
in P/2 in P/2 ky Dı D2 D3 D4 D5 


for any momentum q. Upon differentiating we rewrite the scalar products in terms 
of inverse propagators—and thus of integrals of the family (5.349)—by inverting 
the system of equations (5.350) (e.g. kı - p = (Dz — Dı + s)/2). There are three 
independent choices for q: kı, k2, and p. We need to find a linear combination 
of these such that the resulting IBP relation contains only Fxite and bubble-type 
integrals. Using q = kı + k2 gives 


kite kite kite kite kite — 
(D — 4) Gi 1,1,1,1 — G1,1,1,2,0 — ©1,1,2,1,0 + @o,1,2,1,1 + @1,0,1,2,1 = O- 
(5.353) 


The graph symmetries imply that 
GT 1.2.0 = GPT 210° GT O12 = GOT211 ë (5.354) 
cie 2,1,0 İS a product of bubble integrals. Using Eq. (4.16) for the latter gives 
GtiP 1.0 = BU, D BU, 2) (-s)?>. (5.355) 


Gyr 2,1,1 instead has a bubble sub-integral. By using Eq. (4.16) iteratively we obtain 


= B(1,1)B (3 5 2,2) ear, 
2 (5.356) 
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where the numbers next to the propagators in the graphs are their exponents. Putting 
the above together gives 


2 D 

Ghia = pq BG D [sa 2)-B (3 z 2) | (-s)?°, (5.357) 
which can be expressed in terms of gamma functions through Eq. (4.17). Setting 
D = 4 — 2e and expanding the I” functions around e = 0 through Eq. (4.24) finally 
gives Eq. (4.130). 


Exercise 4.13: “d log” Form of the Massive Bubble Integrand with 
D=2 


We start from the integrand @ in the first line of Eq. (4.169). We use the 
parameterisation k = 6p; + f2p2, with p = pi + po, Pt = ps = 0 and 
2 pı- p2 = s. We change integration variables from k to 6, and 62. The propagators 
are given by 


—k? +m? =—s(6ip2—x), 


(5.358) 
—(k+ př +m? = =s [(1 + Bi). + b2) — x], 


where we introduced the short-hand notation x = m?/s. The Jacobian factor is a 
function of s, and dimensional analysis tells us that J œ s. The constant prefactor 
is irrelevant here.* The integrand then reads 


1 dpi dp2 
w1, 1 X . 
s (BiB2 — x)[C +A + 2) — x] 


Our goal is to rewrite w;,; in a “dlog” form. First, we decompose @  ; into partial 
fractions w.r.t. 62: 


(5.359) 


dpi dBo dpi df2 
B? +B +x Bo—x/Bi B? +i +x Botl—x/(+ Bi) 
(5.360) 


S 01,1 X 


We then push all 62-dependent factors into d log factors, obtaining 


sur ai (6 =) c aig (+e-z5) 
i pi +b +x ee Bi B+B +x 5 2 T+ Bi 


dpi ( Bi Bo —x ) 
x —————-_ dlog ; 
B? + Bi+x (1+ Bi) + fo) — x 


(5.361) 


4 For an example of how to compute the Jacobian factor, see the solution to Exercise 4.14. 
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In order to do the same w.r.t. 61, we need to factor the polynomial in the 
denominator: 


Bi+Bi+x=(fi—Bt)(61-B,), 9 Br = =(- 1+./1— 4% =4x). 
(5.362) 


Partial fractioning w.r.t. 6; and rewriting all 61-dependent factors into dlog’s yields 


1 Bi — By ( fifo — x ) 
dl dl : 5.363 
Sia (gsi) Sarada ° 


Note that there is a lot of freedom in the expression of the d log form. For instance, 
we might have started with a partial fraction decomposition w.r.t. 61, and we would 
have obtained a different—yet equivalent—expression. While the expression of the 
dlog form may vary, all singularities are always manifestly of the type dx/x, and 
the leading singularities stay the same (up to the irrelevant sign). 

We now consider the momentum-space d log form in Eq. (4.169), namely 


%1,1 ax 


1 
wi. X ———— dlog(t)) dlog(t), 5.364 
1,1 ae g(t) dlog(t2) ( ) 
where 
—k? + m? —(k+ p? +m? 
T l Ta a AREA 5.365 
a peur n= kear a 


We rewrite the latter in terms of 6; and 62, and show that it matches Eq. (5.359). 
We recall that d = df 0g, + dB2 0g, and d2 dB; = —df, d2, which imply that 


OT] 0T2 OT 2) dp, dB2 
dB: 082 ~— AB> OB l 
In Eq. (5.365), k+ denotes either of the two solutions to the cut equations. We choose 
ky = By pı + By p2, where BÙ is given by Eq. (5.362) and 87 = x/B;'. We then 
have 


(5.366) 


dlog(t,) dlog(t2) = ( aes 


(k — ky)? = 5 [2x + Bi + Bo +2BiB2+ (Bi — Bo)VT—4z]. (5.367) 


We substitute Eqs.(5.367) and (5.358) into Egq.(5.365), and the latter into 
Eq. (5.366). Simplifying the result—possibly with a computer-algebra system— 
gives 


dlog(t1) dlog(t2) = l dBi df2 
s (Bif2 — V[0 + DA +p) — x] 
(5.368) 


1 
s/1—4x 


which matches the expression of 1,1 in Eq. (5.359), as claimed. 
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Exercise 4.14: An Integrand with Double Poles: The Two-Loop 
Kite in D = 4 


We complement pı and p2 with two momenta constructed from their spinors, 


(2|y"|1], (5.369) 


Nile 


1 
p$ = 5 (lly 121, pi = 


to construct a four-dimensional basis. We have that pı - p2 = —p3- pa = s /2, while 
all other scalar products p; - pj vanish. We expand the loop momenta as 


4 4 
R=) apf, k=} bp, (5.370) 
i=1 i=l 


and change integration variables from ki and k$ to a; and b;. The inverse 
propagators defined in Eq. (5.350) are given by 


Dı = (a3a4 — a1a2)8, Dz = (a3a4 — aja? + a, + a2 —1)s, 
D3 = (b3b4 — bi b2)s, D4 = (b3b4 — bi bz — bı — b2 — I), (5.371) 


Ds = (a3a4 — ajaz + b3b4 — by bz + a3b4 + agb3 — aib — a2b\)s. 


The Jacobian |J)| of the change of variables {ki } — {ai} is the determinant of the 
4 x 4 matrix with entries 
ji 


(aye = =0,...,3, i=1,...,4 5.372 
Ui 5 ga’ H= U,...,3, T=1,...,4. (5. ) 
di 


Dimensional analysis tells us that | /;| œ s?. It is instructive to compute it explicitly 
as well. To do so, it is convenient to first consider 


DE nw 1); = Pi + Pj - (5.373) 


Taking the determinant on both sides gives 


n=- (5.374) 


where the minus sign comes from the determinant of the metric tensor. The Jacobian 
for {k} } — {b;} is similar. The maximal cut is then given by 


5 
Few cut x st f daıdaz2dazda4dbıdb2db3db4 I] ô (Di) i (5.375) 


i=l 
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where the inverse propagators are expressed in terms of a; and b; through 
Eq. (5.371), and the overall constant is neglected. We use the delta functions of Dı 
and D3 to fix a; = a3a4/a2 and by = b3b4/b2, 


max cut a 1 dazda3 da4db2db3 db4 
kite S a bo 


b3b. b3 — b b4 — b 
s(1—-a— azas \ s ppg 2 |G (a2b3 — b2a3)(a2b4 — b2a4) 
a2 b2 ab2 


(5.376) 


We then use the first two delta functions to fix a3 = a(l — a2)/a4 and b3 = 
—bz(1 + b2)/b4, and the remaining one to fix b2 = a2b4/a4. We obtain 


1 dazda4db4 
oe oe / —. 5.377 
ke Xy a4(a4 + ba) ( 


New simple poles have appeared, and the integrand has a double pole at a2 — oo. 
We can make this manifest by the change of variable a2 —> 1/a2, which maps the 
hidden double pole at a2 — oo into a manifest double pole at a2 = 0, 


pmax cat og 1 J P (5.378) 
K sJ a@a4(aq + b4) 


Exercise 4.16: The Box Integrals with the Differential Equations 
Method 


(a) We define and analyse the box integral family using LITERED [3]. There are 
3 master integrals. LITERED’s algorithm selects them as the t- and s-channel 
bubbles, and the box (see Fig. 5.3). We denote them by g, 


box 
To T0,1 


g6, t) = | Pol. (5.379) 


box 
ii 


(b) We differentiate g w.r.t. s and t, and IBP-reduce the result. We obtain 


ðsg(s, t; €) = As (s, t; €)- g(s, t; €), 
dg(s, t; €) = A;(s, t; €) - g(s, t; €), 


(5.380) 
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P2 P3 
P3 P4 P2 P3 
p2 Pı Pı P4 
P% ybox 
0,1,0,1 1,0,1,0 pı Pa 
PÉ 
Fig. 5.3 Master integrals of the box integral family in Eq. (5.379) 
where 
0 0 0 2 0 0 
As = 0 = 0 : A; = 0 0 0 
2(2e—1) 2(1—2e) s+t+et 2(1—2e) 2Qe—1) stttes 
st(stt) s?(s+t) s(s+t) t2(s+t) st(s+t) t(s+t) 
(5.381) 
We verify the integrability conditions, 
As i At — At i As + 0, As — Os Ay = 0, (5.382) 
and the scaling relation, 
s As +t A; = diag(—e, —€, —2 — €). (5.383) 


The diagonal entries on the RHS of the scaling relation match the power 
counting of the integrals in g in units of s. 

(c) We express f in terms of g as f = TT! - g by IBP-reducing the integrals in 
Eq. (4.175).° We obtain 


0 0 st 
Po see) | 0 %0]. (5.384) 
2e—1 0 0 
€ 


The new basis f satisfies a system of DEs in canonical form, 


ds f(s, t; €) = € Bs (s, t) - f(s, t; €), 
0,f(s, t; €) = € B, (s, t) - f(s, t; €), 


(5.385) 


5 We use the inverse of T to match the convention of Sect. 4.4.3 for the gauge transformation. 
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(d) 
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where 
1 1 2 2 2 1 2.2 2 
S+t s S+t s s+t stt t s+t s+t t 
Bs=| 0 -i 0}, B= 0 0 
0 0 0 0 oO -t 
(5.386) 


We compute B; and B; as in point b, or through the gauge transformation 
eB, =T!-A,; T-T!-3T, (5.387) 
and similarly for t. From Eq. (5.386) we see that the symbol alphabet of this 
family is {s, t, s+t}. Thanks to the factorisation of € on the RHS of the canonical 
DEs (5.385), the integrability conditions split into 
B,- B; — By Bs =0, ðs Bı — 0; Bs = 0. (5.388) 
The scaling relation is given by 


s Bs +t B; = — 13. (5.389) 


Viewed as a function of s and x = t/s, f satisfies the canonical DEs 


ie x; €) = € Cy(s,x) “8s, x; €), (5.390) 


Ox £(s, x; €) =E Csa) n f(s, x; €) , 


where C, and Cx are related to B, and B; in (5.386) through the chain rule, 


Cy =s B; 


t=xs t=xs 


t 
, Cs = Bs + - B; : (5.391) 
S 


We observe that Cx is a function of x only, and C, of s. Thanks to this separation 
of variables, we can straightforwardly rewrite the canonical DEs in differential 
form, 


df(s, x; €) = € [d Č (s, x)] - f(s, x; €). (5.392) 


The connection matrix Č is given by a linear combination of logarithms of the 
alphabet letters aj = s, a2 = x and 3 = 1 + x, 


3 
C(s,x) = Ý Cy logag(s, x), (5.393) 
k=1 
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with constant matrix coefficients, 


—10-2 122 
Cı = —-13, C2={[000], C3=]000]. (5.394) 
0 0-1 000 


(e) We expand the pure integrals f as a Taylor series around € = 0,° 


f6, x; 6) = >| e PG, x), (5.395) 
w>0 
and define the weight-w boundary values at s = —1 and x = 1 as b™ = 


f™)(—1, 1). Using Eq. (4.16) for the bubble-type integrals we obtain 
2 
€ 2 2 
fils, x; €) = —1 + € log(=s) — 5 (610g (—s)—x ) 


e 3 2 4 
+ B (2 log’ (—s) — z“ log(—s) + 28 t3) + O(e ) . 
(5.396) 


The expression for f3(s, x; €) is obtained by trading s for t = sx in fo(s, x; €). 
We leave pie as free parameters. The weight-0 boundary values are thus given 
by b® = OMe —1,—1)!'. We can now solve the canonical DEs in terms of 
symbols. In order to do so, we note that the canonical DEs (5.392) imply the 
following DEs for the coefficients of the € expansion, 


3 3 
afe = Y| SCH A, x) | dlogon(s, x). (5.397) 


k=1 | j=1 


The iteration starts from f® = b©, We spelled out all indices in Eq. (5.397) to 
facilitate the comparison against the recursive definition of the symbol given by 
Eqs. (4.97) and (4.98). From this, we find the following recursive formula for 
the symbol of the solution to the canonical DEs: 


a 3 


s(4) = EC; [s( i), a (5.398) 


k=1 j=1 


© The factor c(€) in the definition of the pure integrals (4.175) is chosen such that they are finite at 
e=0. 
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(f) 
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starting at weight w = 0 with S ( fO) = bO (we recall that [] denotes the 
empty symbol). With a slight abuse of notation, we may rewrite this in a more 
compact form as 


S(£) = ye [s(e-?), ax] . (5.399) 


At transcendental weight | we thus have that 
S(EP) = Cy < b® [s] + C2- b® [x] + C3 -bO [1 +x]. (5.400) 


Since [1 + x] is the symbol of log( + x), f(x) would diverge atx = —1 
unless the coefficients of [1 + x] vanish. The finiteness at x = —1 thus implies 


C3 -b® =0, (5.401) 


which fixes pO = 4. We now have everything we need to write down the 
symbol of the solution up to any order in e. For fı, for instance, we obtain 


S (fi) =40- 2e(2[s] + [x]) +2e°(2[s,s] + [s, x] + [x, s]) 
— 2 (2 [s, s,s] + [s, s, x] + [s, x, s] + [x, s,s] — [x, x, x] + [x, x, 1 +x]) 


+ O(c") : 
(5.402) 


The dependence on s is given by an overall factor of (—s)~€,’ which is fixed by 
dimensional analysis. We thus define 


f(s, x; €) = (—s) € h(x; ©), (5.403) 


where h(x; €) does not depend on s. We expand h(x; €) around € = 0 as 
in (5.395). The coefficients of the expansion h™ (x) satisfy the recursive DEs 


3x bh (x) = [2+ a Jne- (5.404) 
x l+x 


7 The minus sign in front of s ensures the positivity in the Euclidean region, where s < 0. 
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Equation (5.396) implies that 


n? 7 
h(x; €) = -1 + €? a +e" zh +0(c"), 


2 
h3(x; €) = —1 + € log(x) + > |z? —6 log*(x)| (5.405) 


3 
+ > [2 log? (x) — x? log(x) + 28 t] + O(e*) , 


which give us the boundary values e% = h% (1) for the second and third 


integral. We have determined above that e® = 4, and we leave the remaining 


e's as free parameters. Integrating both sides of Eq. (5.404) gives 


x dx’ x dy’ 
h™ (x) = f ad C2- hD (x) +f —— C3 he-YD h + el) 
1 X 1 l+x 
(5.406) 


starting from h® = e©), For arbitrary values of the undetermined es, the 
second integral on the RHS of Eq. (5.406) diverges at x = —1. We can thus fix 
the remaining boundary values by requiring that 


lim, C3-h (x) =0, (5.407) 
er ane 
order by order in €. For instance, at weight one we have that 
a) D k 
C3-h' (x) = (A000) (5.408) 
(1) 
1 


The finiteness at x = — 1 thus fixes e} = 0. Iterating this up to weight 3 yields 


2 
hı (x; €) = 4+ e| —2 log(x)] + el = =| 
+e 2 Li3(—x) — 2 log(x) Li2(—x) 


is 7 Tr? 5 34 
+3 log” (x) — log(x)* log(1 + x) + Fa log(x) — z^ log(1 + x) — 7% 


+ O(e*) . 
(5.409) 
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(g) Equation (4.55) is related to Eq. (5.409) through hy = e?ste E (—s)€ Fy. Up 
to transcendental weight two the equality is manifest. At weight three we find 
agreement after applying the identities 


aft les 
Liz = —Liz(—x) log“ (x) — ¢2, 
x 2 
l (5.410) 
Liz (--) = Li3(—x) + ai log? (x) + ċ2 log(x), 


for x > 0, which we may prove by the symbol method, as discussed in 
Chap. 4.4.4. 
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Conventions and Useful Formulae 


e Index and metric conventions: 


Nuv = diag; ===}, Pup" = P-P’, 


21 2i 
€12 = éj =€" =e = +1, en =6j =€ 


12 c12 =p, 
(4)** = (1, —0), (0 )aa = Cap Eag (@")?? = Co), 


Ett = (1,0), (nee = (L, —0) , 


x” P xp, x* P ga, 
(a) = Ke, WATS PAM. 
e (Anti)-symmetrisation: 
1 1 
Aq By = 5 (A, By + AvBu), Aju By = 5 (Ay By — Ay By). 
e Spinor helicity relations: 
praia", ees Na = Eag AF, ha = ep iP, 
0 

u+(p) = v-(p) = = |p), u-(p) = v4(p) = qa) = |p], 

ü+(p) =0-(p)= (0 da) =: [pl, ū-(p)= 04(p) = Q* 0) = (pl, 

(Aj Aj) = AF Ajas [Aj Aj] = Aig Ao. 
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300 A Conventions and Useful Formulae 
Using the chiral representation of the Dirac matrices we have 


0 y 
p = Pu VE e es) > Pad = Pu (as 


pee = eb ob Ppp = Pu (GH ye ; 
We furthermore note 


lily“lj) = (jly“li],  (ply“Ip) =à" off, i = 2p", 
lily“ lj) Ulyulk] = 2 [ik] (lj) . 


e The generators of the Lorentz group in the spinor representation are given by 
1 E Gone: 
Yaf = 5 (Caa EP — (ua EP), 
1 . p , 
Hg = 5 (CP ag — GY CoM"). 
e Complex conjugation properties: 
AN = 1t, (if = OF Aja)" = AP Aja)" = lij]. 
e Useful trace identities 


Trig p ¢ d] =4[ (a - b)(c-d) —(a-c)(b-d) + (a-d)(b-c)], 
Tri4 p] = 4 (a - b). 
e Concrete expressions for the SU(N,) generators in the fundamental representa- 


tion: 
— SU(2): T? =ø", øf: Pauli matrices a = 1, 2, 3. 


Ya 
— SU(3): T° = MM, A“: Gell-Mann matrices a = 1,..., 8, 
a 
w= (7 ae a=1,2,3, 
0 1 0 -i 0 
=j Og w=] 0 f PS 01l, 
1 0 i 0 10 
0 if 
X=ļ| 0il, a= — | 1 . 
io v3 -2 
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The omitted entries in the above are 0. 
— SU(N,): Explicit constructions for T° exist in terms of the ’t Hooft twist 


matrices, see [1]. 
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